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ABSTRACT. We prove dispersive bounds for fractional Schrodinger operators on R™ of the form
H = (—A)*+V with V areal-valued, decaying potential and o ¢ N. We derive pointwise bounds on
the resolvent operators for all 0 < a < %, a quantitative limiting absorption principle for % <a< %,

and establish global dispersive estimates in dimension n > 2 for the range "TH <a< %

1. INTRODUCTION

In this paper we consider linear dispersive estimates for the Schrédinger evolution e with a
Hamiltonian of fractional Laplacian type, H = (—=A)® 4+ V. The potential V(z) is a bounded real-
valued function on R™, n > 2, which decays at a polynomial rate for large |z|. We assume that the
potential does not introduce any embedded eigenvalues of positive energy, and that zero is a regular
point of the spectrum for both H and (—A)* (i.e. 2a < n). Under these assumptions we show that the
itH

perturbed evolution e®¥ satisfies the same L' — L bounds as that of the free fractional Laplacian

e (=2)" once any bound states are projected away. Fractional Schrodinger equations have garnered
interest in the physics literature, see for example [30, 31], where Laskin proposes a theory of fractional
Quantum Mechanics.

The free propagator kernel is the Fourier transform in R™ of the complex exponential function
eitlel™™ By a scaling argument, it should have size |t|_”/(20‘) provided the Fourier transform of eilel*

is bounded. A stationary phase estimate shows that this occurs whenever o > 1. Thus when o > 1

we seek a bound of the form
€™ Pac(H)|| 1o poe S J8724

Here P,. is projection onto the absolutely continuous spectrum of H.

For 2 < a < 1, the convolution kernel of e!(=*)% grows along with |z — y| and oscillates, so

2

smoothing of some order is needed in order to obtain a uniform bound. More specifically, the Fourier

|2a

transform of €*/€I""[¢]7=" is bounded when % < a < land 0 < vy < na. The minimum amount of

homogeneous smoothing required is of order n(1 — «), and in that case the scaling considerations yield
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that e?(=2)" (—A)"(@=1)/2 gatisfies an L! — L> bound with size [t|~%. In the cases where 1 < a < 1

we seek a bound of the form
1 n(1_1 _n
e HZ U2 Py (H) || s S 172

Smoothing to higher order (i.e. choosing v < na) results in a slower rate of time decay of the linear
propagator.

The range of a and n in our argument is governed by two considerations. The assumption above
that zero is a regular point of the spectrum of (—A)? is true when 0 < 2« < n and false otherwise.
We also rely on a uniform bound for the kernel of the free resolvents (—A)* — (A +0))~! for large
A. This bound will only be true when a > "T“. Consequently our results are stated for fractional
Laplacian operators in the range "T“ < a < 5. The range is empty in one dimension, consists of the
interval [%, 1) in two dimensions, and is contained in the half-line @ > 1 in all dimensions n > 3.

Our main result(s) are

Theorem 1.1. In dimension n =2, fir 3 < o < 1. Assume that |V (z)| < (x)77 for some 8> 4 and

that H has no embedded eigenvalues and zero is a reqular point of the spectrum. Then
e H S Poc(H) | S 17

The two-dimensional result requires a certain amount of smoothing as discussed above. In dimen-

sions n > 3, we prove global bounds of the form

Theorem 1.2. In dimensions n > 3, fix “H < o < 2. Assume that |V (z)| < (x)~? for some

B >n+4 and that H has no embedded eigenvalues and zero is a reqular point of the spectrum. Then
HeithaC(H)||L1—>L°° S Miﬁ-

These results have been established before in the cases where « is an integer. The casea =1, n =3
is particularly well known, with Theorem 1.2 being true for 8 > 2, [21] and scaling-critical conditions
that approximate 8 = 2, [5]. Theorem 1.2 is true in cases with integer o > 2 and scaling-critical
conditions that include all 8 > 2« [13].

We note that when o ¢ N that (—A)® is a non-local operator unlike the integer order operators.
However, it is still possible to a certain extent to use the integer-a cases as a guide to what occurs
in general. Indeed, one might claim that Theorems 1.1 and 1.2 hold because such a heuristic is
valid for a sufficient number of the leading order terms. It is important to emphasize here that the
resolvent of the fractional Laplacian displays some behavior that is completely absent when « is an
integer, causing the heuristics to break down after a certain number of terms which is fortunately

large enough to permit the dispersive estimates to pass through unscathed. At high energy the culprit
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is the singularity at zero of the function |£|>*. At low energy the asymptotic expansion of the free
resolvent becomes a concatenation of two distinct power series, one in integer powers of A\ and one
in powers of A1/, with logarithmic corrections if the two happen to coincide. These expressions are
more intricate than what occurs for @ € N, and additional care is required.

To the best of our knowledge, there are no known results on global dispersive bounds for perturbed
fractional Schrodinger operators. Cho, Ozawa, and Xia studied dispersive and Strichartz estimates
for the free operator assuming initial data in distorted Besov spaces, [11]. Further study of Strichartz
estimates for related operators may be found in [10, 27], for example. We consider related problems
with the LP boundedness of the wave operators in a companion paper, [14].

The lower bound on « arises due to growth of the resolvent in the spectral parameter of order

n+1
2

A2 722 that we derive in Proposition 2.2 below. These uniform bounds may be of independent
interest. As in the integer order case, [25, 12], we believe that some smoothness of the potential is
required in general for dispersive bounds to hold if n > 4a— 1. The upper bound on « arises to avoid
the existence of zero energy resonances for the free operator (—A)®. For a more thorough discussion
of the history of dispersive estimates in the integer order case we refer to [13].

We note that one can apply standard arguments to deduce families of Strichartz estimates from
the dispersive bounds in Theorems 1.1 and 1.2.

The paper is organized as follows. In Section 2 we develop detailed expansions of the resolvent
operators and prove a quantitative limiting absorption principle for the fractional Schrédinger oper-

ators. Then in Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorem 1.2. Finally, in

Section 5 we provide a characterization of the regularity of the threshold.

2. RESOLVENT ESTIMATES

For short-range potentials, such as those satisfying |V (x)| < (x) =1, we refer the reader to [36] for a
limiting absorption principle with uniform bounds on compact subsets of (0, 00) under the assumption
that there are no embedded eigenvalues. In particular, we have boundedness of the resolvents from
L¥3t to L2737,

However we need more detailed information on the perturbed and free resolvents to study the
dispersive estimates for the evolution. In this section we establish pointwise bounds on the limiting
free resolvent operators,

Ry (A) = lim [(=A)* — (A £ie)]

e—0t

and their derivatives. These in turn we may use to understand the perturbed resolvent operators

REN) = lim [(—A)* +V — (A +ie)] L.

e—0t

Specifically, we show
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Proposition 2.1. Fiz a > 0 and n € N with n > 2a. Then, we have the representations, with

r= |aj - y|7
T\ 20 ei)\r
7?’0 ()‘ )(x’y) = EF(AT)’ and
(1) (R (A2) — Ry (A2)](,y) = A2 [ Fy (W) + e F_ ()],
where, for all0 < N < %}
? OYFON S AV 02 N PO S AV )

Further, for all1 < N < % we have

n+1 n—1

(3)  ONF ()| S AN (urymintnm2es2as) () =2 9V EL ()| S AN () (ar) T

which improves the estimate above for Ar < 1.

For the low energy argument, we define log™ (y) = —log(y)x{o<y<1}, and use the following expan-

sions.

Proposition 2.2. Fiz a >0 and n € N with n > 2a. For0 < A <1,

RO (@.y) = — 20y e(A 1)

z—yln2e

where E(A\,7) = O(A"72%) when 4a > n, E(\,r) = O(N"72%(1 + log™ (\r))) when n = 4a and
EN, 1) = O(A"—2x  \2apda=n) yhep n > 4da.

Finally, we establish a limiting absorption principle for large energies.

Proposition 2.3. Fiz o > % and n > 2a. Assume that H has no embedded eigenvalues. Then when

A2 1, we have
. an ) AL _oa
I(2) 2" RGN ) () "2 Ile e S A2,
provided that |V (x)| < (x)™# for some B > 1. Further, for any j € N, if B> 1+ 2j, we have
) 2 REN) () 2 e S AT
To prove these representations we use the following bounds.

Lemma 2.4. Let g be compactly supported on R™, and smooth on R™\ {0}, with |V¥g(¢)| < |€—F
for some v > —n and k =0,1,... for £ #0. Then |g(x)| < (x)~""7. In particular, g € L* if v > 0.

Furthermore, for j > 1 we have |Vig(z)| < ()77,
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Proof. The bound is clear for |z| < 1. For |z| 2 1, we write

@) = [ e glelal) + Uele)] de

When [£]|z] < 1, the bound is clear by converting to polar coordinates. For [¢]|z| = 1, we integrate

by parts k > v + n times to bound by
[ e el e S bl
€12 )=~

The claim for derivatives follows because |¢|7g satisfies the hypotheses with « + j in place of .
O

Lemma 2.5. Let g be a smooth function, supported away from zero on R™, that satisfies |V*g(¢)| <

~

|€|7=* for some v < 0 and k =0,1,2,.... Then g is a smooth function on R™\ {0} satisfying

|77 N ify+ N > —n,
VNG| S § |loglz||  if v+ N =—n,
1 if v+ N < —n.

Morever for |x| 2 1, |VNgG(z)| < |z|=™ for all M, N.

Proof. Noting that V¥g € L' for sufficiently large k, we have, up to a distribution u supported at
zero, § is a continuous function satisfying |g(x)| < |2|~M for all M and x # 0. Since g decays at
infinity, v = 0. Similarly, V*|¢|Vg € L! for sufficiently large k, so the derivatives also decay rapidly
at infinity.

To obtain the bounds for small |z| < 1, we repeat the argument of Lemma 2.4 above for |¢|V g(€),
bounding the integral 1 < |€] < |x|7! directly and integrating by parts sufficiently many times when
|=]l¢] 2 1.

([l

Proof of Proposition 2.1. For a complex number z with 0 < argz < Z, the convolution kernel of

Ro(2%%) is the Fourier transform of the smooth function This is a radial function which can

__1
|£|2a_z2cx .

be rescaled as \z|f2o‘(|é|2a — (ﬁ)%)fl. It follows that

RO(ZQQ)(xvy) = |Z‘n72aFarg2(‘Z|r)
where r = |z — y|. Then by the definition of F(Ar) in Proposition 2.1,

(4) FOr) = (Ar)" 2% lim Fape . (Mr).

arg z—01
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To determine properties of Fyy ., it suffices to assume that |z| = 1. Let [2| = 1 with 0 < argz < I.

We divide the function h(£) = W into three pieces:

x@le) o 1—xh (8 - xle)
|§‘2a _ Z2a |£|2a _ ZQa |§‘2a _ Z2a

= hetr (§) + hair(§) + hann(§).

We consider the Fourier transform for large p first, where p here denotes the Fourier variable. The
hetr plece is supported in the disk |¢] < % and is smooth except for a polynomial singularity at the

origin. We write

hetr (€) = —272*x(4[€]) + i PUC )

§[Pe — 2

Note that the first term is Schwartz, and the second term satisfies the hypotheses of Lemma 2.4 with

v = 2a. It follows that, uniformly in arg z,
(5) V¥hear(p) S (0)7"727%, k=0,1,2,...

The existence of the limit as argz — 07 is clear. Using this bound in (4) with p = Ar, we conclude

that the contribution of h.,. to F(Ar) satisfies

ntl

|ON Epp Or)] SN ()20 (Ar) 7720 S XN () T2 72,
provided that N < 2L Further, for Ar < 1 we have
10N Fop (M) S AN (Ar)nm204 N,

The hyqi(€) piece is supported in the region |¢| > 2, with bounds on its derivatives |V¥he, (€)] <

~

|€| 72— Tt follows that for any choice of M and N, we have
VN hair(p)| S p~™  for p> 1,

uniformly in arg z.
When p < 1, noting that n — 2« > 0, the small p behavior of Fy,.(p) is dominated by the
contribution of hiq;;. In more detail,

1—x(5)
[ (Ig]P = 22)

_ 1 (8
ISR

The first term contributes a constant multiple of p?*~" to h/t;l. The second term’s contribution to

+ 2204

(6) hiair(§)

h/t;l is bounded with bounded derivatives by Lemma 2.4. The last term behaves like |¢| < for large

¢. By Lemma 2.5 the N** derivative of its Fourier transform for p < 1 may be bounded by

1 4o — N >n
(7) [log p| 4da— N =n

pre N 4o — N <n
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Hence we conclude that for p < 1,
(8) V¥ huair(p)] < o2,

Using these bounds, we conclude that the contribution of hei to F(Ar) in (4) satisfies the required

bounds
10N Fran(Ar)] < AN ()2 20,

For small Ar, we may improve the bounds by writing (for p < 1)

- Cn, o
htail (P) == P77 + ht2 (p)7

where
VN haa(p)| S 14 p*e N7

So that, from (4), for N > 1 we have (for A\r < 1)
|8§\VFtail<)\T)| 5 ’I“N + )\—N()\T)n—Qa + )\—N()\r>2a— 5 )\—N()\T)min(l,n—Qa,Qa—).

We now turn to the contribution of hgpny, (€), which becomes singular as arg z — 0%, so more care
is needed here. We compare its behavior to a multiple of the resolvent of the Laplacian in order to

take advantage of that operator’s well known properties.

We write
I 1 ;
e = (g =) T
where
J(z,€) = az2072(|g[2 — 22) — (j2e — 220)  a((Lh)?2 —1) - ((Ll)2e 1)

a2 (|G = A (G~ 2)  qte (1) ()2 1)’

Let ¢ = ‘E‘, which allows some simplification to

_a(@ - (-
J(z,8) = az?e(¢2e —1)(¢2 — 1).

With some abuse of notation, we denote this as J(z, ). The support of hgpnn(£) consists of an annulus

contained in the region 1 < |¢| < 4, and we are still assuming |z| = 1. Thus 1 < |¢| < 4, and

the argument of ( is exactly —argz. Restricting |arg z| < g7 ensures that J(z,() is a meromorphic
function of ¢ in the region corresponding to the support of hgpnn(€), with a possible pole at ¢ = 1.
The denominator of J(z,() vanishes precisely at order (¢ — 1)2. Expanding the numerator in a

Taylor series around ¢ = 1 yields the result

a(¢?=1) = (** =1) =2a(1 - a)(¢ = 1)* + O(C = 1)°,



8 ERDOGAN, GOLDBERG, GREEN

hence J(z,() is actually holomorphic in that region. It follows that J(z,&) is real-analytic in the
support of X(%) — x(4[¢]) and varies in an analytic way with z within the range |arg 2| < 5-. Now

we have the bound

S M

-
F[ (5D = xar )] o)
for any M < oo, and furthermore the constants are uniform over |arg z| < 5. The argument similarly

applies to derivatives. Its contribution to F/(Ar) in (4) follows as in the argument for h.y,.

The remaining contribution of hgp,(€) to F(Ar) comes from the Fourier transform of

XD — x(4le)) 1 x(4l¢)) 1— x (K

0 (g %)  asA(eF =) | aeR(E - ) | as (el - )
We consider cases when p > 1 and p < 1 separately, considering p > 1 first. The first term on the
right side is a constant multiple of the free resolvent of the Laplacian. The limit as argz — 07 is
known to exist and its kernel is of the form (for p > 1)
SR YRS ()T

for all N > 0. Its contribution to F'(Ar) in (4) satisfies (2) when Ar 2 1. The second term is smooth
and compactly supported, so its Fourier transform has Schwarz decay for large p. The third term is
similar to heq1, and also gives rise to a kernel with Schwarz decay for large p (but a singularity as
p — 0). This implies the claim for the contribution of Fy,, when Ar 2> 1.

Now, for Ar < 1 we consider the left hand side directly. Its Fourier transform is the resolvent kernel
of the Laplacian (—A — 22)~1 mollified by a Schwarz function constructed from X(p). As argz — 07T,
the resolvent kernels converge to the limit (—A — (1 +40))~!(r). Then the mollification ensures that
the resulting function of p is smooth at the origin. So once again, for p < 1 the contribution to
Farg -(p) is bounded and has bounded derivatives, uniformly up to the limit as arg z approaches zero.
This also satisfies the improved bounds for Ar < 1 as in the argument for A

Finally, we observe that Ry (A2%) — Ry (A2%) is cA?72* times the analogous difference of resolvents
of the Laplacian. Both are scaled restrictions in frequency space to the sphere {|¢| = A}. The functions
F, and F_ are exactly the same as their counterparts for (—A — (A2 £i0))~!, which are known to
satisfy the bound (2), [17].

For small Ar, to establish the second inequality in (3), we recall the proof of Lemma 2.4 in [17]. We
may write y(r)Fy(r) = F(r)/(2cosr) where F(r) is entire with bounded derivatives and cos(r) > i

From here it is clear that
08 Fi ()] < o (ar) =N,

which implies the claim.
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Proof of Proposition 2.2. The claim for A\r 2 1 follows from the representation in Proposition 2.1.
When Ar < 1, from the proof of Proposition 2.1 we see that the contribution of hgpn, and hetr
may be bounded by A\"72¢. From (6), we see that the first term in hy,; contributes the Green’s
function 72", the second term contributions A" ~2* while the last term’s contribution depends on
the relative size of 4o and n. By (7) (with N = 0), we see that the contribution is A" ~2¢ when
n < 4o, A" 2% log(Ar)| when n = 4a and A\2%7r%®~" when n > 4a. When n = 4a since A < 1 we
bound |log(Ar)| by log™.
O

Proof of Proposition 2.3. We first consider when V' = 0. The proof of Proposition 2.2 implies that
lim,_,0+ Ro(A?* + i€) exists and is equal to 2A?72*R{(A\?) plus an error term which consists of the

contributions of the Fourier transforms of heyr, hiair, J(2,€), and

x(4l¢)) 1- x(&h

T2 (g =) a2 (gP - =)

9)

By the limiting absorption principle for the classical Schrodinger operator, the main piece,
LN\2=20R(A?), satisfies the claim. To finish the proof it suffices to show that the Fourier trans-
form of the remaining terms are bounded by p'~". Indeed, the contribution to R (A\2®) is bounded
by A 72¢(\r)lmn = \1=29p1-n which satisfies the claim by boundedness of the fractional integral
operators, see Lemma 2.3 in [29].

The contribution J(z,£) and the first term in (9) satisfy the claim because they are Schwartz. From
(5), hetr(p) S (p)7"72% < pt77, so its contribution to the free resolvent is bounded by A\ =217
Since hyqyr has Schwartz decay for large p and is at worst p?*~" < p'=" for small p, since o > 3,
its contribution is also bounded by A'~2%r1="  As in the analysis of Ay the second term in (9)
contributes a Schwartz decay for large p. For small p it contributes either p>~" < p!=" for n > 2 and
|log p| < p'~" when n = 2. This establishes the claim for RE (A2%).

We now turn to R‘jﬁ()\za). As in the classical case this follows from the claim for the free resolvent

by utilizing the symmetric resolvent identity
(10) Ry (A7) = Ry (W) = Ry (W)U +vRg (A**)o] MR (A*),

where v = [V|2, U = sgn(V) and and by establishing uniform bounds on [U + vRE (A2*)v]~! on L2.
A uniform bound on compact intervals was established in [36] by applying Agmon’s method. And for
large \ it’s simpler by noting that |[vRF (A*)v| 122 < Cy A 2% < L provided X is large enough
since o > %

For the derivatives, the claim follows from the resolvent identity and the corresponding claims for
RE(A2*). The contribution of the free Schrodinger resolvent is well-known. For the error term we

consider the contribution of the second term in (9). The Fourier transform for large p has Schwartz
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decay and hence satisfies the claim. For small p, by Lemma 2.5 it’s j** derivative is bounded by

p>~"7J whose contribution to the j* derivative of the free resolvent by the chain rule is bounded by

)\n—QaTj()\r)2—n—jX()\r) 5 )\1—2a—j7ﬂ1—n.

1

Since j > 1 this maps L%»2+ — L2~ 2~ with smaller operator norm. The contribution of ke can be
handled similarly using (8) for small p and the Schwartz decay for large p. The contribution of the
other terms are simpler.

The claim for the derivatives of the perturbed resolvent follows from (10) noting that
U + vREN2)] ™! = [U + vRE(N2¥)v] Lwd\RE(N2)v[U + vRE (A2*)w] L,

and its iterates for higher derivatives. This requires |v(z)| < (z)~2 79—,

3. PROOF OF THEOREM 1.1

Employing the Stone’s formula, Theorem 1.1 follows by proving

sup sup

0 2a _ - «a 1
/ NI (L) [R = Ry (2, ) d|
L>1 z,ycR?

0 ~ ot

This will be done in two subsections by addressing high energies, when A 2 1, and low energies, when

0 < A < 1, separately.

3.1. High energy. In this subsection we prove the following proposition.

Proposition 3.1. Fiz 3 < o <1 and assume that |V (z)| < (z)~7 for some B > 2 and that H has
no embedded eigenvalues. Then,

o0 - 2a ~ a 1
/ N NIV LREN) () dA| < =

sup sup
0 It

L>1z,yeR?

In the high energy argument we don’t utilize any cancellation from the difference of the ‘+’ and
‘-’ limiting resolvents. We drop the superscript and note that the arguments presented handle both

cases. As usual, we iterate the resolvent identity to form a Born series

2K
Ry =Y (~RoV)¥Ro + (ReV) ¥Ry (VRo),

k=0
and bound the finite Born series terms and the tail separately. We first consider the contribution of

the k'" Born series term:
Lemma 3.2. Fiz k>0 and 2 <a <1. If|[V(2)| < (z)7? for some B > 2a, then

/0 T e NI (D) [(RoV) Rl (A2 (2, ) dA| < ﬁ

sup sup
L>1g,yeR?
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Proof. Define zp := x and zp11 :=y and let r; = |z; — zj_1| for j > 1. Using Proposition 2.1 we need

to control

oo k+1 k
(11) / / eit)\2a+i)\R)\4a—3 /\/L H § H Zz d)\dz
R2k JO ,: J =1

where R = ZkH r; and dZ = dzi1dzs - - - dzy,.

If ¢ > 0 there is no critical point of the phase in the support of the integral. If ¢ < 0, the critical

1
_R 2a—1
Xo=(-— .
0 (2at)

We first consider the case when A 4 Ag when ¢ < 0, or when ¢ > 0 and A 2 1. In these cases we may

point of the phase is at

integrate by parts using

zt,\2a+mR 1 d eztA2“+z)\R
2itar2e—1 + iR d)\

Note that in the cases being considered, the denominator in magnitude is > [¢|]A\2*~!. This is easy to
see when ¢ > 0, when ¢ < 0 we note that the two terms in the denominator are not comparable in

size, so we use the first one. Now,

% zerar @ [T A, AXO/L) T F(Ar))
11)| = itA? +iAR 2 * 0 ] V d)\ dz|
) ’ /R% /0 ¢ dX 2ita 2e—1 4+ zR H 2 2a H (2i) <

Jj=1 =1

k+1

1 / /°° (2 T7 Ori)ie / 1
< — @ - [V (z;)|d\dZ < V(zi)|dz < —.
It] Jror J1 H S H 1l t]

i=1

Since % < «a < 1, we ignore the (Ar;) contribution and the A integral is finite. Under the decay

conditions on V and the conditions on «, the spatial integrals are finite.
Next we consider when ¢t < 0 and 1 < A ~ XAg. Let rj, = maxi<;<g+1r; and apply Van der Corput.

Note that |45 (£A2* + AR)| ~ [tA2% 72|, so that

21
avis [ wdrd |
R2k A~ Ao

d k+1 ( k
Y {x‘a XX/ ] = i IIv¢ ”d)\dz
j=1 T i=1

k4l )32
)\ «@
< [omi [ oo H 7«; s
R2k AmAo e 1
1 \20—3 k+1 1 k
5/ ItAgaJ\_i/ —XMX(/ID) I = [VGo|drds
: Avdo b T J=lgtdo 14 i=1
-1 k1
—1 AT 1
5/ |t‘ ° H 2 20 HV Zz N
R ,,.2 |t|

jo J= 1]#10
Here we used that ()\r])’_m < 1 for any j # jo and (Ary, )’_20‘ < (A, )’_QQ, and the spatial

integrals are bounded as above.
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‘We now consider the final term in the Born series.

Lemma 3.3. Fiz K > 0 large enough, 3 < a < 1, and assume that |V (z)| < (z)=? for some > 3.

Then, if H has no embedded eigenvalues,

sup sup
L>1 2 y€eR?

/Ooo SitA® )\4(1—3%()\))(()\/[,)[(ROV)KRV(VRO)K}()‘QO‘)(% y)dA| < ﬁ

Proof. Let
gy (\) = MR XA/ L)e N (R V) KRy (VR0) *(A*) (2, y)

We claim that
a0y (V SA22) "2 y) "2, 5=0,1.

For 57 = 0, using the limiting absorption principle in Proposition 2.3 for both Ry and Rg, we have

[MES

|,y (V)] S M3 R (2, )V () 2| 2 [ (D E TV (ORe () e S A2 (@) 72 (y) 72,

Where in the last inequality we used (2) to see that

Pa—aihi-e i

[Ro(A2) (@, 1)V (1) {z1)2F| < — < ' —.
|z — 21272 (21)P 72~ 7 o — x| 2 (@1)P 2

So that if g > %, the L? norm is bounded by <x>_%. For j = 1 we note that for the leading and

lagging resolvents we have

—iX|z 2c —iA(|z|—|z—21
I le IR (A )(@,x1)] = Ox[e (= Iz — 2,220

If the derivative hits the phase we bound |z| — | — x| by (z1). the remaining part of the proof is

similar but requires 5 > g since one needs to account for a larger weight.

It suffices to consider

/ eit)\2a+i)\(|x‘+|y‘)ax,y(/\) dA.
1

It is clear that this is bounded by one uniformly in z,y. For the time decay, as in the proof of
Lemma 3.2, we consider the cases of A ~ Ay = (—%) 7T and A £ Ao.

In the case when A + \g, one integration by parts results in

/00 AT HiA(|z+yD) g (N dA| < 1 oo)\—?—?a d)\ < i
1 oY ~ el ~ e
When A ~ A\g, by Van der Corput, we have
00 _1 _1
[T, 0y S e [ ataas g s
1 A~do 2

Where we used that Ag > 1, which in particular implies that |t| < |z| + |y|.
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Proposition 3.1 now follows from the Born series expansion and Lemmas 3.2 and 3.3.

3.2. Low energy. We now consider the low energy, when 0 < A\ < \g for a sufficiently small constant

Ao < 1. We utilize the symmetric resolvent identity,
(12) Ry (N*) = Ry (A*) = Ry (A )o ML (\oRg (A*),

where v = |V|2, U = sgn(V) and M*(\) = U + vRE(A2*)v. By the assumption that zero is regular,
we have that M*(0) = U + vRE(0)v is invertible on L?(R?). The following proposition finishes the

proof of Theorem 1.1.
Proposition 3.4. If zero is a regular point of H and |V (z)| < (z)~P for some 8 > 4, then

o0 . 2 1
sup / it A4a—3x(x)[n¢—RV}(W)(x,y)dA‘5|t.
0

z,yER2

We first prove the following lemma.

Lemma 3.5. For sufficiently small \o, if |V (2)| < (x)™# for some B > 3 and zero is regular, then

the operators M*(\) are invertible on L?. Furthermore,

sup  [MZ'(A)| + A [OAME (V)]
0<A< Ao

< 0.
L?2— L2

In addition,

sup AR = M)+ A0y M - MY
0<A< Ao

< 00.
L2— L2

Proof. From Proposition 2.2, we write
M) =U+vRg(0)v+ERN), €)= 0N "o|(2)[v](y))-
If |V(2)| < (x) 77 for B > 2, we have

sup  [E(A)] S MG @) T ()T,
0<A< Ao

which is bounded on L2.

Let Ty = U 4+ vR{ (0)v, by a standard argument T, ' is absolutely bounded. Namely, we since
RS v](0)(z,y)| < <$>7§1~2a (x, y)<y>’§ with Is, the fractional integral operator. As in the proof of
Lemma 5.1, the resulting operator is bounded on L2, and in this case is even Hilbert-Schmidt. By
the resolvent identity, we have T, * = U[I — (vRg (0)v)T; !]. The first term, U is clearly absolutely
bounded while vR{ (0)vT, " is the composition of a Hilbert-Schmidt and bounded operator and is
hence Hilbert-Schmidt and consequently absolutely bounded.

So, the claim follows by a Neumann series expansion for sufficiently small \g. For the derivative,

we use the resolvent identity to write

AMIT(AN) = M (ANOARE (A) oM H(N).
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We note that, by Proposition 2.2 we have

B N B Az — %7204 - Az — %7204
A RE (2 (2, 9)] S A [ — g A ZUE iyt (yg o Rl w2
|z — y] |z — ]
1 1
Sy v

The last bound is seen by considering the cases of A\|z —y| < 1 and A|x — y| > 1 separately. Then

sup AT|OA[VRE (AN**)v](z, )|
0<A< Ao

is bounded on L? provided 8 > 3.

The second claim follows from the resolvent identity:

MY = MZY() = — M7 )elRi (A2%) — Ry (A2 o M= ()

= N2 M I A[eT Py (Ar) + e TE_(Ar)JuMZ ()

The claim now follows as above from (3) and the bounds on M L

]

Proof of Proposition 3.4. It suffices to consider the contribution of the following operators to ’R‘*, -Ry
n (12): Ry (A2 oM (ANo[RT (M%) — Ry (A2¥)] and Ry (A2)v[M; ! — M- (\)vR{ (A%®). In both
cases we consider an operator I'(\) of the form where
Ti= sup (TN + A" [T'(V)])
0<A<Ao
is bounded on L2. By Lemma 3.5 both M "(\) and A2*~2[M ' — MZ'](\) satisfy this bound.
By Proposition 2.2 and the definition of T'(\) above, we need to control

1
(13) / eit)\%+i)\(\x\q:|y|)>\2a71X(>\)am7y(}\) d)\,
0

where (with 1 = |z — z1| and 79 = |20 — y|)
F(/\?”Q)

; F(r
19 a0 = [ el““—'“(“—'y”Mv(a)r(»(a,@)vm)(m+Fi<m>) dz1 dzy.
R4 1 2

o =),

, 3_ 1
On the other hand, assuming |y| > |z| and using |F(Ary)| < A2 —20p2 ** and |Fe(Arg)| S A 2ry 2,

Note that, using |F(-)|, |F+(-)| < 1, we have

v()

|az,y (M| < Hx_|22a S1

~ )
2

Tl 2 12
L2

uniformly in z,y € R2, provided that 3 > 2.

-

we have (provided g > 2)

v()
|z — -[2—2

v()

lasy (W] S A2 -
|- —ylz

~

[IN[FEE
2

L L2
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where we used that 3 —2a > —3 and 0 < A < 1. The case of |z| > |y| follows similarly with a bound
of A=2 ()~ 2. So that, |as,(A)] < min(1, A2 ((z) + (y))~2).
Further, using (2), assuming |y| > |z| and 8 > 4 we have

v()() v()()

‘LL’—'|2_2O‘ _y‘%
Here we used that |r1 — |z|| < (21), and note that the case of |z| > |y| follows similarly.

On the other hand, using (3), we have |O\F(\r)|, |0xFx (A7) < A71(A7)°F we have
v(-)( 1
V) v(-) ()= )t <1 + |_y|22a>

|z — 220~
So that |Oxaz,,(A)] < A7 min((A((z) + (¥))°, (A(z) + (y)))~ 7). We note that this is an L' function

3

|3/\ax,y()‘)| SAT2

~

SATE (@) + ()7 e

L2

||FLWH
L2

[Oxazy (V)] S ATHF

H 1Ella o
L2 L2

of A\ uniformly in z,y.
When A\ ~ )\g, by Van der Corput we have

TR / A%y, (V] dA < [~ AL / 2o~ () + (y))* dA
A~ Ao A~ Ao

<l (M)2<<x> )L

]

N

SIEAT 2 ((2) + ()

When A\ % \g we integrate by parts to see the bound
d )\2(171
‘dA [W(“ + (lz| F [yl)

d /\20471 '

1
— + —|0raz.,(N)].
dX tX2e=1 + (Jz| F [y) |0xaz,y(N)]

]| S 15, |
A |t]

The contribution of the first term is bounded by its supremum on the support of the integral since it

changes sign finitely many times, which yield a bound of [t|~!. The contribution of the second term

is also [¢|™! since dray (N is in L} uniformly in z,y.

O

4. PROOF OF THEOREM 1.2
As in the n = 2 argument, employing the Stone’s formula, Theorem 1.2 follows by proving

sup sup

20 _ _ o _n
/ "IN TNV D)[RY = Ry I (,y) dX| S [t 72
L>1z,yeRn

0

This will again be done in two subsections by addressing high energies and low energies separately.

4.1. High energy. In this section we prove the following bound.

Proposition 4.1. Fiz 2 < o < 2. If H has no embedded eigenvalues and |V (z)| < (x)~? for some

B > max(2L, 2=+ 3), then

) 200

sup sup
L>1x,ycR™

/ N \2A LT ()Y (A L)RE(A) (2, y) dA| < [t] %
0

The following lemma takes care of the contribution of the £** Born series term.
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Lemma 4.2. Fiz k>0 and 2 < a < 2. If |V(z)| < (z)7? for some 8> 2EL, then

sup sup /0 i 20 TN)XA/D)[(RoV)E R0 (A2¥) (2, y) d)\’ < |t

L>1z,yeRn

Proof. This contribution of the k** term of the Born series to the Stone’s formula representation is

an integral of the form

R4 k
o _ )\
(15) / / AR 201500 (/L) [T = 7"] H (1) NIZ,
k2 Jo i} i=1
where 7; = |z; — xj_1| and R = ) r;. We consider two regimes, first if X % Ay = (25)% T we

may integrate by parts twice without boundary terms. Define x»,(A) to be a smooth cut-off to the
neighborhood Mg < A < 2Xg, and X,(A) = 1 — x»,(A). Denoting A?* + £ := ¢(X), we see (for
itz 1)

15
SH //

dXdz

Tj i=1

(5550 (5 >z<A>>zAO<A>x<A/L>ﬁF§522))f[v
k+1

1 2a—3—k(2ft —2a)
5|t|2/R%/ A~ ol ﬂln\ka|dx

jl’r i=1

Here we used that |¢/(\)] = [2202°71 + R/t| = [2a(X2*~1 — \2*71)| > A2~ (2), and that all

derivatives are bounded by division by A. Since ”TH —2a < 0 and —2a — 3 < —1, the integral

n+

converges. The spatial integrals are bounded provided |V (z)| < (z) ~ by standard arguments.

|—n/2a

This suffices to ensure we get a large time bound of size |¢ as desired.

n+1

For small times, we need to consider cases based on «a and n. First, if a@ > we can integrate

by parts once to see its contribution to (15) is bounded by

/\204 1 k+1F s k .
L G ot oo TT 5252 ) TV anas
I Jee =1 "j =1
k+1 )\T n+1 —2a
A7Laa J V( dx
NW/R%/ e H' (@) 42
< 1 —1—(k+1) (24 —2a) e
~ T /\ d)\H an\ka|dx
[t] Jrer R

Since %+l — 200 > 0, the A integral converges. The spatial integrals converge provided |V (z)| <

(z)~"%" ~. This suffices for small [¢| < 1.
Finally, if [{| < 1 and o = %} we integrate by parts twice and use [t¢/(\)| = [20¢A?*~! + R| >
(Jt|A22=1)2 R2 to see that
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( (?;C(Y )1 XOX(V/L) kli[l fﬁizﬁ)) f[lV(xk)

j=1"J

d\dz

[¢]? /Rzk /

k+1

|t\ /IR%/ R3 d)\H n11_[|V$k|d1:

jl’I"J i=1

k+1 k

Itl /an Fp—— [TV () dz.

i=1

Since 5~ = nzfl =2-75 2 %, this suffices for small |¢|. The spatial integrals converge when

ntl

V(@) < {x)~ >

We now consider when A is in a neighborhood of the critical point. In this case, for Ag to be in the

support of X(A) we must have |[t| < R. We proceed by integrating by parts once, this time without

combining the phases to express its contribution to (15) as

T F F(Ar;)

/]Rk/ eit)\ZO‘)\zafl%()\)XAU( ) )\/L z)\RH s H (l‘k)d/\df
2 J0 i=1

47

k
et x(\/L)e ) ANE

" 2ait /Rzk/ 5‘,\( Axx X/ L) rl EV Tk) A3

1 SN

—1 / / (AR (M) dAdE,

t R2k 0

k+1

with

k+1 ] k
+ iR(%(A)xM(A)x(A/L) 115220 T v
=1 'J i=1

On the support of x»,(A), we may employ Van der Corput to bound by

1
—7/ A};a/ |Oraz(\)| d) dF
[t[2 Jrar A~Ao
k+1 ntl

1 )\r 2
: MA@ (R+A"Ha ™t J d)\ V(zy)| d7
5 /]Rmc 0 /)\Nx\o * H Hl xk | !

~J
|t‘2 i=1

1 1 oa— k+l a——

Ik i=1 T e

Where we used that A\g 2 1 in the last bound. From here, we must consider cases based on the relative

sizes of n and «, specifically whether 5= < % or 5= > % We first consider when 5= < 3 5, so that
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0<2 -2 <1 Notethat 2 < « in this case. Using that |t| ~ A22~1/ R we have
2 20 2 0
n a— 3_n
I 2 S D
2 =\ R Tt Ri-E
Now, since k > 1, we have the total power of )¢ is
3 n n+1 1 n
200 — 1) = — — l—-a—(k+1 <-4+ ——-20<0
(2a )<2 2>+ a (+)( >2+2a a
From this, we can see that
k+1
—nfl 1 1
(R4 1Ay o FHDEe ) H R+ ) ] =
|| 311" % Ri j:]sz
Let 7j, = max(r;) and note that R~ rj, and 0 < 3 — 7 < 1, so that
R+1 1 1 1
R§_T n—1 S-‘ n-3 + %7
: TJOQ Tjoz "jo
The spatial integrals converge when |V (z)| < (x)‘nTH
When 7 > 3, using R 2 |t| we have
;S o A
[tz ™ [t
Furthermore, since o > "TH > 1, we have
n+1
l—a—(k+1)(2a— 5 ) <0,

QﬁR)

so we may bound by (with r;, = max(r;)

k
1 a— a— N
/Rzk(RJrl)/\l (k412 )H eu0y | O

el
|t|2 Jj=1 T =1
1 Mo
n 1 n 3
S [ mE e RE D]
‘ > JR2k 7 lTj i=1
k+1
1 1 1 1
S L/ i T o a H -1 d)‘H‘V xk |d$L‘
|t|2a Jrae \ 2" 2a R A -
Jo Tjo J=Lj#jo T'; i=1
noting that § — 5= > 0 and ”T“ — 5= < 3, the spatial integrals are controlled as before, provided
ntl
|

[V (z)| < (x)~" for some g > ™%

The following lemma takes care of the contribution of tail of the Born series and finishes the proof

of the high energy portion of Theorem 1.2.
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Lemma 4.3. Fiz "T'H < a < 5 and K sufficiently large. If H has no embedded eigenvalues and

!
V()| S (@)™ for some B> 3=+ 5, then

(e

o ~ . 1
sup  sup / NI O)XAVD(RoV)F Ry (VRo) ¥](A**) (2, y) dA| S -
L>1x,yeRn | Jo |t]2=

Proof. Let

aay(\) = A X x (A L)e” Nlem W R VYK Ry (VR) K] (%) (1, ).
We prove below that for sufficiently large K,

(16) Hary, (N SA 2 @) e 5 (y)s 73, j=0,1,2.

~

Using these bounds, it suffices to consider

s

0
/1 €Zt>\ +1A(|$\+|y‘)a$y(A)d)\

It is clear that this integral is bounded by one uniformly in x,y. For the time decay, as in the proof
of Lemma 3.2, we consider the cases of A ~ A\g = (—%) 22T and A % Ao

In the case when A ¢ Ag, two integrations by parts and (16) results in

o0 - 2a . 1 ° 1
AN HiN(|z]+|y]) A d) < 7/ A 2d\ < — .
/e s 5 g | < i

When A ~ Xy 2 1, by Van der Corput and (16), we have

oo
[ e, ) a| < - R e [ aay
1 A~ Ao

Where we used that Ag > 1, which in particular implies that |t| < |z| + |y|.
To complete the proof, we must establish the bounds in (16). Notice that

(17) daw,(\) = Zail N2\ (ML) [e M IR (A2) (2, )]V

x R N(RoV) I Ry (VRo) K (VO e AR (A*) (-, ),

where the sum is taken of j; > 0 with > j; = j.
We note that, since A 2 1, by Proposition 2.1 we have
|x — acl|n771

e ARG (XN) (, 21)V (21)] S

We note that 251 > J- —

> - — . So that, we have

n

|6 ARG (V) (@, IV )2l SIC)E P w — 5 ) S ()55
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provided that |V (z)| < (z)7? for some 8 > 7- + 5. The remainder of the proof mimics that of
Lemma 3.3. By iterating the limiting absorption principle in Proposition 2.3 sufficiently, the bounds
follow since 1 — 2a < 0.

The decay on V is necessitated by when all derivatives act on a single resolvent. If this resolvent
is an inner resolvent, to apply Proposition 2.3 we need multiplication by V' to map L3235 LQ’%"‘7

which necessitates § > 3. If all derivatives in (17) act on the first and second (respectively last and

second to last) resolvents, we need to bound

||6f\'16—i>\\x\723—(/\2a)(x’ .)V(.)<.>%*j1+ ||2||(9/2\7j17?,0()\2°‘)||

2,5 5+ 2,51 -3 —>
L2t _yr2d1-3

n

7a T g as described above.

This requires § >
a

4.2. Low energies. We now consider the low energy, when 0 < A\ < Aq for a sufficiently small constant
Ao < 1. We utilize the symmetric resolvent identity, (12). The low energy claim of Theorem 1.2 follows

from
Proposition 4.4. If zero is a regular point of H and |V (x)| < (x)=7 for some B > n + 4, then

/ N2 (V) [RY — Ry)(A2) () dA| < [t %
0

sup
z,yER™

We first establish bounds on M1 '()\) and its derivatives.

Lemma 4.5. For sufficiently small \o, if |V (z)| < (x)™# for some B > n and zero is regular, then

the operators M*(\) are invertible on L?. Furthermore,

sup |MIYON)| 4+ MoxMEE(N)| + A293 ML (N) < 0.
0<A< Ao L2-[2
In addition, if 8 > n+ 4,
2
sup Y ARG M — MY (V)] < 0.
0<A< g =0 L2512

Proof. From Proposition 2.2, we write
M*(\) =U+oRg (0o +EN),  EN) =0\ |o|(2)[v](y)).

If |V (2)| < (x) =P for B > n, we have

sup  [EA)| S A2 e) " (y)7E
0< A< Ao

which is bounded on L2. TO_1 is absolutely bounded by the same argument in Lemma 3.5.
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So, the claim follows by a Neumann series expansion for sufficiently small \g. For the derivative,

we use the resolvent identity to write
AMIT(A) = M7 (NvOARE (Ao M H(N).
We note that, by Proposition 2.2 we have (for k < 2)

_ ntl_ oy
o=y

NOERE (W) (2,y)] S (1 + Az — g < + e — gy

|z — y[n—2e |z — y|n—2e

The last bound is seen by considering the cases of A\|z —y| < 1 and |z — y| > 1 separately. Then, for
k<2

sup  AF[OF[oRE (A**)v] (2, )|
0<A< Ao

is bounded on L? provided 3 > 5.

The second claim follows from the resolvent identity:

M7 = MY = =M ARG (W) = Ry (W) oM~ ()

= —A"2OM N[ L (Ar) + e AT (Ar)JuM 2 ()

The claim now follows as above from (3) and the bounds on M1

We are now ready to proof Proposition 4.4 and hence Theorem 1.2.

Proof of Proposition 4.4. As before, using the symmetric resolvent identity (12) it suffices to control
the contribution of Ry (A2*)v M (A\)v[R§ (A2) =Ry (A2¥)] and Ry (A2*)v[M ' — M (MR (A2)
to the Stone’s formula. In both cases we consider an operator I'(\) of the form where

T:= sup ([T +AOT(A)] +ART (V)
0< A< Ao

is bounded on L2. By Lemma 4.5 both M '(\) and A\2*"[M ' — M='](\) satisfy this bound.
By Proposition 2.2 and the definition of T'(\) above, we need to control

1
(18) / eit/\“ﬂ/\(\zlﬂyl))\nflx()\)amw()\) ),
0

where (with 1 = | — 21| and 79 = |20 — y|)

(19) am,y()\) _ X()‘)/ eiA(Tlz|i(T27J|))'F75>\21a)[UI‘()\)U}(Zl,Z2)(-Z:(>\?"2) +Fi()\r2)> dzy dzo.

n—2a
R2" 1 2

0+ )

Note that, using |F'(:)|, |F+(-)| < 1, we have

v()

|az,y (M| < Hx—|”2a Sl

~ )

L2

1Tl 222
L2
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uniformly in 2,y € R™. This suffices for the case of [t| < 1. Further, by Proposition 2.1, Lemma 4.5,

and the definition of T above, we have

(20) |0 az,y (V)| S AT, j=0,1,2.

~

We now turn to the large time decay, when [t| > 1 we break up the A integral into two pieces. When

0 < A< |t|~25 we bound by
|t 2% )
/ A LdN < |t e
0

We now consider the remaining portion, first when |A(Jz| F |y|)] < 1. By (20) and the assumption
that [A(Jz| F |y|)| < 1, we have

|5§\ [eiA(\zlﬂyl)%,y(/\)H < /\fj, j=0,1,2.

We integrate by parts against e twice to bound by
I n
(21) — A g S|t 2
R .
[t]” 2«

where we used that n —1 — 4o < —1.
Now we consider when |[A(|z| F |y|)| > 1, where the phase has a critical point at Ag =

(W)zaﬂl. We first consider when A % )g. Here we integrate by parts twice using that

|0 az,4(N)| S A7, we may bound by
1 )\n—l
O (w‘% (m“m“))) ’ a2

1
t]? /t|_21a

Since A £ Ao we have that |¢'(\)| = A2*~! and this is dominated by (21).

When A ~ Ao < 1, we have |¢| > | |z| F |y| |. We integrate by parts once against ¢/**" to bound by
(and denoting R := |x| F |y|)

1 it A2 —2a AR
— et ON AT ag y (A) | dA
200t A~ o ( ’
L PNy [ A2, (M) i PN \n=20, (X)) dA
2ait A~Ao Y 2ait A~Ao Y

We will use that (considering cases of |z| < |y| and |y| < |z|)

n
o

Nl

(22) |32, (V)| S AT (Ma) + Ay)

to apply Van der Corput to bound by

-«
/\0

It|2

( | gg0r s, onlax+ IR |8A<A”-2“az,y<x>|dA)

A~ Ao

i_n /\1—04 n—1-2a R>\1_a n—2«a i_n
< Oolo) + 2oty (Btagtooe o B D) < () 4 gyt M
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using that A|R| > 1 in the last inequality. Using that /\(2)"‘_1 ~ %, we may bound by

|

(%_2)

(@) + (y))2 3a 82— < |e| %,

uniformly in x,y.

The bounds in (22) follow from Proposition 2.1, Lemma 4.5, noting that 5= —

5. SPECTRAL CHARACTERIZATION

We have defined zero energy to be regular if the operator Ty = U 4+ vGyv is invertible on L? where
Gy is the kernel of [(—=A)*]~!, which is a multiple of |z — y|?*~™. Further, S; is the projection onto
the kernel of Ty. We note that Sy is finite rank since vGov is compact. As usual, we wish to relate
the concept of regularity at zero to distributional solutions to [(—A)* 4+ V]¢ = 0.

‘We must consider cases based on the relative sizes of a and n. We consider small n first.

Lemma 5.1. In dimensions n > 2, fix 2 < o < 2 and assume that |V (z)| < (z) =7 for some 8 > 2a.
Then ¢ € S1L*(R™) if and only if ¢ = Uvyp for some p € L~ (R™) with [(—=A)* + V]ih = 0 in the

sense of distributions. Furthermore, 1» € L>°(R"™).
Proof. We first assume that ¢ € Sy L?(R"), then using U? = I we have
(U +vGov)p =0, = ¢ = —UvGgvo.

We define ¢ = —Gyv¢, which implies ¢ = Uve. In particular, this shows that ¢ = —GoV9 hence
[I + GoV]y = 0, which is equivalent to [(—A)® + V]¢ = 0 in the sense of distributions. We now show
that ¢ € L=~ By definition we have

v(®)oy)

n |z =yl

Y(x) = —Govg(x) = fcma/]R

In particular, Gy is a scalar multiple of the fractional integral operator Is,. By Lemma 2.3 in [29],

we have that o, : L2 — L% provided that s,s" > 2a — % and s + s’ > 2a. Since ¢ € L?, we have

that ve € L2% since a < % we have 2o — & < «, and hence g > 2a — 4. This implies Govg € 2=

n
2

—a—

for some s’ > 2a — %, and since o < % we may select s’ = a+ and conclude that ¢ € L* as
desired provided that g > 2a.
Now, assuming that ¢ € L%~ satisfies [(—A)* + V]¢p = 0 in the sense of distributions, and let
¢ = Uvy. Then,
(U 4+ vGov)op = v + vGo V) = v[I + GoV]y = 0.

Hence ¢ € S;L*(R™).
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Now, to show that ¢ € L> we first consider when 7 < a < 7, then 0 < n — 2a < 7, so that

Go(x,y) is a locally L? function of y uniformly in z. Further, under the decay conditions we have

W)l S [ 1Goa)V W19y S [Gale )V ()bl

uniformly in y, hence ¥ € L as claimed.

When ao = 2

4

write ¥(z) = GoVGoV(z) and use Lemma 6.3 in [15] to see that

one needs to iterate the resolvent identity once since n — 2ac = 3 in this case. We

-8

z n _

IGoVGo(%y)IS/ t2) dz S (z—y)** (o —y>t +lz—y|°)
R

n |$ _ Z|"_20“Z _ y|n—2a
since n + 8 — 4a > n — 2a. It is clear that (GoV)?(z,y) is in L? uniformly in 2 and the claim follows
again by Cauchy-Schwartz.
(]

Heuristically, this allows for the possibility of zero energy resonances when 2a < n < 4. When n >
4o, we expect that no threshold resonances may exist. For decaying potentials, this is a consequence

of the following.

Lemma 5.2. In dimensions n > 2, fix 0 < o < 2 and assume that |V (z)| < (z)=F for some 8 > 4a.
Then ¢ € S1L?(R™) if and only if ¢ = Uvyp for some 1p € L2(R™) with [(—A)*+ V] = 0 in the sense
of distributions. Furthermore, ¢ € L>(R™).

Proof. As in the previous proof, if ¢ € S;L?*(R™) then ¢p = —Gov¢ is a distributional solution of
H1 = 0. Since n > 4, by Lemma 2.3 in [29] the operator I, : L?* — L? provided s > 2a. Hence,
) = —Govp € L? provided B > 4a.

The claim that ¢ € L> follows by iterating the identity 1 = —GoV4 to write 1 = [~GoV]*4 for

a sufficiently large k& depending on n and «. Then, using Lemma 6.3 in [15] one has
_ 1 max(0,n—4a _
(z)~F L < (W) ax( ) lv —y| <1

T — Z|n72a|z _ y|n72a (lxiy‘ )min(n—?a,n-‘rﬁ—‘la) |1‘ — y| >1

\qw&uﬂns/
R‘!L

As before, n4+ 8 —4a > n—2q, so one lessens the local singularity by a factor of 2ae without diminishing

the decay for large |z — y| after applying GoV. More succinctly,

<Z>_B <J) _ y>2a—n+max(0,n—4a)

\GW%@&NS/
R‘!L

T — z‘n72o¢|z _ y|n72a ~ |$ _ ylmax(O,n—4a)
One can iterate by noting that (z1) (21 — y) ™7 < (21) =B+ 4+ (27 — y) =B+ so that

-8 _ 2 \2a—n+max(0,n—4a)
(21)"({z1 — ) izt

GoV)?Go(z, </
|( 0 ) O(x y)| ~ . |IZ’ — Zl|n72a|zl — y|max(0,n74a)

<Zl>7ﬁ+2a7n+max((),n74a) <2’1 o y> —B+2a—n+max(0,n—4a)
< dzy + dz1
R~ |l‘ _ len—Zalzl _ y|max(0,n—4a) R~ |J? _ Zl|”_2a|2ﬁ1 _ y|max(0,n—4a)
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<.’E _ y>2a7n+max(0,n76oz)
<

‘JZ _ y|max(0,n—6a)

Where we apply Lemma 6.3 of [15] on each integral, using the change of variables z; — z1 + y in the

second integral. Iterating k times, we arrive at

2a—n+max(0,n—(j+1)a)

k (z —y)
‘(GOV) Go(x, y)| 5 |:1j — y|max(0,n—(k+1)a)

For k > [4+], one sees that (Go)*Go(z,y) is an L? function of y uniformly in z. Hence for k > [5%]

()| = I(GoV)’“Go%b(fv)lS/ [(GoV)*Golz,y)| [ (y)| dy S I(GoV)* Go(w, )2l 2.

n

proving the claim.

REFERENCES

[1] Abramowitz, M. and I. A. Stegun. Handbook of mathematical functions with formulas, graphs, and mathematical
tables. National Bureau of Standards Applied Mathematics Series, 55. For sale by the Superintendent of Documents,
U.S. Government Printing Office, Washington, D.C. 1964

[2] S. Agmon, Spectral properties of Schridinger operators and scattering theory. Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4) 2 (1975), no. 2, 151-218.

[3] M. Beceanu, New estimates for a time-dependent Schrodinger equation. Duke Math. J.159(2011), no.3, 417-477.

[4] M. Beceanu, Structure of wave operators for a scaling-critical class of potentials. Amer. J. Math. 136 (2014), no.2,
255-308.

[5] M. Beceanu, and M. Goldberg, Schrodinger dispersive estimates for a scaling-critical class of potentials. Comm.
Math. Phys. 314 (2012), no.2, 471-481.

[6] M. Beceanu, and M. Goldberg, Strichartz Estimates and Mazimal Operators for the Wave Equation in R3. J. Funct.
Anal. 266 (2014), no. 3, 1476-1510.

[7] M. Beceanu, and W. Schlag, Structure formulas for wave operators. Amer. J. Math. 142 (2020), no. 3, 751-807.

[8] M. Beceanu, and W. Schlag, Structure formulas for wave operators under a small scaling invariant condition. J.
Spectr. Theory 9 (2019), no. 3, 967-990.

[9] T. A. Bui, X. T. Duong, and Y. Hong, Dispersive and Strichartz estimates for the three-dimensional wave equation
with a scaling-critical class of potentials. J. Funct. Anal. 271 (2016), no.8, 2215-2246.

[10] Y. Cho and S. H. Lee, Strichartz estimates in spherical coordinates, Indiana Univ. Math. J. 62 (2013), no. 3,
991-1020.

[11] Y. Cho, T. Ozawa and S. Xia, Remarks on some dispersive estimates, Commun. Pure Appl. Anal. 10 (2011), no. 4,
1121-1128.

[12] M. B. Erdogan, M. Goldberg, and W. R. Green, Counterezamples to LP boundedness of wave operators for classical
and higher order Schrédinger operators, J. Funct. Anal. 285, (2023) no. 5, 110008.

[13] M. B. Erdogan, M. Goldberg, and W. R. Green, Dispersive estimates for higher order Schrédinger operators with
scaling-critical potentials, Math. Ann. 392 (2025), 2225-2252.

[14] M. B. Erdogan, M. Goldberg, and W. R. Green, The LP-continuity of wave operators for fractional order

Schrédinger operators, preprint 2025.



26 ERDOCAN, GOLDBERG, GREEN

[15] Erdogan, M. B., and Green, W. R. Dispersive estimates for the Schrodinger equation for C% potentials in odd
dimensions. Int. Math. Res. Notices 2010:13, 2532-2565.

[16] M. B. Erdogan, and W. R. Green, The LP-continuity of wave operators for higher order Schrodinger operators,
Adv. Math. 404 (2022), Paper No. 108450.

[17] M. B. Erdogan, and W. R. Green, A note on endpoint LP-continuity of wave operators for classical and higher
order Schrciinger operators. J. Differential Equations, 355, (2023), 144-161.

[18] M. B. Erdogan, W. R. Green, and E. Toprak, On the Fourth order Schrédinger equation in three dimensions:
dispersive estimates and zero energy resonances. J. Differ. Eq., 267, (2019), no. 3, 1899-1954.

[19] H. Feng, A. Soffer, and X. Yao, Decay estimates and Strichartz estimates of fourth order Schrédinger operator.
Journal of Functional Analysis, Volume 274, Issue 2, 2018, 605-658.

[20] H. Feng, A. Soffer, Z. Wu, and X. Yao, Decay estimates for higher order elliptic operators, Trans. Amer. Math.
Soc. 373 (2020), no. 4, 2805—2859.

[21] M. Goldberg, Dispersive bounds for the three-dimensional Schrédinger equation wih almost critical potentials,
Geom. and Funct. Anal. 16 (2006), no. 3, 517-536.

[22] M. Goldberg The Helmholtz Equation with LP Data and Bochner-Riesz Multipliers. Math. Res. Lett. 23 (2016),
no. 6, 1665-1679.

[23] M. Goldberg and W. Green, Dispersive estimates for higher dimensional Schréodinger Operators with threshold
eigenvalues I: The odd dimensional case, J. Funct. Anal. 269 (2015) no. 3, 633-682.

[24] M. Goldberg, and W. Green, Dispersive estimates for higher dimensional Schrodinger Operators with threshold
eigenvalues II: The even dimensional case, J. Spectr. Theory 7 (2017), 33-86.

[25] M. J. Goldberg and M. Visan, A counterexample to dispersive estimates for Schrédinger operators in higher
dimensions, Comm. Math. Phys. 266 (2006), no. 1, 211-238.

[26] W. Green, and E. Toprak, On the Fourth order Schrédinger equation in four dimensions: dispersive estimates and
zero energy resonances, J. Differential Equations, 267, (2019), no. 3, 1899-1954.

[27] Z. H. Guo and Y. Wang, Improved Strichartz estimates for a class of dispersive equations in the radial case and
their applications to nonlinear Schrodinger and wave equations, J. Anal. Math. 124 (2014), 1-38.

[28] Hill, T. Dispersive estimates of Schrodinger and Schrodinger-Like Equations in One Dimension Ph. D. Thesis,
University of Cincinnati, (2020).

[29] A. Jensen, Spectral properties of Schrédinger operators and time-decay of the wave functions results in L?(R™),
m > 5, Duke Math. J. 47 (1980), no. 1, 57-80.

[30] N. Laskin, Fractional quantum mechanics and Lévy path integrals, Phys. Lett. A 268 (2000), no. 4-6, 298-305

[31] N. Laskin, Fractional Schriodinger equation, Phys. Rev. E (3) 66 (2002), no. 5, 056108, 7 pp.

[32] P. Li, A. Soffer, and X. Yao Decay estimates for fourth-order Schrédinger operators in dimension two. J. Funct.
Anal. 284 (2023), no. 6, Paper No. 109816, 83 pp.

[33] H. Mizutani, Z. Wan, and X. Yao, LP-boundedness of wave operators for fourth-order Schrédinger operators on
the line, preprint, 2022. arXiv:2201.04758

[34] W. Schlag. On pointwise decay of waves. J. Math. Phys. 62, 061509 (2021).

[35] A. Soffer, Z. Wu, and X. Yao. Decay estimates for bi-Schrodinger operators in dimension one. Ann. Henri Poincare
23 (2022), no. 8, 2683-2744.

[36] R. Zhang, T. Huang and Q. Zheng, The scattering of fractional Schriodinger operators with short range potentials,
J. Funct. Anal. 281 (2021), no. 2, Paper No. 109033, 44 pp.



DISPERSIVE ESTIMATES FOR FRACTIONAL SCHRODINGER OPERATORS

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL 61801, U.S.A.

Email address: berdogan@illinois.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CINCINNATI, CINCINNATI, OH 45221 U.S.A.

Email address: goldbeml@ucmail.uc.edu

DEPARTMENT OF MATHEMATICS, ROSE-HULMAN INSTITUTE OF TECHNOLOGY, TERRE HAUTE, IN 47803, U.S.A.

Email address: green@rose-hulman.edu

27



