Homogeneous Differential Equation
Corrected example

Begin with the homogeneous differential equation

(2 + 2%y) dz + y° dy. (1)
Let y = zv, then dy = x dv + vdz. Substitution produces
(23 + 2%0) de + 230 (vdr + 2 dv) =0
B1+v+vY)de+23vdv=0
(1+v+vY)dr +2dv=0 (Separable)
do v
x  l+v+ovt
We use partial fractions. Since 1+ v + v? = H?Zl(v — «;), we have
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Integrating, we have In |z| + 2?21 Ailn|v — ;| = Cy, 50 2 [[(v — )4 = C.
Since v = y/z, z [[(v—a;)* = [ (£ - ozi)Ai. This simplifies (since A + Ay + A3+
Ay =0) to 2 [[(y — csw)i.
Therefore z [[(y — a;z)? = C satisfies (1).

Then 1 = Al H§:1<ai — ai+j)7 and Az

Techmical note: Expanding the product [J(v — ;) produces v* — > (a;)v? + (a1as +
o as+arag+azas+asoytasog)v? —(aroas+or a0y +a1osas+anasog) v+ anasoy.
The coefficients are know as the symmetric polynomials. Note that each coefficient is
homogeneous, and each homogeneous polynomial of degree d is the sum of all possible

products of d of the roots. These coefficients are often abbreviated as v* — 503 4+ 5902 —
s3v 4 s4. Thus, 813: s9=0,s3=—1and sy, = 1.
Expanding [[;_,(a; — a;4;) gives
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which is o — a?(—a;) + 83 — 2011 Q12001 3, OF 203 — 1 — o% Joining these with a common
. 2at—a;—2 . .
denominator produces =% =2""=_ Since «; is a root of v* +v+1 =0, a? = —1— 4, so we
: : —30{1‘—4
may simplify to .
Hence, A; = =51 = %
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v? 4+ v + 1 has no real roots, so the roots come in conjugate pairs, o, @ and 3, .
Writing o = a + bi, we note that the sum of the roots is 0, so § = —a + ci. This causes a
great deal of simplification in the sums of combinations of the roots.



