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ABSTRACT. The ordinary partition function p(n) counts the number of repre-
sentations of a positive integer n as the sum of positive integers. We denote by
p3(n) the number of partitions of n with no parts divisible by 3. We demon-
strate congruence relations for arithmetic sequences gn + (2¢% — 2)/24 where ¢
is a prime other than 3 congruent to 3 (mod 4). We also prove a result when
q = 5 and make a conjecture about a generalization.
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1. INTRODUCTION AND STATEMENT OF RESULTS

The partition function p(n) counts the number of representations of n as the
sum of positive integers. The function p(n) has attracted much attention for its
divisibility patterns. Ramanujan conjectured the following identities for p(n) :

p(bn+4) = 0 (mod 5)
p(7n+5) = 0 (mod 7)
p(1ln+6) = 0 (mod 11).

Ramanujan proved the former two of these. He also observed that there do not
seem to be any similar relationships for primes other than 5, 7, and 11. Numerical
observation supports Ramanujan’s statement. Since then, other congruences have
been discovered for primes larger than 11, but congruences modulo 3 remain elusive.
Examination of n such that p(n) =0 (mod 3) reveals no obvious pattern. We will
examine congruences modulo 3 for the restricted partition function pz(n). Our main
result provides a congruence relation for all primes greater than 3 and congruent
to 3 (mod 4).

Theorem: Let ¢ be a prime greater than 3 such that ¢ = 3 (mod 4). Then
ps(gn + 2‘122;2) —p3(7) =0 (mod 3) for all n € N.

We note that this equivalence is not quite as neat as Ramanujan’s congruences.
However, it is a nice result because it shows that there are infinitely many congru-
ence relations such that ps3(gn +r) =0 (mod 3).

We will also demonstrate that when g = 5, p3(5n + 2) + p3(n/5) = 0 (mod 3).
Numerical evidence supports the idea that there is and appropriate sequence gn+r
for all primes ¢ congruent both to 1 (mod 4) and 5 (mod 6) and we conjecture
what values of r are appropriate.

2. PRELIMINARIES

We will first give the appropriate background material and then we will prove
the congruences.

Definition 1. A partition of a positive integer n is a representation of n as the
sum of positive integers. We call the summands of any partition parts.

We take as an example the case n = 5. It is a simple matter to list all of the

partitions of 5 as follows:

5

441

3+2

3+1+1

2+2+1

2+1+1+1

1+1+14+141.
We do not care about the order in which the summands are written and thus 3 + 2
and 2 4+ 3 are considered the same partition. We therefore list only one of the
permutations. The parts of this partition are 3 and 2. By p(n) we denote the
number of partitions of n. We define p(0) = 1 and p(n) = 0 for all other n that
are not non-negative integers. In the example, it is easy to see that p(5) = 7. It
is natural to examine how the partition function changes when we alter its modify
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it. We will modify it by restricting the set of integers from which we can draw the
parts of a partition. By px(n) we denote the number of partitions of n into parts
not divisible by k. Since the paper focuses on p3(n) we will let k = 3. With n =5
as in our last example, we enumerate the restricted partitions of n :

5
441
24241
24+1+1+41
1+1+1+1+1.
Note the omission of 3 4+ 2 and 3 + 1 + 1 since three divides three.

While for small n it is a simple matter to list the partitions of n and count them
to evaluate p(n) or pg(n), this procedure becomes difficult and time consuming
as n becomes large. It is only natural to seek a more efficient way of studying
the partition functions. It is convenient to use generating functions and study the
coefficients rather than attacking py(n) directly.

Definition 2. The generating function for a sequence {a;} is the formal power
series f(q) = D7 ang™.

This definition does not immediately facilitate study of the partition function.
The technique is only useful when we find another way of expressing the generating
function for p(n). Fortunately, this is easily done. For S a set of positive integers,
we denote by p(S,n) the number of partitions of n with all parts in S.

Theorem 1. The generating function for p(S,n) is f(q) = [[,en (1 —q¢™) 7"

Proof. We give no proof here. The interested reader may refer to Andrews’s book
on partitions [?]. O

We note that for the ordinary partition function the generating function is

o 1

For the restricted partition function pg(n) the generating function is

0 1— kn

n=1

In conjunction with the generating function, we find Euler’s pentagonal number
theorem useful.

2 .
w where k is an

Definition 3. A pentagonal number is a number of the form
integer.

We now state Euler’s pentagonal number theorem.

Theorem 2. (Euler’s Pentagonal Number Theorem) [?]

o0 o0

(1) H (1-q¢") = Z (71)mq(3m2+m)/2.

n=1 —o0

We note immediately that (?7?) is simply the reciprocal of the generating function
for p(n).
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3. CONGRUENCES MODULO 3 FOR p3(n)

We now state and prove our main result. The problem will reduce to determining
the representations of integers as the sum of two squares. So first we need a theorem
about these representations

Theorem 3. A positive integer n can be represented as the sum of two integer
squares if and only if every divisor of n of the form 4t 4+ 3 has an even exponent in
the prime factorization of n. [?]

We now can prove our main result.

Theorem 4. Let g be a prime greater than 3 such that ¢ = 3 (mod 4). Then
2
ps(gn + 22) —p3(3) =0 (mod 3) for alln € N.

Proof. We begin with a lemma.

Lemma 1. For alln € N,

pm= > (—1)F (mod3).
k,l
3k2+k2+3l2+l:n

Proof. We recall that the generating function for ps(n) is ] -, %. By the bi-
nomial theorem, we see that

rml-a" _ ppd-¢v’
Hl—q” = Hl—iq" (mod 3)
n=1 n=1

(1—¢™)? (mod 3).

I
8

Il
-

n

By Euler’s Pentagonal Number Theorem, we have

(1— g2 (Z(—n“‘?’“) (mod 3)

n=1 —00

> (DM (mod 3).

2 2
3k +k;3l +1 =n

O

Thus it is enough to show that for all natural numbers n and all primes g greater
than 3 and ¢ = 3 (mod 4), we have

> DM - Y (—D)M =0 (mod 3).

3k24 k431241 _ 2¢2-2 3k2+k+312+41 _n
2 =qn+ =57 ) =4

We now demonstrate this for natural numbers n such that ¢ does not divide n.
Clearly, the second sum will be zero since n/q is not integral. So we need to show
that

> (-1 =0 (mod 3).

3k24 k431241
2

_ 29%2-2
=qn+ 57
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We show this by proving that there are no integers k and [ that satisfy

3 +k+3°+1 . 2¢> — 2
2 —1 24
We complete the squares [?] and observe that
(2) (6k + 1) + (61 + 1)* = 24qn + 2¢>.

Since ¢ divides the right side of (??) only once and ¢ = 3 (mod 4) there are no
integers k and [ such that (??) is true. Since there are no solutions, the sum is zero
and hence congruent to 0 (mod 3).

We now consider the case when ¢ divides n. We want to show that

(3) > (—1)F+t — > (~1)** =0 (mod 3).

3k2 4 k431241 2¢g2 -2 3k24 k431241 _n
2 =qn+=g51 - 2  —q

<

We complete the squares of the second sum and make a change of variable from n
to gn’ to obtain

(4) (6k +1)% + (61 + 1)* = 24n’ + 2.

We now prove a lemma that will help show that every solution (k,1) of (??) cor-
responds to exactly one solution (k’,1’) of (??) where k + 1 and k' + I’ are of the
same parity.

Lemma 2. Let n be a natural number and let g be a prime congruent to 3 (mod 4).
We denote by ro(n) the number of ordered integer pairs (x,y) such that x> +y* = n.
Then ro(n) = ro(g*n).

Proof. Let D(n) = {d1,ds, -+ ,dn} denote the set of odd divisors of n. We denote
by ¢D(n) the set {qd1,qds, -+ ,qdy,}. Clearly, D(¢*n) = D(n)JqD(n)J¢*D(n).
For all i, if gd; = 1 (mod 4) then ¢°d; = 3 (mod 4). Also, if qd; =3 (mod 4) then
¢*d; =1 (mod 4). The formula for ro(n) is [?]

® TSR S
d|n d|n
d=1 (mod 4) d=3 (mod 4)
So for every i, qd; and ¢*d; cancel each other out in (??). So r2(n) = r2(¢?n). O

We now let (k’,1") be a solution to (??) and exhibit a corresponding solution to
(?7). Multiplying (??) by ¢ we obtain
(6) (6K — 1)? + ¢*(60' — 1)? = 24nq + 24°.
We now rewrite the left side of (??) as
() [6(ak" + (¢ —1)/6) + 1> + [6(ql' + (¢ —1)/6) +1]*if g=1 (mod 6)

This expression has the same form as the left side of (??) where k = gk’ + (¢—1)/6
and I = ¢’ + (¢ — 1)/6. We know that (¢ — 1)/6 is integral because ¢ =1 (mod 6).
Since g is odd, k' + 1’ and k + [ have the same parity.

The proof in the case ¢ =5 (mod 6) is exactly the same, except that we rewrite
the left side of (?7) as

(8) [6(—qk’ — (=g —1)/6) + 1] + [6(—ql' = (—q — 1)/6) + 1]*.
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In both (??) and (??) Lemma ?? forces the correspondence between solutions to
be a bijection. So the difference in (?7?) is 0 and hence congruent to 0 (mod 3). O

We give as a corollary the case ¢ = 7.
Corollary 1. For alln € N, p3(Tn +4) — p3(%) =0 (mod 3).

Recall that for n not divisible by 7, p3(%) = 0. So the corollary tells us that
p3(Tn+4) =0 (mod 3) when n is not divisible by 7. Only when n is divisible by 7
must we subtract pz(%).

Theorem 5. For alln € N, p3(5n +2) 4+ p3(%) =0 (mod 3).

Proof. By Lemma 77 from the last theorem, we know that it is enough to show

that
> (=1)F+ 4 > (-D)"'=0 (mod3).
3k2+k2+312+l —5n+2 3k2+k2+312+l =z
We first exhibit this for n # 0 (mod 5). Since n/5 is not integral, we need only
concern ourselves with the first sum. We again complete the square so that

(9) (6k +1)? + (61 + 1)% = 120n + 50.

We wish to exhibit a correspondence between solutions such that k + [ is even and
solutions such that k£ + [ is odd. We let kK = 6k + 1 and A = 6] + 1. We then factor
k2 + A% in the Gaussian integers [?]. We can write

120n + 50 = (k + iA) (kK — iA).
Clearly, 5 divides this expression but 25 does not. So we may conclude that 5
divides neither x nor A. This implies that either (2 + 4) divides (k + iA) or that

(2 — i) divides (k + iA). We may assume the former without loss of generality and
write

2+ )k +iN)(2 =) (k' —iN)
with (2+44)(k'+i)") = rk+iA. There exists a corresponding solution (2—7)(x'+i\") =
(k +4A) 2=, We manipulate as follows [?]:

2+
(k+iN)(2—14)  (k+i\)(3— 4)
241 n 5
18k + 241+ 7+ 18li — 24ki — i
- 5
[6(3k + 41 + 1) 4 1] — i[6(4k — 31 + 1) + 1]

5

We let k' =3k + 41+ 1 and I’ = 4k — 31+ 1. So k' + I’ = T4+ which has different
parity from k + [. So there is a one-to-one correspondence between solutions such
that k 4 [ is even and k + [ is odd.

We now consider the case when n is divisible by 5. We want to show that

> DM ST (<) =0 (mod 3).

3k24 k4312471 3k24+k431241 _n
f—5n+2 SRS =

o

Completing the squares in the second sum and factoring in the Gaussian integers,
we see that

(24 0)(2 — i) (K +iN) (2 +1)(2 — i) (K — iX) = 120n + 50.
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As in the case when n is not divisible by 5, there is a bijection between solutions
given by
(24 14)2 (k" +iN)
(2 — )% (K — i)
and
(2 +10)2(k' —iN)
(2 —0)2(k' +iN)
However, we have one factorization (5x’ 4+ 5iA") (5" — i\") which corresponds to

some solution (k',1") of (??). We may perform a similar change of variable as in
the proof of Theorem 1 and the proof follows in the same way. ([l

Theorems 7?7 and 7?7 suggest that there should be a similar generalization for
g =1 (mod 4). Numerical evidence indicates that there is no similar relationship
when both ¢ =1 (mod 4) and ¢ =1 (mod 6). The following conjecture remains an
open question with some numerical support:

Conjecture 1. Let ¢ be a prime such that ¢ = 1 (mod 4) and ¢ = 5 (mod 6).
Then for all n € N, p3(gn + (2¢® — 2)/24) + p3(n/q) =0 (mod 3).

Although we only listed the case ¢ = 7, Theorem ?? provides a congruence
relation for every prime ¢ congruent to 3 (mod 4). Proving conjecture ?? would
provide a parallel result for primes congruent to 1 (mod 4). Examining the cases
when both ¢ = 1 (mod 4) and ¢ = 1 (mod 6) would be an interesting area for
further study.
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