RK2 and coupled equations.  MJM   December 18, 2006

Suppose we want to numerically integrate a 2nd order differential equation, say x in terms of t:


d2xdt2 + 3 dx/dt + x = 0
[ I just made this one up. ] 

The plan is to start with known values of x and xdot (dx/dt). Then we can calculate the acceleration

(1)
d2x/dt2 = - 3 dx/dt - x

In the first line of our spreadsheet, we put in t=0 and the initial values of x and xdot. That's 3 columns, say A, B, and C.  The next column (D) is for the acceleration, written in terms of x and xdot, from Eq. (1).

We'll call the time step dt. In Runge-Kutta 2nd order, will use columns E, F, and G to evaluate x, xdot and acceleration at a half time step, dt/2. x gets moved up using the previous xdot, xdot gets moved up using the previous acceleration, and the new acceleration is calculated from the half-step values of x and xdot, from Eq. (1)

(2)
x|t+dt/2 = x|t + dt/2 * dx/dt|t 

(3)
dx/dt|t+dt/2 = dx/dt|t + dt/2 * acceleration|t
(4)
d2x/dt2|t+dt/2 = - 3 dx/dt|t+dt/2 - x|t+dt/2 
All this goes on the first line of your spreadsheet.

Then we find x, xdot and acceleration at a full time step dt. For this we move x up by a full time step, using xdot from the half step, and move xdot up a full time step using the acceleration from the full time step. Last, we calculate the acceleration from the x and xdot values for that time step.

(5)
x|t+dt = x|t + dt * dx/dt|t+dt/2 

(6)
dx/dt|t+dt = dx/dt|t + dt/2 * acceleration|t+dt/2
(7)
d2x/dt2|t+dt = - 3 dx/dt|t+dt - x|t+dt
The typing required is not as bad as you might guess. First put in the time steps in column A, the initial x and xdot values in columns B and C, then calculate the initial acceleration in column D from equation (1). Then in column E use Eq. (2) to find x at the half-step. Then just copy the cell in column E into column F, which takes care of Eq. (3). Then copy the cell in column D into column G, which takes care of Eq. (4).  This completes one line of the spreadsheet.

For the 2nd line of column A, let it be the contents of the first line of column A plus dt. Use Eq. (5) to calculate column B on the 2nd line of the spreadsheet. Then copy this into column C, which takes care of Eq. (6). Now you can select the cells from rows D through G on line 1 and copy them down into line 2. This completes line 2 of the spreadsheet.

After this, you select all of line 2, columns A through G, and copy down as far as you need.

Now that you have the general picture, we will think about integrating two coupled differential equations



d2x/dz2 + 1/z dy/dz + x = 0,  and



d2y/dz2 + 1/z dx/dz + y = 0 .

We start with initial values of x, y, x' and y'. Then the x'' can be calculated from


x'' = -1/z y' - x

Notice that at z=0 we  are going to need y' = 0 or else things blow up!  For y'' it will be


y'' = -1/z x' -y.

The 2nd derivatives are calculated from the functions and first derivatives. Each function ( x, x', y, y') is moved along by using the derivative ( x moved along by x', y by y', x' by x'', y' by y'' ). Then you copy down as indicated above to the end of the spreadsheet.

