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PH 316 MJM      Curl E, grad V
circulation of ( E(dl = 0 for any closed path when E is due to static charges



example: circular path surrounding a charge



all circumferential path segments give zero



all radial path segments depend on initial and final radial distance ra and rb


any path can be made up of radials and circumferentials



any closed path then will give zero circulation

Stokes' theorem states that   ( E(dl = ( curl E ( da   for any closed path around area da


when this is applied to a tiny area (a we have     circulation of E = curl E ( (a


and one can say curl E = circulation of E /area  (for a curl component in the direction of (a)

The statements above lead to the claim that curl E = 0 for all E derived from static charges

There is a vector identity saying that curl (grad f) ( 0 for any scalar function f.

This means E can be regarded as the gradient of a scalar function  E = grad f.

Next we show that net work done on a particle is the change in its kinetic energy


dW = dK

This is  the famous work-kinetic energy theorem.

dW = Fxdx + Fydy + Fzdz = F(dr , 

where Fx, Fy and Fz refer to the components of net force on a particle of mass m.

Fx = dpx/dt = d/dt(mvx) .  

For constant m we can write


Fx = m dvx/dt = (chain rule) = m dx/dt d(vx)/dx .

dx/dt = vx, so we have Fx = m vx dvx/dx = d/dx(mvx2/2).   Then Fxdx = d(mvx2/2).

Finally, for the total work dW we have


dW = Fxdx + Fydy + Fzdz = d(mvx2/2 + mvy2/2 + mvz2/2  ) = d(mv2/2) = dK.

When we have only a conservative force acting, the work done by this force is the change in the kinetic energy, but because energy is conserved, it is the negative change in the potential energy.


dWcons = dK = -dU .

The change is a scalar function f may always be written as df = grad f(dr


dWcons = dK = -dU .

Making use of dWcons = Fcons ( dr    and dU = grad U ( dr we conclude from dWcons = -dU that


Fcons = -grad U = -(U .

This says a conservative force is the negative gradient of a potential energy U.  For example, when U = mgy, the negative gradient gives Fy = -mg.  When U = ½ kx2, the negative gradient gives F = -kx.

If we consider the force F = qE acting on a  particle in the presence of some electrical potential energy Uel, then we have


qE = - grad Uel .

Dividing by q gives


E = - grad Uel/q .

But, the electrical potential energy per unit charge is the 'electric potential', V !  So 


E = - grad V = -( V .

This relation lets us connect electric field and electric potential. E always points away from regions of positive voltage: E points downhill (direction of decresing V), and is as mentioned before the direction a positive charge would travel if free to move.

We can calculate E if we are given V by the following means


Ex = -(V/(x

Ey = -(V/(y, and 

Ez = -(V/(z.

On the other hand if we are given E, we can find differences in V and different points by


Fcons (dl = dK = -dUel,

or


q E(dl = -d(Uel) = -d(qV)  -> E(dl = -dV .

Then


Vb - Va = - a(b  E(dl  .


Brief summary :  div E = (/(o

curl E = 0 for static charges

E = -(V .

