First-Order Structure

· A First-Order Structure is analogous to a truth assignment in Propositional Logic.
· It represents circumstances that determine the truth values of all the sentences of a language.

· It does it in a way that identity and FO Quantifiers are respected.
Truth Assignment:

Let us define a truth assignment for a first-order language to be any function h from the set of all atomic sentences of that language into the set {TRUE, FALSE}. That is, for each atomic sentence A of the language, h gives us a truth value, written h(A), either TRUE or FALSE. Intuitively, we can think of each such function h as representing one row of the reference columns of a large truth table.

Example:


h(p) = TRUE


h(q) = FALSE


h(r) = TRUE

In truth table, this would be a row:

	P
	Q
	R

	T
	F
	T


· For quantified sentences, we need a domain of discourse.
Consider the following world:[image: image1.png]Figure 18.1: Mary Ellen’s World.




Domain of discourse in this world is: D = {b1, b2, b3, b4}

Let b1 represent the left-most block, and go in order.

Suppose in our language we only have the predicates: Cube, Larger, and =

Additionally, suppose that we have one name: c

Assign the predicate Cube a subset of D:  Cu = {b1, b2, b3}

Cu is said to be an extension of the predicate Cube in our structure.

Assign the following pairs to the predicate Larger:

La = {< b2, b1>, < b3, b1>,< b3, b2>,< b2, b4>,< b3, b4>}

La is said to be an extension of Larger.

b1 is the referent of the name c.
Assign the following pairs to the predicate =:

La = {< b1, b1>, < b2, b2>,< b3, b3>,< b4, b4>}

We now have seen that we need a domain of discourse, extensions of predicates, and referents of constants to make truth assignments. We will package them into one mathematical structure, called a “model.”

The function M is defined on the predicates of the language, the names of the language, and the quantifier symbol [image: image3.png]


. Such a function is called a first-order structure, provided the following conditions are satisfied.

1. M([image: image5.png]


) is a nonempty set D, called the domain of discourse.

2. If P is an n-ary predicate symbol of the language, then M(P) is a set of n-tuples <x1, …, xn> of elements of D. This set is called the extension of P in M. It is required that the extension of the identity symbol consists of all pairs <x, x>, for x [image: image7.png]


 D.
3. If c is a name of the language, then M(c)  is an element of D, and is called the referent of c in M.
