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End impedance and extra length.





January 29, 2006

This follows Dr. Meeks’ approach, (pp 255-261) having a tube closed at x=-L and having a tiny thin piston at x=0. A small driving force Fo acting on the piston is a good representation of some sound waves incident on the closed-open tube. Later we will remove the piston so the end at x=0 is open.

The pressure wave must be maximum at the closed end (x= -L), so it is


p=A cos(k(x+L)) exp(i(t) .







(1)

The particle velocity in the tube is obtained from -(p/(x = ( (u/(t and is just  


u = A/(i(c) sin(k(x+L)) exp(i(t) .






(2)

At the end of the tube (x=0) the piston velocity is uo exp(i(t), and we may solve for A in terms of uo

A =  uo (i(c) / sin(kL)  .







(3)


At x=0 the driving force to the left is -Fo exp(i(t), which is really due to incoming sound waves which are exciting the tube. The pressure outside the tube acts to the left, and the pressure inside the tube acts to the right on the thin piston. The acoustic velocities on both sides of the piston must be the same, namely uo.This outside pressure can be gotten from the outside velocity if the specific acoustic impedance z = p/u is known:  pout = zend uo. The net force on our tiny piston is  

Fnet = -Fo -pout S +p S = Fo  -zend S uo +A cos (kL) S  .



(4)

The tiny piston is just a device for letting Fo represent incoming waves driving the resonator. We will neglect the piston's mechanical impedance, which means the net force on this tiny piston is zero. Then we substitute from (3) and have

0 = -Fo - { zend uo  +[uo (i(c) / sin(kL)] cos (kL) }S  .




(5)

From (5) we find that


uo = (-Fo/S)/[ zend - i (c cot(kL)) ]  .

Recall that for ka <<1,  the input impedance z  almost pure imaginary : z = i ka (c 8/(3() {flanged end } and z = i 0.6 ka  for the unflanged end of a long tube

uo = Fo/((cS)/[ i (8/(3() ka - i cot kL)]  .
{flanged end}



(6)

For resonance, we want large uo for a given Fo. This means we want the denominator in (6) to vanish, which it will do when cot kL is small, near odd  (/2 . 

Let kL = odd  (/2   +( , where ( is small, and taylor expand the cotangent:


cot(odd  (/2 + () = cot(odd  (/2) +( cot’(odd  (/2) = -(/sin2(odd  (/2) = -( .

So ( = -8/(3() ka,  and kL = odd (/2 - 8/(3()  ka .  This leads to k(L + 8a/(3() )  = odd (/2 .

The effective length is longer by 0.85 radii at a flanged end of a tube, and by about 0.6 radii at the unflanged end of a long tube. 

End impedance and extra length.





Pipe radius a,  circular hole radius a.    (ka << 1)



unflanged pipe


            Zr/((cS) = zr/((c) = 1/4 (ka)2 + i 0.6 ka







flanged pipe


Zr/((cS) = zr/((c) =1/2 (ka)2 + i 8/(3() ka





hole in a flat plate


Zr/((cS) = zr/((c) = c1  + i 16/(3() ka









(twice the reactance of a flanged tube)

