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Abstract

We explore the consequences of cwatset isomorphism (there are
a finite number of non-isomorphic cwatsets of each order) and con-
sider parallels between the theory of groups and the theory of cwat-
sets (cwatsets of prime order are cyclic but direct sums of isomorphic
cwatsets aren’t necessarily isomorphic).
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1 Introduction

Definition 1 A subset, C, of Z} is a cwatset if for each element, ¢, of C,
there exists a permutation, o, of S, such that C +c¢ = C°.

Rose-Hulman students, Rose-Hulman NSF-REU participants, and Gary
Sherman have developed the theory of cwatsets over the past ten years to
include a basic understanding of cwatset structure and a complete listing of
cwatsets up to degree seven ([1][4][5][7]). Our work, recorded in this technical
report, continues this project. In particular we explore the consequences of
cwatset isomorphism (there are a finite number of non-isomorphic cwatsets
of each order)while searching for parallels between the theory of groups and
the theory of cwatsets (cwatsets of prime order are cyclic but direct sums of
isomorphic cwatsets aren’t necessarily isomorphic).



2 Morphisms and Isomorphisms

2.1 Definitions

Recall that any cwatset is the natural projection of a subgroup of S, 1Z, into
z; ([7))-

Definition 2 The Omega group, Qc, of a cwatset, C, is the group of all
(0,b) € Sp1Zy such that C +b = C°.

Definition 3 For any binary word b, b; is the i** component of b. |
Definition 4 Autc = {(0,0)|(c,0) € Qc}

Definition 5 An element (o,b) € S, 1Z, is associated with the binary word
b.

Definition 6 A fiber in a quotient group is associated with a binary word,
b, if and only if all of the elements of the fiber are associated with b.

Definition 7 We will say that a group homomorphism respects a mapping,
[, of cwatsets if it maps elements associated with b to elements associated
with f(b).

Lemma 1 If ¢ respects f and v respects h, then 1 o ¢ respects ho f.

Proof: Let g be an element in the domain of @, associated with the binary
word b. Then ¢(g) is associated with f(b). Therefore, 1)(¢(g)) is associated
with h(f(b)). Thus, by definition, 1 o ¢ respects ho f. O

In order to study isomorphisms of cwatsets, we first provide a definition
of a morphism of cwatsets. The following definition was proposed by Daniel
Biss [2].

Definition 8 A map, f, between two cwatsets, C and D is a morphism if
and only if there exists a group homomorphism ¢ : Qc — Qp that respects f.

Definition 9 A bijective map, f, between two cwatsets is an isomorphism
if and only if both f and f~' are morphisms



2.2 An Equivalent Condition

Theorem 1 (Biss[2]) C = D if and only if there exists a group isomor-
phism U : Qc/Ic — Qp/Ip and a bijection f : C — D such that ¥ respects
f.

Theorem 1 was first proved in the context of category theory. Our proof
will be made without the use of category theory.

Definition 10 The isotropy group, Ic, of a cwatset, C, is the set of all
(0,0) € Q¢ such that b’ =b forallb e C.

Lemma 2 I¢ is a normal subgroup of Q¢.

Proof: To see that I is closed, consider (a,0),(5,0) € I¢. For allb € C,
b*# = bP since (@, 0) € I and therefore b® = b since (8,0) € Ic. This
implies, (a8,0) € Ic. Hence I < Q¢.

Next we show that I¢ is normal in ¢. Consider (o, 0) € I¢ and (o,b) €
Qc. Then (671, b )(e,0)(0,b) = (6~'ao, b’ '2°). Since b°" € C, We
know that (b ') = b° . Therefore, b '@ = b° ' = b. This implies,
(671,b°")(e, 0)(o,b) = (6710w, 0) € I¢. Thus, I¢ I Q¢. O

Lemma 3 N < Q¢ and N < Autc = N < I¢.

Proof: Consider an element (§,0) € N. Since N, (a,b)(6,0)(c~1,b""") €
Q¢ for all (o,b) € N. Therefore, (66c~1,b% " + b° ') € Autc since
N < Aute. This implies

b +b) " =0=>b’+b=0=b'=D.

Thus, N < Io. O.

It is often useful to think of a cwatset as a matrix where the rows of the
matrix are the elements of the cwatsets. When we speak of the columns of a
cwatset we are actually referring to the columns of the associated matrix. We
now prove that a cwatset’s isotropy group is non-trivial only if the cwatset
has repeated columns.

Lemma 4 Let (o, 0) € Ic where i* = j. Then the i** and j%* columns of C
are identical.



Proof: Since («,0) € I¢,b* = b for each b € C. Therefore, b; = b; for each
b € C; i.e., the i and j* columns of C are identical. O

It follows that the elements in a cwatset’s isotropy group simply move
columns within a block of identical columns.

Definition 11 Let M be the matriz associated with the cwatset C' and parti-
tion the columns of M into mazimal subsets of identical columns. Denote the
7™ column in the i component of this partition by M;; denote the number
of columns in the i component by |M;|.

Definition 12 Let Pc = {(n,d) € Qc|for every i, j there exits an | such that M =
My}

Lemma 5 P is a subgroup of Qc¢.

Proof: Clearly (id, 0) € P¢. To see that Pg is closed, consider (o, b), (7,d) €
Pc and an arbitrary column, M;;, of C. Since (0,b) € P, there exists an [
such that M7 = M,;. Since (7, d) € Pg, there exists a k such that Mj; = M.
Thus, there exists a k such that MJ™ = My;. Hence, (om,b™ + d) € Q¢ and
therefore P < Q¢. O

We will now show that if a permutation in a cwatset’s Omega group
moves a column from component i to a column of component k then the
permutation must move every column of component i to some column of
component k.

Lemma 6 If (0,b) € Q¢ and M = My, then for each y < |My| there ezists
an z < |M;| such that Mg, = M,,.

Proof: C +b = C", since (o,b) € Q¢. By assumption, M = My. Since all
of the M, columns are identical and all of the entries in b corresponding to M;
columns are identical, all of the M; columns in C” must be identical. Thus,
every M, in M is the image under o of something identical to M;;. But by
definition the only columns identical to M;; are M;, for some z. From this it
follows that for each y < | M| there exists an z < |M;| such that M7, = M,,.
|

Corollary 1 If (0,b) € Q¢ and M = My, then |M;| = |M)|.



Proof: Note that the z's guaranteed by the previous lemma are distinct
since o induces an injective mapping from the columns of C to the columns
of C"r Thus, |M;| > |M,|. However, (0,b) € Q¢ = (671,b°"") € Q¢. Since

= M;; then by the previous lemma, |M;| < |M;|. Hence, |M;| = M.
D

Lemma 4 states that any permutation associated with an element of the
isotropy group only moves columns within sets of identical columns. We will
now show the converse to be true.

Lemma 7 If for every i and j there exrists k such that M = M, then
(a 0) € Ilc.

Proof: Since oo moves columns within sets of identical columns, then b® = b
for each b € C. It remains only to show that (,0) € Q¢. To do this we
must demonstrate that C*+0 = C; i.e., for each x € C there exists ay € C
such that x* = y. But this is true for x = y. Thus, (,0) € I¢. O

We are now in a position to prove that every cwatset’s Omega group is
isomorphic to a semidirect product of P and I.

Lemma 8 For each (0,b) € Q¢ there ezists (r,d) € P and (o,0) € I
such that (o,b) = (7, d)(e, 0).

Proof: Consider (o,b) € Q¢. For each column M;; of C, there exists [ and
k such that M = M. From Lemma 6, we know 7 can be chosen such that
M M¢, We choose a such that 7a = o. This implies M = My, so by
the previous lemma, (a, 0) € Q¢. By assumption, (o,b) € Qc Since Q¢ is
closed, (, b) € Qc¢. Since (7,b) € Q¢ and M7 = My; for all ¢ and j, then
(7!' b) € Pc. O

Theorem 2 For every cwatset, C, Q¢ i3 isomorphic to a semidirect product
Of PC and Ic.

Proof: From the previous lemma, Q¢ = Pglc. Additionally, PoNle = (id, 0)
and Ic is normal in 2¢. Therefore, Q¢ is isomorphic to a semi-direct product
of P and Io. O

Corollary 2 For any cwatset, C, there ezists a homomorphism from Q¢
to Qc/Ic and an isomorphism from Qc/Ic to Py such that both mappings
respect the identity bijection.



Proof: Let ¢ be the natural homomorphism from Q¢ to Q¢/Ic and con-
sider (o,b) € Q¢. Since ¢ is the natural projection, (o,b) € ¢(o,b). Con-
sider an arbitrary (m,d) € ¢(o,b). Then by definition of a fiber in Q¢/Ic,
(r,d)(e™,b°"") € I;. Therefore,

A +b7 =0 (d+b)  =0=>b=d

Hence, all of the elements of ¢(o, b) are associated with the binary word, b.
Thus, ¢ respects the identity bijection.

Now let ¢ be the mapping ¢ with domain restricted to Po. We know
that ¢ respects the identity bijection because ¢ respects the identity bijec-
tion. Consider (m,d), (p,x) € Pc such that ¢(m,d) = ¢(p,x). This implies
that (m,d)(p,x)™! € Ic. But P is closed, thus (r,d)(p,x)~! € Pc. There-
fore, (m,d)(p,x)"! € Poc U Ig. Thus, (m,d)(p,x)~! = (id,0), which implies
(m,d) = (p,x). Therefore, ( is injective which implies ¢ is an isomorphism.
(]

We know present a proof of Theorem 1. Proof: First we will show that
the existence of ¥ and f imply that C & D. Let ¢ be the natural projection
from Q¢ to Q¢/Ic and let ¢' be the natural projection from Qp to Qp/Ip.
Similarly, let { be the isomorphism from Pc to Q¢/Ic and (' be the iso-
morphism from Pp to Qp/Ip. Note that ¥ respects f and ¢, ¢/, (, (" each
respect the identity bijection (as per the previous corollary). By Lemma 1,
#¥(’ is a group homomorphism from Q¢ to Qp that respects f and ¢'¥~1¢
is a group homomorphism from Qp to Q¢ that respects f~!. Hence, f is an
isomorphism of cwatsets, i.e., C & D.

Next, we must show that C = D implies the existence of ¥ and f. Since,
C = D, there exists a morphism of cwatsets, h : C — D, and an associ-
ated group homomorphism, ® : Q¢ — Qp. We know that Q¢ /ker(®) =
Im(®) < Qp. Since ® respects a bijection between C and D, ker(®) < Autc
which implies ker(®) < Ic. By the third isomorphism theorem for groups,
Ic/ ker(®) < Q¢ / ker(®) and %{% = Qc¢/Ic. Additionally, since Qp is a
semidirect product there exists a natural projection from Qp to Pp. Since
Im(®) < Qp, then there exists a natural projection, T from Im(®) to some
Np < Pp. Note that this implies that there does not exist a non-trivial
K < Np such that K < Autp. Similarily, there does not exist a non-trivial
K < 517"%(5()@_) such that K < Im(Autp), because there is no non-trivial

K Q2 Q¢/Ic such that K < Im(Autc). Thus, ker(Y) = I¢/ ker(®), because
if this were not true then either E”ﬁ—gz% < Autp or I—Gk%iﬁ < Im(Autp).
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