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shows a vector V
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with components 

Vx and Vy in
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the x,y system.

But in a system x’, y’
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rotated by an angle

( the components
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are Vx’ and Vy’.
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The rotation matrix (   relates the two vectors:     


V’ = (   V

By projecting Vx and Vy on the x’ axis we find (as shown in the sketch)

Vx’ = Vx cos ( + Vy sin (. 

When we project Vx and Vy on the y’ axis (not shown in the sketch) we get


Vy’ = -Vx sin ( + Vy cos ( .

In matrix notation we have    


Vx’      =    cos (     sin (     Vx
Vy’           -sin (     cos (     Vy
Or                     V’ = (   V

A rotation of  +( about the z-axis in 3-D would be (since Vz’ = Vz )



       cos (     sin (     0

( (()  =     -sin (     cos (    0



       0            0         1

Likewise we can write rotation matrices for rotations about any of the three axes. We should note that the inverse of  ( (()  is 

(-1(()  = ( (-(), 

since this restores the original vector components.

If we rotated the vector itself in the x,y frame about the z-axis by an angle -(, its new components would be


Vnew = (z (-() Vold .

Rotating the vector itself by -( produces the same components as rotating the axes by +(.

The 'Euler Angles' are a set of three angles specifying the orientation in space of a rigid body. The body's position is altered by 


1) a rotation of body axes through an angle ( about the body z-axis, then


2) a rotation of body axes through an angle ( about the body x-axis, and finally


3) a rotation of body axes through an angle ( about the body z-axis.

For the next few paragraphs we will discuss the matrix multiplications involved in successive rotations, and then discuss the idea of using matrix multiplication in Excel to visualize the effects of Euler angle changes on the axes of a rigid body.

If we want to rotate a rigid body about the z-axis by an angle +(, then the body axes must undergo rotations given by   Vnew = (z (-() Vold .  For example, the body x-axis would be initially be given by a vector  (1,0,0) . This would wind up, after being rotated, as (cos (, sin (, 0) :



cos (
-sin (
  0      1
cos (


sin (
cos (
  0      0    =
sin (


  0
  0
  1      0
  0

Now, if we follow the initial rotation of the body about its z-axis by a second rotation of the body about the body’s x-axis through angle +(, we will have another rotation matrix, (x (-(), this one about the x-axis:


1
0
0

(x (-()
=
0
cos (  -sin (

0
sin (  cos (   

This matrix is applied after the first, giving a second rotation of the body. This rotation will not change the x-axis, of course. 

Finally, if we rotate the body about its z-axis through an angle (, we will need to apply (z (-() :



     
cos (    sin (     0

(z(-()   =        -sin (     cos (    0



             0            0          1

These matrices are applied in succession to give the final vector in terms of its original components 


Vfinal = (z(-() (z(-() (z(-() Vinitial
In Excel, we can perform successive matrix multiplications and illustrate the effect of each of the Euler angles, (see page 2)  by graphing the axes as they show up when an Euler angle is changed.

In the spreadsheet Euler_angles_b.xls there are two sliders (scroll bars) at the top to control the viewing angle of the axes, and three sliders for the different Euler angles. In this case we would have

 
Vfinal = (z(-() (z(-() (z(-() Vinitial .

In the spreadsheet at the bottom, there are some projection algorithms, to let you visualize the axes from various directions.

