Axiom of Extensionality: If sets a and b have the same elements, then a = b. We can express this in FOL as follows:
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Axiom of Comprehension: There is a set a whose members are all and only those things that satisfy the formula P(x).
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Proposition 1 (Uniqueness Theorem): For each wff P(x) we can prove that there is a unique set of objects that satisfy P(x). 
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Proof: We will prove the claim using universal generalization. Let z1,. . . ,zn be arbitrary objects. The Axiom of Comprehension assures us that there is at least one set of objects that satisfy P(x). So we need only prove that there is at most one such set. Suppose a and b are both sets that have as members exactly those things that satisfy P(x). That is, a and b satisfy:
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But then it follows that a and b satisfy:
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 b]

Applying the Axiom of Extensionality to this last claim gives us a = b. This is what we needed to prove.

Proposition 2: For any set a, a [image: image56.png]
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Proof: Let a be an arbitrary set. For purposes of general conditional proof, assume that c is an arbitrary member of a. Then trivially (by reiteration), c is a member of a. So [image: image58.png]
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 a). But then we can apply our definition of subset to conclude that a [image: image66.png]
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Proposition 3: For all sets a and b, a = b if and only if a [image: image72.png]
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 a. In symbols:
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Proof: Again, we use the method of universal generalization. Let a and b be arbitrary sets. To prove the biconditional, we first prove that if a = b then a [image: image86.png]
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 a. So, assume that a = b. We need to prove that a [image: image90.png]
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 a. But this follows from Proposition 2 and two uses of the indiscernability of identicals. 
To prove the other direction of the biconditional, we assume that a [image: image94.png]
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 a, and show that a = b. To prove this, we use the Axiom of Extensionality. By that axiom, it suffices to prove that a and b have the same members. But this follows from our assumption, which tells us that every member of a is a member of b and vice versa. Since a and b were arbitrary sets, our proof is complete.

