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High frequency transverse waves travel faster along a rod or bar than do waves of low frequency1. In this dispersive situation, waves travel at the group velocity1,2 rather than at the phase velocity. Because sound waves travel on a thin metal wire as they would in a rod or bar, one has only to use a loosely-hung length of 'music wire'3 to quantitatively observe this dispersion, and verify that the waves do indeed travel at the group velocity.

The author hung a 9-m length of 0.50 mm diameter steel music wire, taping one end to a wall, and the other end to a sound board in the form of a rectangular piece of aluminized foam insulation.  (Cardboard from a cardboard box also works nicely as a sound board.) A microphone4 was taped to the sound board as shown in Fig. 1, and its output led through an audio amplifier5 to an oscilloscope and the voltage input of a Vernier LabPro6 interface.

The wire was lightly struck 3.3 m from the sound board, causing Vernier Logger Pro software to be  triggered by a voltage input level of about  1 v . Data was then taken for 250 ms at a rate of 50 samples/ms. This is the very fastest sampling rate available on Logger Pro 3.3. (Longer sampling times require lower sampling rates.)  The data file (which included 500 points recorded before the trigger) was 'exported' from Logger Pro as a text file, and then read into Excel for analysis. The key part of the data occurs during an interval of 20 ms, when waves from around 20 kHz to 1 kHz are first detected, some of which may be seen in Fig. 2.

It is difficult to obtain precise frequency and time information using fourier analysis with this sampling rate, so the author constructed a simple software tool in Excel.  Two scroll bars7 were inserted on the sheet to plot four equally-spaced vertical lines, like those shown in Fig. 3. One scroll bar was for the starting time, and the other was for the spacing between lines. The idea was to find a set of three or possibly four equally-spaced peaks in the data by moving the set of lines until each line appeared to be at the estimated centroid of each peak. The frequency and time could now be manually calculated and recorded, or Visual Basic for Applications (VBA), which accompanies Excel, could be used to automate the process8,9. A VBA button was created in Excel which when pressed would excecute a few lines of code to calculate frequency and time and automatically place them in columns on the spreadsheet10.

For flexural waves on rods or bars, the relation between angular frequency ( and propagation constant k is1, 11 

( = c ( k2, 
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where c  = ((Young's modulus/density) is the longitudinal bar velocity, and ( is the radius of gyration of the cross-sectional area11. (For a circular bar or a wire, ( = radius/2.) Eq. (1) is readily rewritten as


k = ((/(c()) .
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From Eq. (1), the phase velocity (/k = c(k. while the group velocity d(/dk = 2 c(k = 2 vphase. Using Eq. (2) for k,   vgroup = (((c() = 2 ((2(fc().  For waves which travel a distance D in a time tD we have


vgroup = D/tD = 2 ((2(fc().







(3)

The measured quantities are frequency f and arrival time t, with t related to the true travel time tD by a constant C. This prompts a rearrangement of Eq. (3) to read


1/(f =  (2/D)((2(c()  (t + C).







(4)

When 1/(f is plotted vs. the arrival time t we expect a straight line whose slope is (2/D)((2(c() if waves travel at the group velocity, but only half this slope if travel is at the phase velocity. The plot in Fig. 3 is a straight line whose slope nicely matches the slope predicted by Eq. (4), and confirms the wave speed is indeed the group velocity and not the phase velocity.

Having explored the behavior of sound on a music wire, one can graduate to a ‘slinky’1. If a slinky were straightened out, it would be a straight, thick wire with a rectangular cross-sectional area of dimensions w and h, where w/h ( 4. For flexural vibrations in a plane including the thin dimension h of the wire, the radius of gyration is10 h/(12, and for flexing in a plane including the thick dimension of the w of the wire, the radius of gyration is w/(12. The latter wave has a greater (, and travels faster, according to Eq. (3). This is reasonable since the wire appears 'stiffer' when flexing against its larger dimension.

Both of the slinky flexural modes can propagate when a slinky is struck. If the blow is delivered in a direction radial to a given loop, the higher-speed mode should be preferentially excited1, and if struck perpendicular to the plane of a particular loop, more of the lower-speed mode should occur.

Fig. 4 shows a  plot of 1/(f vs. arrival time for a 'junior'1 slinky when both modes were appreciably excited.  The ratio of the slopes should be ((w/h), which is approximately what is observed. The slopes themselves can be 20% off from the theory, possibly due to the slinky's helical shape.

Appendix.  Effect of tension on the group velocity.

Eq. (1) neglects any tension T in the wire. When tension is included, we have2
(2 = k2 T/(  + (c(k2)2,







(5)

where ( is the mass/length. When tension dominates, we have the familiar V2 = (2/k2 = T/(, and when it is negligible, we have Eq. (1).

A loosely-hung wire of length L suspended at equal angles ( below the horizontal has an upward force from the walls of 2 Twall sin (, which must equal its weight W = mg = (L g. We may roughly estimate T/( by assuming (  = 30o, which means that  (gL = 2 Twall (1/2), or Twall/( = gL .  Since for horizontal equilibrium in the wire T cos ( is a constant, the tension at the bottom is slightly larger than at the wall but only by a factor of 1/cos 30o = 1.15. So for a 10-m length of wire, T/( ( 100 m2/s2.  When we use this value of T/( in Eq. (5) for ½ mm diameter steel wire, we find vgroup is not noticeably affected for frequencies 250 Hz and above.
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Figure 1. Music wire and microphone taped to a sound board (1/2'' aluminized foam insulation).
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Figure 2. Acoustic voltage vs. time in ms (after a voltage trigger) due to a music wire struck 3.3 m from the detector.
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Figure 3. Use of equally spaced lines (controlled by scroll bars) to estimate time and frequency of arriving waves.
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Figure 4. Reciprocal square root of frequency vs. arrival time for 0.50 mm diameter music wire.
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Figure 6. Reciprocal square root of frequency vs. arrival time in ms for a 'junior' slinky, showing the two propagating modes of flexural vibration.
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