Completeness of Propositional Logic
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 of sentences is tt-satisfiable if there is a single assignment h that makes each of the sentences in [image: image4.png]


 true.
Definition. A set of sentences [image: image6.png]


 is formally consistent if and only [image: image8.png]
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, that is, if and only if there is no proof of [image: image12.png]
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.
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 is formally complete if for any of sentences sentence S of the language, either [image: image20.png]
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 |/-T S. 
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 be a formally consistent, formally complete set of sentences, and let R and S be any sentences of the language.
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 |-T (R ^ S) iff [image: image28.png]
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 |-T S
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 |-T (R v S) iff [image: image34.png]
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 |-T S
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 |/-T S
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 |-T (R → S) iff [image: image44.png]
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 |-T S
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 |-T (R ↔ S) iff either [image: image50.png]
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 |/-T S
Proposition 4. Every formally consistent, formally complete set of sentences is tt-satisfiable.
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 be the formally consistent, formally complete set of sentences. Define an assignment h on the atomic sentences of the language as follows. If [image: image60.png]


 |-T A then let h(A) = true; otherwise let h(A) = false. Then the function [image: image62.png]


 is defined on all the sentences of our language, atomic or complex. We claim that:

for all wffs S, [image: image64.png]


 (S) = true if and only if [image: image66.png]


 |-T S. 

The proof of this is a good example of the importance of proofs by induction on wffs. The claim is true for all atomic wffs from the way that h is defined, and the fact that h and [image: image68.png]


 agree on atomic wffs. We now show that if the claim holds of wffs R and S, then it holds of (R ^ S), (R v S), ¬R, (R → S) and (R↔ S). 
These all follow easily from Lemma 3. Consider the case of disjunction, for example. We need to verify that [image: image70.png]


 (R v S) = TRUE if and only if [image: image72.png]


 |-T (R v S). To prove the “only if” half, assume that [image: image74.png]


 (R v S) = TRUE. Then, by the definition of [image: image76.png]
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 (S) = TRUE or both. Then, by the induction hypothesis, either [image: image82.png]
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 |-T S or both. But then by the lemma, [image: image86.png]


 |-T (R v S), which is what we wanted to prove.

The other direction is proved in a similar manner. From the fact that we have just established, it follows that the assignment h makes every sentence provable from [image: image88.png]


 true. Since every sentence in [image: image90.png]


 is certainly provable from  , by Reit if you like, it follows that h makes every sentence in [image: image92.png]
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 is tt-satisfiable, which is what we wanted to prove.

Lemma 5. A set of sentences [image: image96.png]


 is formally complete if and only if for every atomic sentence A, [image: image98.png]
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 |/-T A
Proof. The direction from left to right is just a consequence of the definition of formal completeness. 
The direction from right to left is another example of a proof by induction on wffs. Assume that [image: image102.png]


 |-T A or [image: image104.png]


 |-T ¬A for every atomic sentence A. We use induction to show that for any sentence S, [image: image106.png]


 |-T S or
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 |-T ¬S. The basis of the induction is given by our assumption. 
Let's prove the disjunction case. That is, assume S is of the form P v Q. By our inductive hypothesis, we know that [image: image110.png]


 settles each of P and Q. If [image: image112.png]


 proves either one of these, then we know that [image: image114.png]


 |-T P v Q by v Intro. 
Suppose that [image: image116.png]
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 |-T ¬Q. By merging these proofs and adding a step, we get a proof of
¬P ^ ¬Q. We can continue this proof to get a proof of ¬(P v Q), showing that [image: image120.png]


 |-T ¬S, as desired. The other inductive steps are similar.

Proposition 6. Every formally consistent set of sentences [image: image122.png]


 can be expanded to a formally consistent, formally complete set of sentences.
Proof. Let us form a list A1, A2, A3, …, of all the atomic sentences of our language, say in alphabetical order. Then go through these sentences one at a time. Whenever you encounter a sentence Ai such that neither Ai nor ¬Ai is provable from the set, add Ai to the set. Notice that doing so can't make the set formally inconsistent. If you could prove [image: image124.png]


 from the new set, then you could prove ¬Ai from the previous set, by Lemma 2. [We should call this rule “Junk Introduction.”]

But if that were the case, you wouldn't have thrown Ai into the set. The end result of this process is a set of sentences which, by the preceding lemma, is formally complete. It is also formally consistent; after all, any proof of [image: image126.png]


 is a finite object, and so could use at most a finite number of premises. But then it would be a proof of [image: image128.png]


 at some stage of this process, when all those premises had been thrown in.
Theorem (Completeness of [image: image130.png]


) If a sentence S is a tautological consequence of a set [image: image132.png]
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 S.
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 |/-T S. Then by Lemma 2, [image: image140.png]
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 {¬S} is formally consistent. This set can be expanded to a formally consistent, formally complete set by Proposition 6, which by our Proposition 4 is tt-satisfiable. Suppose h is a truth value assignment that satisfies this set. Clearly, h makes all the members of [image: image144.png]


 true, but S false, showing that S is not a tautological consequence of [image: image146.png]


.
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 S.
