Duct Branches. Closed pipe, open pipe, helmholtz resonator.   W0304
b

(This follows Dr. Meeks’ approach.)
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The velocity waves are 

ui = 1/((c) [A1 ei((t-kx) - B1 ei((t+kx)] (incident and reflected velocity in the main duct)

ub = 1/((c) [Ab ei((t-ky) - Bb ei((t+ky)] (incident and reflected velocity in the branch)

ut = 1/((c) A2 ei((t-kx)  (velocity of transmitted wave in main duct) 

Pressure and volume flow rate are continuous at the branch point (x=0, y=0) so we get

(pressure)

[1]
A1 + B1 = Ab+Bb
[2]
A1 + B1 = A2
[3]
A2         = Ab + Bb
(volume flow rate: U = Su.  S = cross-sectional area)

[4]
S (A1 - B1) = Sb (Ab - Bb) + S A2,   or

[5]
A1 - B1  = Sb/S (Ab-Bb) + A2.

The transmission coefficient is   T = |A2/A1|2.  First we add [1] and [5]:

[6]
2A1 = Ab + Bb +Sb/S (Ab-Bb) + A2 

When we divide this by 2 times equation [3] we get

[6a]
A2/A1 = 1/[1+Sb/(2S) (Ab-Bb)/(Ab+Bb)].    Then the transmission coefficient is 

[7]
T =  |A2/A1|2 =   1/(1+|x|2) , where    

[8]
x  = Sb/(2S) (Ab-Bb)/(Ab+Bb).

The specific impedance (impedance per unit area) of the duct at x=0, y=0 is 

[9]
zbo = pb/ub  = (c (Ab+Bb)/(Ab-Bb).

When this is  put into [8],and then [7], we find 

[10]
x = Sb/(2S)  (c/zbo .   The transmission coefficient in terms of the branch impedance is

[11]
T = 1/(1+| Sb/(2S)  (c/zbo | 2).

This is Raichel's equation 8.22 plugged into [7], and using zbo = Zg /S. 





Now we can get the transmission coefficient for a number of cases by finding zbo for each case.

We let the branch be a closed tube of length L and determine the impedance at its mouth (zbo, @x=0, y=0).  Since the velocity at the wall (y=L) must be zero we have

[12]
ub = Ab ei((t-kL) - Bb ei((t+kL)  = 0,  or Ab = Bb ei2kL .   Then

[13]
zbo = (c (Ab/Bb+1)/(Ab/Bb-1) = (c (ei2kL + 1)/(ei2kL-1) .

This can be rewritten

[14]
zbo = (c(eikL + e-ikL)/(eikL - e-ikL) = -i (c cot kL .
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Then for the closed-tube branch we have a transmission coefficient of 

[15]
T = 1/[ 1 + (Sb/(2S) tan kL)2 ].

T drops to zero every time kL is an odd multiple of (/2, so it acts like a 'notch filter'.
=====================================================================
We let the branch be an open tube of length L and repeat the process. We take L to be the 'effective ' length of the tube, where the pressure should be zero. (L is longer than the physical length by about half the tube radius).

[16]
pb = Ab ei((t-kL) + Bb ei((t+kL) = 0 = Ab e-ikL + Bb eikL  , or  Ab/Bb = -ei2kL .

Repeating the calculations in [13]-[16] , we find the transmission coefficient to be

[17]
T = 1/[ 1 + (Sb/(2S) cot kL)2 ].

This transmission coefficient for an open-tube branch is zero at kL=0, and kL = integer (. 

L is the effective length of the pipe. L = Lo + g a, where Lo is the physical length, a is the radius of the tube and g is a constant. 

When ka<<1  g = 0.85 for a flanged tube and g=0.6 for an unflanged tube. (Raichel p. 134)

Effective length of a hole in the side of a pipe, or a helmholtz resonator.

On p. 144 Raichel talks about g for a helmholtz resonator. He says it’s flanged on the inside and claim g = 0.85 + 0.6 = 1.45 if its unflanged outside, or g = 0.85(2) = 1.7 if its flanged outside.

These arguments can also be made for a hole in a pipe, with the same g values.

=================================================================

We let the branch be a helmholtz resonator.  The equation of motion for a mass of air in the neck of the resonator is (just like a driven, damped harmonic oscillator)

[18]
m (2y/(x2 + R (y/(t + k y = A (a2 ei(t, 

where A is the pressure amplitude at the mouth of the resonator, a is the radius, m is the mass of air, k is the 'spring constant' of the resonator, and R is the damping coefficient. From this we find

[19]
y = A  (a2/[(k-m(2)+ i(R], and vy = i(A (a2/[(k-m(2)+ i(R]. 

Thus the specific impedance is ( using (o2 = k/m )

[20]
zbo = p/uy= [(k-m(2)+i(R]/(i ( (a2) = -i (R +((o2-(2)(m/(i()]/ (a2,   

Then the transmission coefficient is (noting that (a2 = Sb) 

[21]
T = 1/( 1 + [(c Sb2/(2S)]2 / [R2 + (m/()2((o2-(2)]2 ].

This transmission coefficient reaches a minimum when ( = (o:

[22]
Tmin = 1/[ 1 + [(c Sb2/(2RS)]2 ]. 

If R=0 (no velocity-dependent losses) then Tmin = 0, and all the incident energy is reflected.

This situation can be applied to automotive muffler design, where several selected frequencies can be suppressed in the automotive exhaust. For each frequency to be suppressed, a helmholtz resonator of exactly that resonant frequency is built into the muffler. 

