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ABSTRACT. We consider fractional Schrodinger operators H = (—A)® 4+ V() in n dimensions with
real-valued potential V' when n > 2a, a > 1. We show that the wave operators extend to bounded
operators on LP(R™) for all 1 < p < oo under conditions on the potential that depend on n and
a analogously to the case when a € N. As a consequence, we deduce a family of dispersive and

Strichartz estimates for the perturbed fractional Schrédinger operator.

1. INTRODUCTION

We study the non-local fractional Schrodinger equation
iy = (—A)% + V7, r €R™, a>1, a¢N.

We consider spatial dimensions n > 2a, and V is a real-valued, decaying potential. When a ¢ N, the
non-local operator (—A)® is defined via the Fourier multiplier [€]2®, that is (—A)® f = F~1(|€]2* f(£)).
We denote the free fractional Schrodinger operator by Hy = (—A)%, and the perturbed operator by
H=(-A)*+V(x).

Similar to the integer order Schrodinger operators, for the potentials we consider there is a Weyl
criterion and o4c(H) = 04c.(Hp) = [0,00). When a # 1, decay of the potential is generally not
sufficient to ensure the lack of eigenvalues embedded in the continuous spectrum for the fractional order
operators. In [10], Cuenin constructs examples where embedded eigenvalues can occur for generalized
Schrédinger operators. On the other hand, Ishida, Lérinczi and Sasaki provided conditions on the
potential when 0 < o < 2 in [37] for which H has no embedded eigenvalues. We leave the lack of
embedded eigenvalues as an overarching assumption.

We study the LP boundedness of the wave operators, which are defined by

Wy =s— lim etHe Ho,
t—+o0

As in the classical Schrodinger operators, see the work of Agmon, [1], Hérmander, [36] and Schechter,

[52], sufficient decay of the potential at infinity to ensures that the wave operators exist and are
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2 ERDOGAN, GOLDBERG, GREEN
asymptotically complete, [38, 62]. In particular we have the intertwining identity
(1) f(H)Poe(H) = Wo f((=A)")W].

Here P,.(H) is the projection onto the absolutely continuous spectral subspace of H, and f is any Borel
function. Asymptotic completeness and lack of embedded eigenvalues for magnetic fractional equations
were studied in [54]. For a more detailed discussion of the existence and asymptotic completeness see
[62].

Fractional Schrédinger equations have garnered interest in the physics literature, see for example
[44, 45], where the Feynman path integral is taken over Lévy flight paths in place of Brownian paths.
For applications in optics see [46], further applications are considered in [33]. Mathematically, one
can view fractional Schrodinger equations as models of nonlocal dispersive equations.

We use the notation (z) to denote (1 + |z|2)2, F(f) or f to denote the Fourier transform of f.
We write A < B to say that there exists a constant C' with A < C'B, and write a— := a — ¢ and

a+ := a+ € for some € > 0 throughout the paper. We use the norm ||f||gs = ||{-)°f(:)||2. We first

state a small potential result.

Theorem 1.1. Fix o > 1 and let n > 2. Assume that the V is a real-valued potential on R™ and
fir 0 <6 <« 1. Then 3C = C(0,n,a) > 0 so that the wave operators extend to bounded operators on
LP(R™) for all 1 < p < o0, provided that

da+1l—n

i) ) +‘5V(~)H2 < C when 2a <n < 4a—1,
i) |[()V ()| s < C when n = 4o —1,
iii) H‘F(OUV())HL 15 < C for some o > 2254% 4 § when n > 4o — 1.

n=%a=5

The assumptions on the potential are the generalizations of the @« = m € N case studied in [16]
obtained by bounding the contribution of the Born series terms in Section 2 below. There are technical
hurdles to overcome to adapt the argument to the non-local fractional Schrodinger operators, and the
analysis is rather delicate.

Furthermore, one may remove the smallness assumption above provided V decays sufficiently at
spatial infinity. We write n, to denote n +4 if n is odd and n + 3 if n is even. We define zero energy
to be regular if there are no non-trivial distributional solutions to Hy = 0 with (z) =2~ (z) € L*(R")
when 2a < n < 4o and ¢ € L?(R™) when n > 4q, which correspond to resonances or eigenvalues

respectively, see [15]. We show

Theorem 1.2. Fiz o > 1 and let n > 2a. Assume that the V is a real-valued potential on R™ so that
i) |V(2)| < (x)7P for some B> n, ,

i) |()VFV ()| o+ < 0o when n = 4o — 1,
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iii) for some 0 <0 < 1 and o > 222% || F(()7V(-)) 1-5 < 00 when n > 4a —1,

I, nmi=s
w) H=(—A)*+V(x) has no positive eigenvalues and zero energy is reqular.

Then, the wave operators extend to bounded operators on LP(R™) for all 1 < p < oo.

These results are, to the best of our knowledge, the first results studying LP-boundedness of the
wave operators for the non-local fractional Schrodinger operators.

From the intertwining identity (1) one may obtain LP-based mapping properties for the more com-
plicated, perturbed operator f(H)P,.(H) from the simpler free operator f((—A)*). The boundedness
of the wave operators on LP(R™) for any choice of p > 2 with the function f(-) = e~ *() yield the

family of dispersive estimates

Corollary 1.3. Under the conditions of Theorem 1.1 or 1.2, for any 1 < p < 2 we have the following

family of dispersive bounds
(2) le™ Pac ()| oy o S 111575,
where p’ is the Holder conjugate of p.
In particular in all dimensions n > 2«, we have the global bounds
le™ ™ Pae(H)|| 1 poe S 18725,

which extends the recent work of the authors, [15], to dimensions n > 4o — 1. Another consequence,

following the seminal work of Ginibre and Velo, [28], is a family of Strichartz estimates:

Corollary 1.4. Under the conditions of Theorem 1.1 or 1.2, we have

e~ PocE)Flzgi; S 1 Flzes - = (2 - ) 2 <1< oo

Noting that the Fourier transform of ei|€|2a|§\””" is bounded when % < aand 0 < v < na, by
scaling the free operator satisfies the bounds

—
7 |lpisree

le =2 (~A) St
We have the following corollary. Similar bounds were proved in [14] for integer o € (%, 5).

Corollary 1.5. Under the conditions of Theorem 1.1 or 1.2, for any 0 < v < na we have the following

family of dispersive bounds

e H Poo(H) 1 poe S 175
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This work is inspired by previous work of the first and third authors, [16, 17], studying the bound-
edness of the wave operators when @ = m € N. There are several technical challenges in this
adaptation, such as the lack of a “splitting identity” that allows one to explicitly equate the integer
order Schrodinger resolvents to the more-well known second order resolvent, see (4) below.

There has been substantial work on the LP(R™) boundedness of the wave operators when o =
m € N, with recent growth in the literature when m > 1. The first higher order result, when
(m,n) = (2,3) was established by the second and third authors in 2020, [27]. The first and second
authors extended the range to (m,n) for all n > 2m in [16, 17]. Mizutani, Wan, and Yao studied
the case of (m,n) = (2,1) in [48], and studied the endpoints and effect of threshold resonances in the
(m,n) = (2,3) case in [49, 50]. Galtbayar and Yajima consider the case of (m,n) = (2,4) in [24].

The study of the wave operators when m > 1 partially built upon work on dispersive estimates.
Feng, Soffer, Wu and Yao proved “local dispersive estimates” on the solution operator as a map
between weighted L2-based in [22]. The third author and Toprak, [31], along with the first author,
[20], provided “global dispersive estimates” considering the solution operator as a map from L' to
L for the fourth order operator in dimensions n = 4 and n = 3 respectively. The authors recently
proved dispersive estimates for scaling-critical potentials when 2m < n < 4m, [14].

The wave operators for the usual Schréodinger operator —A + V', when m = 1 are well-studied,
beginning with the pioneering works of Yajima, [55, 56, 57]. Which inspired further work when m =1
in all dimensions n > 1, see [40, 41, 11, 47, 58, 59] for example. On R3, Beceanu and Schlag obtained
detailed structure formulas for the wave operators, [2, 3, 4]. The L? existence and other properties
of the higher order wave operators have been studied by many authors, including Agmon [1], Kuroda
[42, 43], Hérmander [36], and Schechter, [52, 53].

There has been much interest in non-linear fractional Schrédinger equations, see for example [7,
35, 32, 21, 51, 12, 5], studying well-posedness, blow-up and scattering. However, the linear analysis
is more limited with results focusing on the free equation iu; = (—A)%u. Cho, Ozawa, and Xia
studied dispersive and Strichartz estimates for the free operator assuming initial data in distorted
Besov spaces, [9]. Further study of Strichartz estimates for related operators may be found in [8, 30],
for example. To the best of our knowledge, the only result on dispersive estimates for a perturbed
equation is that of the authors in [15].

Our analysis relies on careful study of the resolvent operators, which are defined by Ry (\) =
(=A)* +V — X))~ and Ro(A) = ((=A)* — A)~L. Our usual starting point to study the wave
operators is the stationary representation

o0

Wow=u— g [ REQVIRE ()~ Ry (udA,
0
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here the superscripts ‘4’ and ‘-’ denote the usual limiting values as A approaches the positive real
line from above and below, [15]. Since the identity operator is bounded on LP, we need only bound
the second term involving the integral. It is convenient to make the change of variables A — A2* and

consider the integral kernel of the operator

(3) o [OTIREOEVIRE — RGJ0%)

Our result in Theorem 1.1 follows by using resolvent identities to expand RJ‘S in an infinite series and
directly summing the series. To remove the smallness assumption to show that the operator defined
in (3) extends to a bounded operator on L? requires different strategies in the low (0 < A <« 1) and
high (A 2 1) energy regimes. To delineate these cases, we use the even, smooth cut-off function x
with x(A) = 1 for || < Ag for some sufficiently small Ay < 1, and x(A) = 0 for |A| > 2)g, as well as
the complimentary cut-off x(A) =1 — x(A).

When o = m € N, we have the splitting identity for z € C \ [0, 00), (c.f. [22])

m—1

(4) Ro(2)(@,y) = ((=A)" = 2) " (z,y) weRo(wez ) (@, y)
(=0

where w; = exp(i27f/m) are the m‘" roots of unity, Ro(z) = (—A — 2)~! is the usual (2"¢ order)
Schrodinger resolvent. For the fractional operators, when a ¢ N, we lack this explicit relationship
to the m = 1 Schrodinger resolvents. We instead utilize the representations developed in [15] stated
in Proposition 3.3 below as well as directly bounding Fourier multipliers corresponding to the Born
series in Theorem 2.1 below.

We note that the different assumptions on the potential we impose based on the size of n versus
« in Theorems 1.1 and 1.2 are natural. Smoothness of the potential is required for the integer order
Schrodinger operator in high dimensions since the kernel free resolvent Ro (\2) grows like AT 2m g
the spectral parameter A — co. This causes the L' — L dispersive estimates to fail in dimensions
greater than 4m — 1 without some measure of smoothness on the potential, see the counterexample
constructed by the second author and Visan [29], later extended by the authors to the higher order
case, [13]. In particular, when n > 4m — 1 one can construct a compactly supported potential

VeC*R") forall 0 < oo < 2 —2m — % for which the wave operators are unbounded on LP(R™)

2n

for n—4am+1

< p < o0o. As in the integer order analysis, [55, 16], we impose a condition on the FL"
norm of the potential, which requires sufficient smoothness. The e-smoothness requirement in the
case n = 4a — 1 could be an artifact of our methods.

We assume that zero energy is regular, that is there are no threshold resonances or eigenvalues.
These can be characterized in terms of distributional solutions to Ht = 0, with ¢ in weighted L?(R")

spaces, see section 8 of [22] for the integer order case and [15] for the fractional case. The effect of
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zero energy resonances or eigenvalues on the LP-boundedness of the integer order wave operators is
well-studied. In the classical m = 1 case the wave operators are generically bounded on 1 < p < 5
in the presence of a threshold obstruction when n > 3, while further orthogonality conditions allows
one to obtain a larger range, [59, 26, 60, 61]. In the higher order case, m € N and m > 1, the wave
operators are bounded for 1 < p < 5~ in the presence of zero energy eigenvalues when n > 4m, [18].
In lower dimensions, there is a more complicated resonance structure, see [6] for odd n. In the case of

an eigenvalue only, if the zero energy eigenspace is orthogonal to *V (x) for multi-indices |a| < ko,

n

the wave operators are bounded on 1 < p < ST

and one can recover p = oo if ky > 2m, [19].
One expects analogous results would hold for the fractional operators in the presences of zero energy
obstructions, we plan to address this in a future paper.

The paper is organized as follows. In Section 2 we begin by analyzing the Born series terms that
arise by iterating the resolvent identity for the perturbed resolvent in the stationary representation,
(3). Next in Section 3, we control the contribution of the tail of the Born series in the low energy
regime, when the spectral parameter A is in a neighborhood of zero. In Section 4, we provide the
technical arguments about inverse operators in the low energy regime to complete the low energy

analysis. In Section 5 we control the remainder in the high energy regime, when A > 1.

2. BORN SERIES

By iterating the resolvent identity, one has the expansion

20
() Rv(2) =Y [Ro(2)(=VRo(2)’] = (Ro(2)V) Ry (2)(VRo(2))".

J=0
Consider the contribution of an arbitrary summand in the Born series to (3),

Wy = (07 [ REQVIRE )~ Ry (V]
2mi Jo

In this section, we modify the proof in [16], which was inspired by Yajima’s work at [55] for the
classical Schrodinger, to control the Born series terms for the fractional Schrédinger operators. We

prove that W extends to a bounded operator on LP(R"), 1 < p < oo:

Theorem 2.1. Fiz a > 1, a natural number n > 2a, 1 < p < 00, and 0 < § < 1. Then IC =

C(d,n,a) >0 so that for 2a < n < 4a — 1, we have

4a+1l—n

IWillzrsre < NG T2V Iz,

forn=4a — 1, we have

IWillo—rr < C7|{@) V|| s,
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forn >4a — 1, we have

2n—4a

IWsllzo—s e < CTF (@) =50V s

Ln—2a-3

In what follows we will ignore most implicit constants; the factor C'/ accounts for their contribution
depending on 7, a. The small potential result, Theorem 1.1, follows from these inequalities.

As in [55, 16], we bound the adjoint operator Z; = W7 on LP, which for fixed f € S is defined by

(6) Zyf(x)= lm --- lim lim Zjez f(2),

614)0+ E]*)O+ 60*}0

where
Zize f(x) = 2%” /R [RO()\ —i€0)VRo(A+i€er) - - VRo(A + ieJ)f] (z)dA.

As in [55], it suffices to prove that the limit above exists in LP and the bounds stated in the theorem

hold for f € 8 and V € C§°. Following the steps in page 7 and 8 of [16], we write

(1) Zsf(x)
= lim - lim T"‘l,q{/ T,g{ KJ(kl,kQ,...,kJ)TgJ,EJkako}-..}dkg}dkl,
]Rn ]R'n/

€1—0T e =01 Jrn

where K j(ky,ka, ..., ky) = szl V(k‘] — kj_1) (with ko := 0) and f, (z) := e**7* f(z), and

~

o )
€= kP= — [P —ie)

Accordingly, we need to understand the operators Ti',. Let

€ —w]®* — ¢ k L
—|§fw|2“ may2ere where w = m e s"~

(®) T = f—l(

(9) Pu(§) =
Unlike the case when « € N, we cannot neatly factor here. We therefore have

o po | f_l( Po(€/KDT(©) )

kel =™ o; — i .
TR A i ¢ - D

It is easy to see that p,,(£) > 0, in fact, the proof of Lemma 2.2 below implies that p,, (&) ~ (£)272% > 0.
Writing

1 — _/006 le‘t-ﬁ-ztw& 7€;U;:|(2§é‘k‘)tdt
i|k . W k
TRy ¢ — Pale] D o

2‘k‘2a71

we obtain

]_-—1< P (&/1R)) f £p3 — )(x) - _ /OOO e‘#hk _ ek f(r 4 tw)dt,

1|k‘ Pk 2o—1
+iw - € — STEa-t Il

where * denotes convolution and

hie = F 1 (pule/ Ikl)em = /1D).
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With this notation, we have

7 o ,
o — —ilk|t/2 o _
Teof@) = g [ ] g 00—+ )y
To study the limit as e — 0%, we need the following lemma:

Lemma 2.2. We have the following bounds (with k = sw,s > 0,w € S"~1)

[ Sglghk,ellu <L
€

H Sglglaghsw,s2;71 |||L1 'g Sij’ j=12
€

Furthermore, hy . converges to hy := hy o and 3ghsw’ < __ converges to 8ghk as € = 0 a.e. and in

s2a—

L', and hy, satisfies the same bounds above.
To prove this lemma, we need the following lemmas from [15]:

Lemma 2.3. If g compactly supported on R™, and is smooth on R™\ {0} with [VNg(¢)| < [¢]7~N
for some v > —n and N =0,1,... for £ #0. Then |V/g(x)| < (x)~""779, j=0,1,2,... In particular,
ge L' ify>0.

Lemma 2.4. Let g be a smooth function, supported away from zero on R™, that satisfies VN g(€)| <

~

|E[7=N for some v <0 and N =0,1,2,.... Then g is a smooth function on R™\ {0} satisfying
2|77 dify 45 > -,
V7g(@)l S § (loglzl)  ify+ij=-n,
1 ify+j<—n.

Morever for |z| 21, |Vig(z)| < |z|=™ for all M, j.
Proof of Lemma 2.2. We first prove the claims for hy. Note that
how(z) = s"F 1, (xs) = s"hy,(s2)

Therefore ||hsy |1 = ||hw]|z1 and we may take s = 1. Without loss of generality, we also assume that
w = e;. We decompose p., into three pieces, when ¢ is near zero, near e;, and away from both. We
write pe, = p1 + p2 + p3 respectively defined by smooth cut-offs and define h; = F~1p;.

First, we consider p; (&) = p,(£§)x(100§) and write

(10) PE) = 9 + 9(O), where 9(6) = x(1006) 1= 251
Note that ¢ € S(R™), and
o) = | ot P2 xao0g),

= - X
€ — e —[€]P € — e
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is easily seen to satisfy the hypotheses of Lemma 2.3. So that
[F[x(100-)pu ()](@)] = [ha(2)] S ()" 7>

Moreover, analogous bounds hold for p2(§) = x(100| — w|)p,(§) and hence hs.
We define x3(-) = 1 — x(100-) — x(100] - —w|), and consider p3(§) = x3(£)p.(§). Here we note that

Pa(6) = xa(6) — 2o 125,

(P +1—2e) —fep" Gk
where
z
n(z) = mX[—H—c,C](Z)'
Here X[—14c,c)(2) is smooth cut-off to the interval [~1 4 ¢, C] for some ¢,C > 0. Note that, on the

support of x3(£), we have 1\_6\22&1 € [-14¢, C]. Since 7 is analytic and bounded in an open neighborhood

of this interval in the complex plane (the singularity at z = 0 is removable), 1 has bounded derivatives

to arbitrary order.! Using the chain rule, we see that

Vs ()] < (§)* 7>,

Therefore, using Lemma 2.4, we conclude that
hy(x) = F~H(ps)(2) = O(min(|z| 7", 2] 7"F2272)),

which implies that hz € L' (since o > 1). This yields the claim for j = 0.
For j > 0, note that

0, F ps(sz) = 2 - [VFps](as) = %f—l(v € ps(©))(xs).

Similarly, (s9s)'F 'p3(sz) = FL((V - €)’p3(€))(xs). Therefore,
J
015" F 'pa(sa)] S Y 8" IsTHF TV - €) pa(€)) ().

£=0

The claim for h3 = F~!p3 follows from this as above since (V - £)’p3(€) satisfies the same bounds as

p3(§)-

We now turn to pi, and the proof follows as above since (V - E)‘} g satisfies the same bounds as g.

For ps, we write
26 —1
€12

p2(§) = x(100[¢ — e1]) + 92(),

and
0o(§) = | et B

B o

L Also note that 1 > 1 on the interval [~1+-¢, C], which implies that on the support of x3, p, (¢) = |£|272%. Observing

that pyw ~ 1 on the support of x1 + X2 implies that p,, (&) ~ (£)2722.
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Now, (V- &)¢gs(€) satisfies the hypotheses of Lemma 2.3 (centered at & = e; instead of zero) for £ < 2
and vy =2a—2>0.
Now, we consider hy . Let H,(e,z) = F~! (pwe_EpW)(x). We first consider

Hs(e,z) := F ! (Xgpwe*p“) (x)=F! (pge*p”) (z).

Using the bounds on the derivative of p3 and noting that sup, aNe=> <1 for any N > 0, and that
|VIips| < |V7ps3| on the support of x3, and that 0 < p3 < p,,, we conclude that

1

W, N:0,1,2,...

[V [ps(€)e™ @] <
Therefore we have
(11) |Hy(e,)| = |F " (pae™ %) ()| < min(|z| ", 2|22,

uniformly in € > 0. This yields the claim for j = 0 for the contribution of Hj to hy . = s"H, (¢, sz).

We now turn to
Hy(e,z) :=F ! (lewe*p‘“) (r)=F! (pleeﬁl) (),

where p1(€) = x(10)p,(£). Using (10), we have p; = ¢ + ¢g. Defining ¢, analogously, we have
0§¢§$and0§g§§. So that

pre” Pe = gbe*e‘; + qﬁefﬁ(;(e*eg -1+ gefegefﬁ‘g.

The last two summand satisfy the hypotheses of Lemma 2.3 while the first summand is in S(R™) with

uniform in € bounds on the derivatives. Therefore,
[Hi(e,2)] S ()72

uniformly in € > 0. A similar argument for p, yields the same bounds for Hs(e,z). Therefore, we
conclude that

sup |H,, (€, )] < min(|z| 7", o] 77F2072),

e>0

|
which yields the claim.
Similarly, note that

€

|v?[p3(£)(e_EPW(€) - ]‘)H S W? N = 071327"”

This implies the a.e. and L' convergence of the contribution of Hs in hi,e to hg.

For H, we write

(&) (e~ P& — 1) = ¢(§)e*65(5) <ee§(£) _ 1) + (6 <ee$(€) _ 1) +9(9) (eeﬁl(z) _ 1).
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The first and third summands satisfy the hypotheses of Lemma 2.3 with an additional factor of e.
The second summand is in S(R™) with all derivatives bounded by €. A similar argument applies for
the contribution of Hy, hence hy . converges a.e. and in L' to hg.

For the jth derivative of hy., by chain rule and scaling as above, it suffices to prove that the L!
norms of sup, €197 (z - V)2 Fpye P=](z) are < 1 for ji,ja > 0 with j; + j2 < 2. Noting that
71071 P | = |(—ep,, ) e Pe| < e~ Pw/2] the arguments above remain valid. Convergence of the s

derivatives of Ay  follow similarly. O

Using Lemma 2.2 and dominated convergence theorem, we conclude that for f € S and for all
r € R™,
i

o > —it|k|/2 _ o
i T2 @) = gy [ [ o=y ) dyde = T2 @)

Following the notation of [55], for e > 0, let

Gef = | Tgcf(k,)dk,  Gof = | T f(k,-)dk

R R"

Note that

(12) Gef(z) = /2 S 1/ / eTiML 2, () f(k,x —y + tw) dy dt dk.
rn 2K n aR e

Passing to polar coordinates, k = sw, and changing the order of integration, we have

/ / e (t, w, z) dt dw,
Snl

Fe(t,w, ZL’) = A e_iSt/QSn_2ahsw,252‘;‘71 * f(SUJ, )(m + tw) ds.

where

Also note that G f satisfies the same formula with Fy replacing F..

Lemma 2.5. Lete >0, 1 <p < oo, and f(k,z) € S(RY,S(RY)). For alln > 2a:+ 1, we have

dk
IGefls < Co [ ZHD bl e

For2a <n <2a+ 1, we have

3

. : dk
IGflur < o [ (BE=H S IDLS (k) io 7

=0 k|2t

Moreover, G.f — Gof in LP as e — 07.

Proof. Note that

o0

o0
[Ftw oy S [ 52 sup sl s i ds S [ 872 s, ) s,
0 € 0
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which suffices for the integral in 0 < ¢ < 1. For ¢ > 1 and n > 2a + 1, we integrate by parts twice in

the s integral to obtain

1 ° _
|Ff(tawvx)‘ S ﬁ/ / |a§ (Sn zahsw,z 25(:71 (y)f(sw,w -y + tW)) | ds dy
n 0 s

Let Hy(y) = |Supesg jeo1,0 502 hg, o _(y)|. Using this we obtain the bound

252 —

2
1 & .
|F6(t’w’x)| 5 tj/ / <S>25n_2a_2st<y) E }3§f(8w,a:—y+tw)’dsdy
n JO

=0
1 o R
So [ ] Hal el Y 0l (s -y )] ds

By Lemma 2.2, |Hsy||zr < 1, therefore uniformly in ¢ and w, we have

S Gl 2 ‘
Pty % / ()257202 3 (|09 f(sw, )|, ds,

§=0
which implies the claim for G¢f when n > 2a + 1. The convergence of G f to Gof in LP also follows

by applying the same argument with hg, o
7252

_ — hsw replacing hy, . and using dominated
- 728

convergence theorem.
We now consider the case 2a < n < 2a+ 1 and ¢ > 1. After an integration by parts, we have
2i [

0

Fe(tawax) =

e—ist/Qas[Sn—Qahsw’ o x fsw,-)(z 4 tw)] ds.

We cannot integrate by parts again to gain another power of t. Therefore we utilize the identity (with

K(s) = 048" 2 hyy o % flsw,) (@ + tw)))

) 52a—1

0o ) 1 21/t ) 1 S )
/ e 2K (s)ds = 3 / e 2K (s)ds + 3 / e 2O ([ (5 4 27 /1) — K (s)]ds.
0 0 0

This implies that (with n =2 —a € (0, 3])

<
p
@

H / e*mﬂK(s)ds‘
0

427/t

27/t o s n
| K@z + [ 20l 1K) ([ 10K )y s

oo
_ _ 1—
St sup K (s)]pp +¢77 / [ swp [K@)e] " sup 18,K(p)]2e]"ds.
0<s<1 0 s<p<s+1 s<p<s+1

Note that

I (o) ez < (02" 27 (11 £ (o, e + 18, f (pw, ) )

10, K ()| 1 < (002" 722 (If (o, VLo + 10 f (o, )| ze + 105 £ (e, ) 2o )



WAVE OPERATORS FOR FRACTIONAL ORDER SCHRODINGER OPERATORS 13

Therefore, for ¢t > 1

H/ e 2K (s)ds
0

00 2
L ST [ ) s S 0o,
x 0
7=0

s<p<s

Noting that, for s < p<s+1

s+1 3

Znaﬂfpw |\LP<ZHaﬂfsw Moo+ [ 32 1035 i .

and applying Fubini’s theorem yield the claim bounding G in LP. Convergence in L? follows similarly.

O

We now return to the operator Z; defined in (7). Taking limits as €; — 0 using the lemmas above

and tracing the steps in pages 13 and 14 of [16], we bound Z; defined in (7) as

1Z1fllee S NF L1 (sn=1xmn sy |l Lo

where

F:F(W1791,t1,-~-an7yJ7tJ)

S‘th

J
= /(0 o H [5?72066_7: 2 hsjwj(yj)}KJ(SlOJl,...,SJ(UJ) dsy---dsy,

where K (k1 k... k) =TT V(k; — kj—1).

The following lemma finishes the proof of LP boundedness of Z;.

Lemma 2.6. For 2a <n < 4a — 1, we have

+1n

I L (-1 5k xiy sy < C7 Y =22 FV O,
forn=4a —1 € N, we have

I1F | L ((sm—1 xmn xR)7 <CJ||< YV s,

forn>4a—1 and o > "7:_210‘, we have

[ F[l L1 ((sn-1xRn xR)7) < CJ||]:(<$>20V)||i%,
Here C depends on n,« and the actual values of + signs.
Proof. We write F as a sum of 27 operators of the form (for each subset J of {1,2,...,J})
Fy(wi,y1,t1,- w45, tr) = Fw,yn, b, w4, ) | H x(y;)] | H X(y;)]

Jjeg i¢T

It suffices to prove that each F7 satisfies the claim.
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Fix r > 2 and 54—% = 1. By Hausdorfl-Young inequality, we have (with LP(Q)LY(D) =
LT(Q, LY(D)))

I1F7 |t (sn1xrn)7 Lr(®) S/ {/
(sn—1xRm)7 LJ(0,00)7

1/q ~ .
|Kj(s1wr,...,85wy)|%dsy ... dS]] [ H x| H X(y;)]dydas.
ieJ J¢T

J
[ H 8772(1th% (y])] x
j=1

Note that, by (11) in the proof of Lemma 2.2 above (for 0 < § < 1)

(e ()] < ™ min((s]y]) 7", (sly) 7)) < x(@)lyl 708 + X()lyl 7070
Since x(y)|y|~"*° € L and X(y)|y| "% € L' for any § > 0, we can bound the norm above by
! (n—2a+94) ! (n—2a—94) 1/q
/ [/ [Hsj qHHsj q]|KJ(SlCL}1,...,8JCUJ)|qd§{| da.
(8n=1)7 =J(0,00)7 ez T

By Holder in w; integrals we conclude that

J J
(13) ||FJHLI(Sn—IXRn)JLr(RJ) ,S |:/]R i [ H |kj‘(n—2a+5)Q—n+1] [ H |kj|(n—2a—5)(1—n+1] «

jeJ i¢T

1/q

\Kj(kl,...,kJ)|Qdk1...ko} .
Similarly, (here o;; = 0 or 1 independently)
||t(111 e t‘C;JFjHLl(Snfl XRVL)JLT(RJ) 5
J 9 q 1/q
/ [/ 8&...33]11(5? ahsjwj(yj)) XKJ(SlL(}l,...7SJWJ)’ dSl...dSJ:|
(Snfl XRn)J (0,00)‘] j=1

< [TT xwn)] [TT X(vy)]dgdss.

ied J¢T

L hew, proceeding as above, we obtain the estimate

Since dshs satisfies the same bounds as

t7 .t Frlloisn—1xrmyipr(rr) S [/ [H |fj| (2ot 0)amn ][ H || (m2emdamntl]
R e JeT

! aj o q 1/q
‘ T1(V5 + k) K g .,kJ)‘ dhy . dky]
j=1
Using Hardy’s inequality, this implies that

(14) ”ttl11 "'tﬁjFJHLl(S"*l xR7?)J LT (R) 5 [/ [ H |kj|("*2a+5)qfn+1] [ H |kj|(n72a7§)q—n+1] %
R e i

! aj q 1/q

‘Hvk;KJ(kl,---,k?J)‘ dkl...dk]:| .

j=1
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Let 2ac < n < 4a — 1. Applying (13) with 0 < § < 22=1=2 and ¢ = r = 2, we obtain
||F..7H%1(S"*1 xR™)7 L2(RY) S_, / , [ H |k-j|"—4o¢+1+26] [ H |k,j|n—4a+1—26] |KJ(]€1, e kJ)|2dk
B jeg ieT
Note that by Hardy’s inequality the integral in k; is bounded by

4a1n

/ 1Ds, |75V (kyoy — k) Pdks S )5 F 2 FV O 122 S 17 V)| 2.

Repeated application of this inequality yields

404171

[F7)l L1 (sn-1xrmyrr2sy SN 2 V)|

Similarly, applying (14) with r = ¢ =2 and 0 < 6 < 1 yield

4o<1n

145 - 5 Fllossn-1xmnys 2oy S [10)*F VOl

We lose two powers here as derivatives in k;_; and k; may both hit \A/(kj,l — kj). Writing

J
H1+|t| > [t 97,

ar,..,a€{0,1}

these inequalities imply with that

4a1n

J
H F.7||L1(Sn LxR7)JL2(RY) ~ ||< > +5V( )”iz,

which by multilinear complex interpolation leads to

J
1 da—1-—n
I T2 Frll snsamnys ooy S HOTT2 VO

This proves the claim for n < 4a — 1 by Cauchy-Schwarz in ¢ integrals.
For n =4a — 1 € N, with ¢ = 2—, r = 2+, (13) implies

J
”FJHLI Sn—1xRn)J [2+(RJ) N/R ; [H ‘kj|0*}‘KJ(kl,-..,kJ)P*dkl...dkj.
J

By Hardy’s inequality, the integral in k; is

S 0w [ F VO ) )by £ [ 17O VOR ) k) by

2

S (IO VORI dhs 5 [ [ IO VO] T S 10 VOl

Repeating the same argument in the remaining variables yield
1F7 | L1 (sn-1 xrmyr L2+ @y S TVl o

Similar modifications in the other inequalities imply the claim in this case.

15
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When n > 4a — 1, we apply the inequalities with 0 < § < 1 and g = ’;;_12;5, r= 2’;’_11’_55 to obtain

1/q
1Eollosisn s S [ [ TL 60 otk kb odbs] S IRVl
T-X
Similarly, we obtain

16" - 5 Frll o (sn-rxzmyr ey S IFC?FV ),

which implies that

J

) ) < 2+ J
TR gy 2 oy S I e

n—2o )

Interpolating the two bounds we obtain (with o > ==

J
o < 2077\ J
Hjljl<t]> Fall s soms gy 12255 oy = IF U@ VI s

which implies the claim by Holder’s inequality in ¢ integrals.

d

The statement in Theorem 2.1 follows by keeping track of the relationship between ¢, r, o and ¢ in

the proof above.

3. Low ENERGIES

In this section we prove the low energy result, that for sufficiently large ¢ the tail of the Born
series (5) extends to a bounded operator on LP(R™). It is convenient to use a change of variables to
respresent Wi, ¢ as
& * — (o9 « « (o7 - «
=i/ XOAZTHRE (A2 V)P RE (AP (VR (W) VRS (A**) — Ry (A*)] dA
We begin by using the symmetric resolvent identity on the perturbed resolvent R‘t()\%‘). With
v=|V|2, U(z) =1if V(z) > 0 and U(z) = —1if V() < 0, we define MT(\) = U 4+ vRT (A\2*)v.
Recall that M™ is invertible on L? in a sufficiently small neighborhood of A = 0 provided that zero is

a regular point of the spectrum. Using the symmetric resolvent identity, one has
REA)V = RE(A**) oM T (N) M.
We select the cut-off x to be supported in this neighborhood. Therefore, we have
Wione = 25 [ XN IRE PN NIR (43) - Ry (2)] d,
T Jo

where To(A) := MT(A)~! and for £ > 1

£ £

(15) To(\) i= UoRE (A2) (VRE(A2) ™ oMt (\) Lo (RE(W2)V) T IRE (AU
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To state the main result of this section, we define an operator T : L? — L? with integral kernel T'(x, y)

to be absolutely bounded if the operator with kernel |T'(x,)| is bounded on L?.

Proposition 3.1. Fizn > 2a > 2 and 0 < 1. Let T be a A dependent absolutely bounded operator.
Let

Kay)= sw [PN@yl+ s [N705T () (@)
0<A<Ao 1<k<[51+1
For 2o < n < 4o assume that T' is bounded on L2, and for n > 4o assume that r satisfies

~ n n

(16) [z, y) S{(x)" 2" (y) =~

Then the operator with kernel

(7) K(eag) = [ XWX R 20T ()olR§ 0%) = Ry (2] o)
is bounded on LP for 1 < p < oo provided that B > n.

Note that boundedness of the contribution of the tail follows from this proposition and the following

Lemma 3.2. Fiz n > 2a > 2. Assume that |V (z)| < (2)77, where B > n + 4 when n is odd and
B8 > n+ 3 when n is even. Also assume that zero is a regular point of the spectrum of H. Then,
for some n > 0, the operator T'y(X\) defined in (15) satisfies the hypothesis of Proposition 3.1 for all £

when 2a < n < da and for all sufficiently large £ when n > 4a.

We prove Proposition 3.1 below, and provide the argument for Lemma 3.2 in Section 4. To prove
these results we need the following representations of the free resolvent given in [15], which were

inspired by Lemmas 3.2 and 6.2 in [16].

Proposition 3.3. Fiz a > 0 and n € N with n > 2a. Then, we have the representations, with

r= |IJ’J - y|7
n 2 ei)\r

7zO ()‘ )(Iay) = rn_ga F(/\T)a and
(18) [Rg(A2*) = Ry (N2)] (2, y) = A" 72 [ FL (M) + e T F_ ()],
where, for all 0 < N < %,
(19) Y FOR| S AN ) T 20 oV e () S ATV ) T
Further, for all1 < N < % we have
(200 O F ()| S AN ()it 2200 () 5520 E ()] S AN () () T

which improves the estimate above for Ar < 1.



18 ERDOGAN, GOLDBERG, GREEN

Proposition 3.4. Fiz o > % and n > 2a. Assume that H has no embedded eigenvalues. Then when
A2 1, we have
()" Ry (W) (y) ™2 [|pape S A2,
provided that |V (x)| < (x)=# for some B > 1. Further, for any j € N we have
()95 0 Ry (X)) 975 || oy e S AT,
provided that |V (z)| < (x)=# for some B > 1+ 2j.

We have the corollaries of Proposition 3.3 is

Corollary 3.5. Under the conditions of Proposition 3.3 we have

_ _n—1
sup [Ro(A**)(z,y)| S o —y** ™" + |z —y| 777
0<AK1

Further, for sufficiently small n > 0, we have

n

_ _ _n— n+1+4a
sup [XTON DN R (N2 (2, )| S [ =y 4 o -y VT, 1< N < BT
0<A<1

IA

Corollary 3.6. Let E(\)(r) := R{ (A2*)(r) — R¢ (0)(r). Then, for A\r < 1 and all sufficiently small

n > 0, we have
ONE\) ()| S A1 Np2emntn g < N < w.
When \r 2 1, we have

n+1

|E()\)(T)‘ SrliTn)\ > —20+T2a—71’ and
ntltda

ONEQN)(r)| S re VA 20 1< N <

With these resolvent bounds, we now show that the low energy portion extends to a bounded
operator on the full range 1 < p < oo. We say an operator K with integral kernel K(z,y) is

admissible if

sup/ |K(x,y)|dy + sup/ |K (z,y)] dz < 0.
rER™ n yER™ n

By the Schur test, it follows that an operator with admissible kernel is bounded on LP(R™) for all

1 < p < . We are now ready to prove Proposition 3.1.
Proof of Proposition 3.1. Using the representations in Proposition 3.3 with r1 = |z — 21| and ry :=

|z2 — y| we see that K(x,y) is the difference of

n—2a

(21) Ky(z,y) = /Rz w /OOO 6i>\(r1ir2)X()\)>\n_1F()\)(21,ZQ)F()\T1)Fi()\rg)d)\dzld,zQ,
n 7“1

We write

4
K(‘T7y) = ZKj<x7y)7
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where the integrand in K is restricted to the set r1,7o < 1, in Ky to the set r1 = r9 > 1, in K3 to

the set ro > (rq), in K4 to the set 7 > (r2). We define K; . analogously.

Using the bounds of Proposition 3.3 for Ar < 1, we bound the contribution of |K; 4 (z,y)| by

/ v(21)V(22) Xy ra<1 =
R2n

rn_QO‘ = F(Zl,Zg)dzleQ.
1

Therefore
[ 161 w)ldn S 1B g ol IElaoz2 S 1

uniformly in y. Similarly, provided that 2o < n < 4a,
/IKl,i(x,y)\dy STl e llollzlloC) e = 2272 S 1
holds uniformly in . When n > 4«, we use the decay bound (16) on I to obtain

/ K s (2, y)|dy < / (21) ™ (22) "2y S 1,

which implies that K; is admissible.
For K, we restrict ourself to K _ since the + sign is easier to handle. We integrate by parts twice
in the X integral when Alr; — 5| > 1 (using Proposition 3.3 and the definition of ') and estimate

directly when A|ry — ro| < 1 to obtain

T r1RT o — —
Kooy 5 [ HEUHEREIR et [5Gty (= ) ()~ ddzn

n—2a
R2n 'f‘l 0

+/ v(21) (21, 22)v(22) X mra> 1 /OO XN 73X (N[ry — 7o) {Ary )1 72
RZn 0

2 |r1 — rof?

d)\dzl ng

00 n—1 1-2«
5/ 'U(Z])F(Z],22)1)522)X7‘1z7«2>>1/ X()\)/\ <)\7‘1>2 d)\ledZQ
R2n e 0 (Alr1 —r2))

1
Therefore, passing to the polar coordinates in z integral (centered at z1) and noting 1 — 2a < 0, we

have
n—2a

1
K__x,ydxg/ // v(z fz,z v(z29) —————=drid\dz1dz
[iwacontes [ 7] o mten e gpdndxisds

1 n—2a—1
~ A
g/ / /v(zl)F(zl,zz)v(zg)ﬁdnd)\dzld@gl,
R2m Jo JR (m)

uniformly in y. In the second line we defined n = A(r1 —r2) in the 1 integral and used n—2a—1 > —1.
Since r1 & ry, the integral in y can be bounded uniformly in z and hence the contribution of Ks is

admissible. We now consider the contribution of

22) Kialoy)= [ EIERe

n—2a
R2n Tl

ei/\(rl TZ)F AT MI(N) (21, 22) A" 1F Ara) dAdz1dzs.
( 1)X( ) ( )( 1, 2) :t( 2) 1 2
0
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When Ar; < 1, using (19), we bound |Fi(Aro)|,|F(Ar1)] < 1 and estimate the A integral by

~ ~

ry "T'(z1, 22), whose contribution to K4 is bounded by

/ v(21)v(22)0 (21, 22) Xy > (ra)
2n—2a
R2n T

dz1dzs.

This is admissible since n > 2a.

When Ary 2 1, we integrate by parts N = [n/2] + 1 times (using (19)) to obtain the bound

1 oo _ o
71\;/ (3iv [F(r)X (Ar) x (M)A 1F(A)(21,22)Fi(>\r2)]‘d/\
|T1 + 7’2| 0
1 n41 .ontl o, . . )\_j4
< 3 N TR RN QT (N (21, 2) | d
0<j1+iatistia<N,ji>0" 71 (Ar2) 2
S 7’1%720471\[1_‘(217 22) Z )\3n2 1*204*]1*J2*J3*J4d/\

a1
0<j1+j2+Js+7ja<N,ji=0" 1

L 1 . B 1
< T1—2a—§—{§}r(zl’zz)/ )\n72a7%7{5}d)\ < rl—Za—EF(Zl’Zz)/ \n—2a—1—e€ gy

=1 (2}

< r;za*éf(zl, z2),

provided that 0 < € < n — 2a.. The contribution of this to (22) is

</ U(Zl)v(zz)xﬁ>><”>dzldzg,
R2n

~ r;7,+5
which is admissible as € > 0.

We now consider Kj:

23) Kalen) = [ xsonrla)oiz)
/Ooo ARG (A2) (r)T (V) (21, 22) [Rg (A*Y) = Ry (A2)](r2) dAdz1dz.
We write
Ry (AW%) = R§(0) + [R (A**) = R (0)] =: Go + E(N),
T(A) = D(0) + [[(A) — D(0)] =: T(0) + T (A).
Here Gy = R (0) = 072%™ We first consider the contribution of GoT'(0) to Ks:

/R% Xra> () 0(21)0(22)Go(r1)L(0) (21, 22) /000 ARG (W) = Ry (A*)](r2) dAdzidzs.

Identifying the A integral as a constant multiple of the kernel of y((—A)2), we may bound it as

O((r5)~N) for all N since x(|¢|=) is Schwartz. Therefore, we have the bound

/ XT2>><T-1>U(Zl)U(ZQ)T%ainrzinilf(Zl7 z9)dz1dza,
R2n

which is admissible by Lemma 4.1.
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It remains to consider the contributions of R (A2%)T'1(\) and of E(A)['(0). The former can be

written as
v(21)0(22) Xy (r N (ridr n—
L. ) fﬂ;lﬁx L[ e PO DN ) o1 2 P Ora) ddn e

When Ary < 1, using [T'1 (M| < )\"i which follows from the mean value theorem, and Proposition 3.3
to directly integrate in A, we obtain the bound

/ v(z1)o(22)Xr, ¢
R2n

n—2a, n+n
1 T2

T1>f(21,z2)d21d227

which is admissible by Lemma 4.1 as n > 0. When Ary > 1, integrating by parts N = [n/2] 41 times,

we have the bound

v(21)v(22) Xro>(ry o0 _ e
ey [ MR [T o) (RO TN 1,2 (A2 | dhdzsdz
R2n 7“1 |7“1 i?“2| 0

We estimate the ) integral by (noting that M2 \8i3F1| < AT and using Proposition 3.3)
1
_n=1 n . . . n— -
Sry 7 (21, 20) 3 OV B D SeiD U EP VAL S V)Y
0<j1+iatistda<N, 520" 75

n-1 1 nt1 nt1 n
Sry 2 F(21,22>/1 <)‘7“1>%_2a)‘%_r§]+n_2d/\
)

_nsig mrGoD ey ' "3 —20 2 _ga4n—{3}-1
Sy 1“(21,22)( ATTHET2dA + " A? T dA)’

% min(%,l)

— n 1
For 0 < n <« 1, the first integral is at most 7, mHE

/ v(21)v(22) Xy
R27

n—2a, n+n
1 T2

. Its contribution to (24) is at most

T1> f(Zl, Zg)d21d227

l.rn
which is admissible by Lemma 4.1. Similarly, the second integral is bounded by r?72arf+{ 2} after

multiplying the integrand by (Ar1)“= (assuming that n < n — 2a). Contribution of this to (24) is at

most

l+{ﬂ} "
/ 0(21)0(22)§T§;2}<T1>2 i I(21, 22)dz1d2,
RZTL 7,2 2 2

which, by Lemma 4.1, is also admissible.
We now consider the contribution of E(A)I'(0):
(25) / v(21)v(22) Xry> (r) T(0) (21, 22)/ Gii)\TQE()\)(Tl)X()\)/\nilFi(/\’l"g) dA\dz1dzs.
R2n 0

Using Proposition 3.3 and Corollary 3.6 when Ar; < 1. Using this when Arp < 1 and using
IT'(0) (21, 22)| < f(z1,22), we bound (25) by direct estimate by

/ 0(21)0(22) Xy (ry D (21, 22)
R2n

n—2a—n_n+n
1 T2

d21d227

which is admissible by Lemma 4.1 since n,n — 2a > 0.
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When Arg 2 1 and Arq < 1, we integrate by parts N = [n/2] 4+ 1 times to obtain

oo T ensza) [ 08[BI OROr) N Fe ()] | dhdsndie

Using Corollary 3.6 and Proposition 3.3, we bound this by

1
_N4lon a—n ~ fna1_3
/R2 Ty +35 T;’+2 U(Zl)U(ZQ)XT2>><T1>F(Zl72’2)/ 1)\77 {3} gd)\dzldzg

2

< / r;"_”r?+2“_nv(z1)U(ZQ)XT2>><T1>f(z1, 29)dz1dzs,
R2n
which is again admissible by Lemma 4.1.

It remains to consider the case Ar; 2 1. Integrating by parts once we rewrite the X integral in (25)

(20 = [T oy B ) ROr N F () )
(21) s [T RO 05 [ROARXOWN P ()]

For the second integral, (27), we integrate by parts N = [5]| more times using Proposition 3.3, to
obtain the bound
1 ! ; n-3_
ST X[ e 2T
T2 J1+72<N, 0<j1,52 * "1
Using Corollary 3.6 we bound this by

1 1
]. n—3 a 1—-n .
2a0—n —N E Jit—% n—2a—1—jo
gm{ 717'1 )\ 2 d)\+ 717"1 )\ d)\ .
T2 " J1+72<N, 0<j1,52 * "1

The first integral takes care of the additional term that arises in Corollary 3.6 (for Ar 2 1) in the case

j1 = 0. Letting {n/2} =n/2 — |n/2], we bound this by

Tin/2}+%+2o¢7n {n/2}+3% rin/Q}Jr%

+ 7y
n+{n/2}+} ~  nt{n/2}+3’
T2 )

<

whose contribution is admissible by Lemma 4.2 since rg > (r1).
For the first integral, (26), we integrate by parts N = [5 ] more times after pulling out the phase
€1 to obtain the bound
—1 ' J1[ 2l o
s . > LAIEEM )] AT dA
rg 2l £l <N o< I

EN)(r1) i= = 0\[B(\) (1))

Using the representation in Proposition 3.3, we bound this by

1 n+1 —2a
2 — . .
1 /r‘l ()\7"1) )\nQ 1 —j1—j2 d)\
nt+{n/2}+3 Z ) ypn—2a
T2 J1+j2<N, 0<j1,j2 7 "1 1
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1 1 r{n/2}+%
S ﬁ/ AETRem g g
r;+{"/2}+§,r17 ol r;+{”/2}+§
which is admissible by Lemma 4.2. O

4. PROOF OF LEMMA 3.2

For small energies, it remains only to prove Lemma 3.2 stating that the operators I'y(\) defined in
(15) satisfy the bounds needed to apply Proposition 3.1. This follows, with some modifications, from
the discussion preceeding Lemma 3.5 in [16], also see Section 4 of [17]. We briefly sketch the argument
here. One of the differences here is that n — 2« can be close to zero, in which case we cannot gain a
full power of A in the bound (28) below.

We write n, to denote n + 4 if n is odd and n + 3 if n is even. By Corollary 3.5, for a sufficiently
small 7 > 0, the operator R; with kernel
(28) Rj(z,y) = v(z)o(y) sup [N"OT"DHRE(N)(x,y)|

0<A<1
is bounded on L?(R™) for 0 < j < [2] + 1 provided that [V (z)| < (z)~” for some 8 > n,. This
follows the argument from Section 4 of [17].

Similarly by Corollary 3.6, £(A) := v[R{ (A\2¥) — R¢ (0)]v satisfies
1€ 2z A7,
Now, we define the operator
Ty == U +vR{ (0)v = M+(0).

By the assumption that zero energy is regular, T is invertible with absolutely bounded inverse, see

[15]. Note that by a Neumann series expansion and the invertibility of Ty we have

oo

(M) = DR ENT R

k=0
The series converges in the operator norm on L? for sufficiently small A. By the resolvent identity the

operator 95 [MT(\)]7! is a linear combination of operators of the form
! N
(MO T [0(057 R (X)) w[MF ()],
j=1
where > N; = N and each N; > 1. From the discussion above on R;’s this representation implies
that
(29) sup  APON=DIGY M (N)] 7 (2, )|

0< A< Ao

is bounded in L? for N =0,1,..., [5]4 1 provided that 3 > n,.
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Recalling the definition of T's()\), (15), and noting the L? boundedness of R;’s above we see that

sup  AmXON= N ([TyRE(A2) (VRE (A2)) !
0<A< Ao

v)(@,y)]

is bounded on L?. This yields Lemma 3.2 when 2a < n < 4a.

For n > 4a, Lemma 3.2 follows by writing
T (\) = UvAN)v M~ (\)wAN)U,
where
(30) AN 21, 22) = [(REOZ)V) TIRE ()] (21, 22)-
If £ — 1 is sufficiently large depending on n,a and |V (z)| < (z)~2 ~, then

sup [A"ORTIORAN, 21, 2)| S (m) HEN () 2,
0<A<1

for 0 < ¢ < [%] + 1. This follows from the pointwise bounds on R; above. The iteration of the
resolvents smooths out the local singularity |z — -|2*~". Each iteration improves the local singularity
by 2a, so that after j iterations the local singularity is of size |z —-|>**/~". Selecting £ — 1 large enough
ensures that the local singularity is completely integrated away. This yields Lemma 3.2, see [16, 15]
for more details.

We recall Lemmas 4.1 and 4.2 from [17], which we used in the proof of Proposition 3.1, which we

state here for the convenience of the reader.

Lemma 4.1. Let K be an operator with integral kernel K(x,y) that satisfies the bound

|K(.’K y)| </ ’U(Zl)'U(ZQ)F(Zl,ZQ)X{‘y_22‘>><Z1_I>
’ ~ R2% |gj — Zl|n—2o¢—k|z2 _ y|n+g

} dz1 dzo

for some 0 < k <n—2a and ¢ > 0. Then, under the hypotheses of Lemma 3.1, the kernel of K s

admissible, and consequently K is a bounded operator on LP(R™) for all 1 < p < co.

Lemma 4.2. Let K be an operator with integral kernel K (x,y) that satisfies the bound

KIS | o))l 22Xyl ey Al

R27 |22 — y[n+?

for some ¢ > 0. Then, under the hypotheses of Lemma 3.1, the kernel of K is admissible, and

consequently K is a bounded operator on LP(R™) for all 1 < p < oc.
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5. HiIGH ENERGY

Since we can control the contribution of the Born series to arbitrary length, and the low energy

portion of the tail of the series in (5), we need only consider the tail when A = 1 and show that
[ R RV VRE (VR VRE| ) dA
0

extends to bounded operators on LP(R™) provided £ is sufficiently large. In all cases we assume there
are no positive eigenvalues of H. The argument follows is identical to that [16] for the integer order
Schrodinger case using the bounds on the resolvents in Proposition 3.3 and the limiting absorption
principle in Proposition 3.4, which are tailored to the fractional Schrodinger operators. This allows

us to pointwise dominate the integral kernel of the tail of the Born series with an admissible kernel:

Proposition 5.1. We have the bound
(31) ‘/0 XA THRE (W V)FIRE APV (RG (A2 V) Ry (A (2, ) dA

1
n—1 n—1"9

()= (y)" =

3
2

< e
(=] = ly[)

provided { is sufficiently large, and |V (z)| < (z)=F for some 3 > n,.

The proof is a straightforward modification of the proof of Propositions 5.3 and 6.5 in [16]. To

complete the claim, we use Lemma 5.2 from [16] (also see Lemma 3.1 in [59] and Lemma 2.1 in [27]):

Lemma 5.2. Suppose that K is an integral operator whose kernel obeys the pointwise bounds
1
n—1 n—1
(x) = () = (=l =y

(32) K (2, )| <

)i e

Then K is admissible provided that € > 0.

The proposition and lemma imply that the kernel is admissible and hence the tail extends to a

bounded operator on LP(R"™) for all 1 < p < oo.
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