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Stress and strain, bar vibrations.
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[image: image1.bmp][image: image2.bmp]A wire of length Lo and diameter do is subjected 

to stress (force/area in N/m2 = Pa). The definition

of strain is fractional change in length, (L/L,         F
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Young's modulus.   Young's modulus  Y  (often written E ) is


Y = stress/strain.

The sketch shows forces F acting uniformly over the end faces of the rod to cause tension in the rod.

The rod lengthens, so the strain is positive and the stress is also positive:

(1)
Y = (F/A)/[ (L-Lo)/Lo] ,

where A = the cross-sectional area  = (do2/4.  For steel, Y has a value of around 2 x 1011 Pa.

How much would a 1.0-m steel rod of  9 mm diameter 

extend when subjected to a force F  = 1000 N on each end?
        Ans:  78.6 ( m

Poisson's ratio.  Poisson's ratio (  (a lot of times it is written () is the ratio of negative transverse strain to longitudinal strain


( = (- transverse strain)/(longitudinal strain)

(2)
( = -(d-do)/do /[(L-Lo)/Lo].

This says when the rod elongates, it also shrinks in diameter. For most metals, ( is around 0.3, so the fractional shrinkage in transverse dimensions is about 30% of the longitudinal strain. For a rectangular bar of length L and width w and height h, (undisturbed values Lo, wo, and ho), when L gets longer, the strain in w and h will be -( times the strain in L (see Eq. 4.2 p. 109).

Eq. (2) can also be written using (1)


(d-do)/do  = -([(L-Lo)/Lo] = -[((/Y) F/A]

Figure 4.2 p. 108 shows force F acting normal to the face of area A = wh, and force F' acting normal to the face of area A' = Lw. Force F  is going to elongate L and shrink w and h, while force F' is going to elongate h, and shrink L and w:


(L-Lo)/Lo = 
(1/Y) F/A 
- ((/Y) F'/A'


(h-ho)/ho = 
(-(/Y) F/A
+(1/Y) F'/A'


(w-wo)/wo = 
(-(/Y) F/A
-((/Y) F'/A'   .

Bulk modulus.  The 'bulk modulus' B is important in fluids, defined as

(3)
B = -(P/((V/V),

where P is pressure and V is the volume of the sample.  [ B can also be written B = -V (P/(V|c . This can be taken at constant temperature, when we would have the isothermal bulk modulus, or it could be taken at constant entropy, when we would have the isentropic bulk modulus. This latter form will be important in sound waves in air, when the compressions and rarefactions are so quick that no heat to speak of is transferred in or out of a tiny air parcel.]

Now we imagine a pressure P greater than the equilibrium pressure Po being applied to all faces at once, now F/A = F'/A' = F"/A" = (P-Po) = -(P.  [Pressure Po reduces the volume somewhat, giving equilibrium volume V = Vo, but we want the additional compression (V produced. The forces are taken positive when they act outward, but pressure acts inward, and that's why the minus sign is there.]  The equation for the strain in L now looks like


(L-Lo)/Lo = -(1/Y)(P 
+ ((/Y)(P 
+((/Y)(P ,


(L-Lo)/Lo = -(1/Y)(P (1-2()  ,

or
L = Lo (1 - (1/Y)(P (1-2() ).

Likewise we will find for w and h:


w = wo (1 - (1/Y)(P (1-2() ), and


h = ho (1 - (1/Y)(P (1-2() ).

The new volume is


V + (V = Lwh = Lowoho ((1 - (1/Y)(P (1-2() )3.

The term (1/Y)(P (1-2() is going to be a lot less than 1 because Y is usually quite big, so we can (see p. 113) write it as


V + (V = Lwh ( Lowoho ((1 - 3(1/Y)(P (1-2() ).

Then
(V = V-Vo = -Vo 3(1/Y)(P (1-2().

Then from (3)


B = -(P/((V/V) = Y/[3(1-2()],

{ Eq. 4.6, p. 113}



B = Y/[3(1-2()]

(Isothermal bulk modulus, for solids)

more on next page

Longitudinal vibrations in bars.
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Figure 5.1 p. 144 is hard to beat 

for clarity. At the right is an

attempt to reproduce it.
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The displacement of any

point on the bar due to applied

forces is ( = x - xo.  





(xs
We start by noticing that 


(xs = (x + ((x+(x) - ((x). 

The strain is the fractional change in length


strain = (xx = lim((x(0) ((xs - (x)/(x = lim((x(0)(((x+(x) - ((x))/(x = ((/(x .

The force on the right-hand face of the element is f(x+(x) acting to the right


f(x+(x) = Y (strain) (area) = YA (((x+(x)/(x

The force on the left-hand face of the element points to the left and is  f(x) = -YA (((x)/(x .

The net force on the element equals the mass (m = ( A (x times its acceleration (2((x)/(t2

net force on (m = YA (((x+(x)/(x - YA (((x)/(x ( YA (2((x)/(x2  

Setting the net force equal to the mass times acceleration we get the 1-D wave equation in solids




Y (2(/(x2  = ( (2(/(t2


1-D longitudinal wave equation in solids

We will put a travelling wave into this equation;  ((x,t) = A cos ((t - kx) and find the wave speed is


c longitudinal = ((Y/()

( Y is Young's modulus, and ( is the mass density)

For 1-D longitudinal waves in solids, we have the same boundary conditions as on strings


displacement at a fixed end 
= 
0



slope at a free end 
= 
0

Find the lowest resonant frequency of a 0.80 m aluminum rod, 

for which Y = 7.1 x 1010 Pa, and ( is 2700 kg/m3 .



ans:    3205 Hz

(over) 

Flexural bar vibrations are next.

To obtain the equation of transverse waves on bar and rods, we first need the material on pp. 121-125 leading up to the equation for a bending moment M, in Eq. 4.18.

Then we are ready to go to section 5.3, p. 149. This will get us the transverse wave equation.

