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Some properties of optical correlation based on the fractional Fourier transform are analyzed. For a
particular set of fractional orders, a filter is obtained that becomes insensitive to scale variations of the
object. An optical configuration is also proposed to carry out the fractional correlation in a flexible way,
and some experimental results are shown. © 1997 Optical Society of America
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1. Introduction

Among several mathematical operations that can be
optically implemented, correlation is one of the most
important because it can be used for different appli-
cations, such as pattern recognition, aerial imagery,
image feature extraction, object localization, etc.
Correlation can be performed by use of the Fourier
transform property of coherent optical systems, as,
for example, with the VanderLugt 4f configuration1

or the joint transform correlator.2 Since conven-
tional correlation is a shift-invariant operation, the
location of the correlator output simply moves if the
object translates at the input plane. In many cases
this property is necessary, but there are situations in
which the position of the object provides an additional
encoding feature, and so space invariance can be a
drawback. In the search for space-variant optical
filters, the fractional correlation,3,4 which is a gener-
alization of the classical correlation operation that
employs the fractional Fourier transform ~FRT! in-
stead of the conventional Fourier transform of the
signals to be correlated, was recently proposed.

The FRT was defined mathematically by Namias5

and introduced to optics by Mendlovic et al.6–10 As it
was analyzed in Ref. 9, the optical definition of the
FRT can be established through a phase–space rota-
tion of the Wigner distribution function. This point
of view leads to the development of simple optical
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devices for obtaining the FRT, but it also emphasizes
the dual character of the FRT. Accordingly, the or-
der p varies from p 5 0 ~pure spatial information! to
p 5 1 ~pure spectral information!. Therefore, a filter
that stores information about the FRT ~0 , p , 1!
instead of the ordinary Fourier transform ~p 5 1! can
be used to recognize objects with a space-variance
degree that depends on the selected value of p.

The purpose of this paper is ~i! to define the frac-
tional correlation in a general way in which different
orders of the FRT associated with the correlated
signals are considered; ~ii! to analyze some of its
properties, as, for instance, those related to the space-
variance degree; and ~iii! to demonstrate experimen-
tally the fractional correlation that yields an
application to build a filter insensitive to scale
changes of the object. With respect to point ~iii!, a
multiple-exposure hologram is employed to work in a
parallel way. An optical configuration for perform-
ing the fractional correlation in a flexible way is also
proposed and experimentally verified.

2. Fractional Correlation

For the following analysis the FRT is obtained by use
of the optical setup proposed by Lohmann,9 which is
shown in Fig. 1. In terms of the Fresnel diffraction,
the amplitude distribution at the output plane corre-
sponds to the FRT of order p that is associated with
the input signal t~x0!, i.e.,

Up~x! 5 ^~ p!$t~x0!%

5 expS ipx2

lf0 tan fD *
2`

`

t~x0!expS ipx0
2

lf0 tan fD
3 expS22pixx0

lf0 sin fDdx0, (1)



where l is the wavelength, f0 is a free-scale parame-
ter, and f 5 ppy2. For mathematical simplicity, we
consider only one-dimensional functions. For a
value of p 5 1, Eq. ~1! reduces to the well-known
Fourier transform relation. It should be noticed
that Eq. ~1! can be used as an optical definition of the
FRT whenever the Fresnel approximation remains
valid. Since the distance z0 between the lens and
the input ~or output! plane is given by z0 5 f0 tan~ppy
4!, this limitation restricts the lower values of p that
can be chosen in Eq. ~1!. However, as we are inter-
ested in optical correlation applications for which the
spectral information of the signal becomes relevant,
the values of p to be considered are large enough to be
able to validate Eq. ~1!, i.e., 0 ,, p , 1.

The correlation of two functions t1~x! and t2~x! can
be defined alternatively in the space or the spectral
domain as

C12~x! 5 *
2`

`

t1~x0!t2*~x0 2 x!dx0 (2a)

5 *
2`

`

t̃1~n!t̃2*~n!exp~2pinx!dn, (2b)

where t̃~n! is the conventional ~p 5 1! Fourier trans-
form of t~x!. By taking into account the second def-
inition @Eq. ~2b!# we propose the following expression
as a generalized fractional correlation of t1~x! and
t2~x!:

C12
~ p,q,r!~x! 5 ^~q! {^~q! $t1~x0!%^

~r!*$t2~x0!%}. (3)

Equation ~3! becomes the standard correlation for the
case of p 5 21, q 5 r 5 1.

We next analyze the requirements to be fulfilled by
Eq. ~3! to get a meaningful fractional-correlation op-
eration. The similarity condition @i.e., the same ob-
ject in the same location: t1~x0! 5 t2~x0!# should
maximize the correlation output for any value of the
fractional orders. To derive an explicit expression
for the fractional correlation, we replace the FRT
operators in Eq. ~3! by their equivalent definitions

Fig. 1. Optical setup for performing the FRT of t~x0! for a given
fractional order p, where z0 5 f0 tan~ppy4!, f 5 f0ysin~ppy2!, and
f0 is a scaling factor.
based on Fresnel integrals, as given by Eq. ~1!.
Thus, we obtain

C12
~ p,q,r!~x! 5 expS ipx2

lf0 tan f1
D *

2`

`

t1~x09!expS ipx09
2

lf0 tan f2
Ddx09

3 *
2`

`

t2*~x00!expS2
ipx00

2

lf0 tan f3
Ddx00

3 *
2`

`

expFipx0
2

lf0
S 1
tan f1

1
1

tan f2
2

1
tan f3

DG
3 expF22pix0

lf0
S x
sin f1

1
x09

sin f2
2

x00

sin f3
DGdx0,

(4)

where

f1 5 p
p

2
, f2 5 q

p

2
, f3 5 r

p

2
. (5)

For the purely spectral case p 5 21, q 5 r 5 1 and
Eq. ~4! gives rise to a sharp correlation peak when-
ever t1~x0! 5 t2~x0 1 D!, where D represents the shift
between both correlated functions. For other val-
ues of the fractional orders Eq. ~4! becomes sensi-
tive to both the locations and the shapes of t1~x0!
and t2~x0!. However, the above-mentioned simi-
larity condition, when applied to fractional correla-
tion, requires that the quadratic phase exponential
in the inner integral of Eq. ~4!, which generates a
defocus effect, should be eliminated. This situa-
tion is achieved whenever the following relation for
the fractional orders is satisfied:

1

tanSp
p

2D
1

1

tanSq
p

2D
2

1

tanSr
p

2D
5 0, (6)

C12
~ p,q,r!~x! 5 expS ipx2

lf0 tan f1
D **

2`

`

t1~x09!t2*~x00!

3 expS ipx09
2

lf0 tan f2
DexpS2

ipx00
2

lf0 tan f3
D

3 dS x
sin f1

1
x09

sin f2
2

x00

sin f3
Ddx09dx00. (7)

The fractional correlation as given by Eq. ~7! is
restricted to those cases in which the involved orders
satisfy Eq. ~6!. For example, if q 5 r then p 5 61,
and Eq. ~7! becomes the fractional correlation pro-
posed and demonstrated experimentally in Refs. 3
and 4. In this case, Eq. ~7! can be rewritten as

C12
~21,q,q!~x! 5 expS2ip sin~2f!x2

2lf0
D *

2`

`

t1~x09!t2*

3 ~x09 2 sin fx!expS2pi
lf0

cos fxx09Ddx09,

(8)
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or equivalently as

C12
~21,q,q!~x! 5 *

2`

`

t1Sx9 1
sin f

2
xDt2*Sx9 2

sin f

2
xD

3 expS2pi
lf0

cos fxx9Ddx9

5 At1t2Sy, m 5
2y

lf0 tan fD , (9)

where f 5 ~py2! q, y 5 sin fx and At1t2
~y, m! is the

cross-ambiguity function,11 which is a dual phase–
space representation coordinate–spatial frequency of
the functions t1~x0! and t2~x0!. Thus, the scaled frac-
tional correlation for the several values of q can be
found from different slices in the phase–space ~y, m!.

Fig. 2. ~a! Object amplitude transmittances t1~x0! and t2~x0!. ~b!
and ~c! Modulus and phase of T1~x0; z1! and T# 2~x0; z2!, respectively,
for q 5 0.8 and r 5 0.7.
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This result was pointed out in Ref. 12, where it was
analyzed by means of the analogy of optical spatial
filters based on the FRT to wavelet transforms and
adaptive neural networks. Besides, Eq. ~9! means
that all fractional correlations, from q 5 0 ~vertical
line, y 5 0! to q 5 1 ~horizontal line, m 5 0! are
contained in a single picture display of the ambiguity
function.

For the more general case of q Þ r, the fractional
correlation obtained from Eq. ~7! can be rewritten
as

C12
~ p,q,r!~x! 5 expS ipx2

lf0 tan f1
D *

2`

`

T1~x09; z1!

3 T# 2*Sx09 1
sin f2

sin f1
x; z2Ddx09, (10)

Fig. 3. ~a! Object amplitude transmittances t1~x0! and t2~x0!. ~b!
and ~c! Modulus and phase of T1~x0; z1! and T# 2~x0; z2!, respectively,
for q 5 0.6 and r 5 0.4.



where

T1~x09; z1! 5 t1~x09!expSipx09
2

lz1
D, z1 5 f0 tan f2,

(11a)

T# 2~x09; z2! 5 t2Sx09

MDexpF ip
lz2

Sx09

MD2G , z2 5 f0 tan f3,

(11b)

M 5
sin f2

sin f3
. (12)

The fractional correlation as given by Eq. ~10! can be
thought as the conventional correlation of two func-
tions: T1~x09; z1!, which is the input signal t1~x09!
multiplied by a zonal phase factor with focal length
z1, and T# 2~x09; z2!, which is a scaled version of the
product between t2~x09! and a zonal phase factor with
focal length z2. Taking into account the analogy be-
tween the FRT formalism and the Fresnel diffracted
fields,13,14 we find that the fractional correlation @Eq.
~10!# is closely related to the space-variant Fresnel
transform correlator @see Eq. ~7! in Ref. 15#.

The positional sensitivity of the fractional correla-
tion is illustrated in Figs. 2 and 3 with a simple
example: Terms t1~x0! and t2~x0! are two identical
slits placed at different locations. It can be seen
from Figs. 2~b!, 2~c!, 3~b!, and 3~c! how the matching
between the zonal phase factors of T1~x09; z1! and

Fig. 4. ~a! Normalized fractional correlation for q 5 0.8, r 5 0.7,
and p 5 0.884 for two different shifts D between t1~x0! and t2~x0!.
~b! Normalized fractional correlation for q 5 0.6, r 5 0.4, and p 5
0.633 for two different shifts D between t1~x0! and t2~x0!.
T# 2~x09; z2! depends on the selected values of p, q, and
r.

In Fig. 4, the display of uC12
~p,q,r!~x!u is shown for two

different displacements D1 and D2 between the slit
functions t1~x09! and t2~x09!, along with two different
sets of p, q, and r. As can be seen from these results,
the correlation peak diminishes for increasing values
of D. In addition, this effect becomes more notice-
able for decreasing values of q and r, as should be
expected.

The fact that the fractional correlation becomes a
conventional correlation between two functions,
T1~x! and T# 2~x!, related to the original signals t1~x0!
and t2~x0!, respectively, through a combined phase–

Fig. 5. ~a! Curves showing the set of orders ~q0, r0! that satisfy Eq.
~12!, i.e., sin@q0~py2!# 5 M sin@r0~py2!#, for three different values of
M. ~b! Contour display of a~p,q,r! for the case of M 5 1.35. ~c!
Level curves corresponding to the contour plot of ~b!. The dotted
curve represents the theoretical curve of ~a! for m 5 1.35.
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Fig. 6. Scheme of the optical device employed to achieve ~a! the filter H, which stores the rth-order FRT of t2~x0, y0!, and ~b! the fractional
correlation C12

~p,q,r!~x, y! at the output plane. M, mirror; BS, beam splitter.
scaling transform @given by Eqs. ~11!# suggests how a
recognition filter insensitive to scale variations of the
input object can be implemented by use of this ap-
proach. For two functions t1~x0! and t2~x0! that are
placed in the same position and differ by only a cer-
tain scale factor, several sets of values ~p0, q0, r0!
exist for which the fractional correlation C12

~p,q,r!~x!
becomes the conventional cross correlation of two
functions having identical amplitude distributions
but slightly different phase factors. This particular
set of values ~p0, q0, r0! is illustrated in Fig. 5~a! for
three different relative magnifications between t1~x0!
and t2~x0!. To analyze the behavior of the fractional
correlation we define a correlation parameter as

a~ p,q,r! 5 3* uC12
~ p,q,r!~x! 2 C11

~21,1,1!~x!udx

* C11
~21,1,1!~x!dx 4

21

, (13)

i.e., it measures the deviation of the fractional corre-
lation between two objects of the same shape but with
different magnifications from a conventional autocor-
relation of one of these objects for the selected value
of the relative magnification M @as given by Eq. ~12!#.

In Figs. 5~b! and 5~c! the numerical calculation of
a~p,q,r! is shown for two slits with a relative magnifi-
cation of M 5 1.35. It can clearly be seen that the
maxima of a~p,q,r! lie on a curve in the domain of the
fractional orders q and r; the curve coincides with
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that previously illustrated in Fig. 5~a! for the case
M 5 1.35. However, it can be observed that a~p,q,r!

diminishes for decreasing values of q and r, a fact
that is related to the above-mentioned phase mis-
match between T1~x! and T# 2~x!. In Section 3 we
illustrate the developed analysis with some experi-
mental verifications. Therefore, an optical setup
that performs the fractional correlation in a flexible
way for varying values of p, q, and r could be used to
detect objects with magnifications different from that
stored in the filter. Recently, Lohmann et al.16 de-
veloped a similar analysis to that carried out for ob-
taining Eq. ~7! in connection with the space-variance
properties of the fractional correlation for three par-
ticular cases.

3. Experimental Results

The scheme of the optical setup employed to perform
the fractional-correlation operations is shown in Fig.
6. A holographic filter H stores the FRT of order r
associated with the transparency t1~x0, y0! by use of
optical system A ~with distances adequate to the
value of r! and a reference light beam. The whole
system A–B becomes a modified 4f configuration. In
the first step, subsystem A performs the qth-order
FRT of t2~x0, y0! in the plane containing filter H,
where the distances d1

q and d2
q are selected to be d1

q

5 f tan~pqy4! 1 f and d2
q 5 f sin~pqy2! 1 2f, respec-

tively. Behind the filter H subsystem B carries out
the pth-order FRT of the amplitude transmitted by
H, with distances d1

p 5 f tan~ppy4! 1 f and d2
p 5 f



Fig. 7. Fractional correlation between two characters, A, differing by three relative magnifications: ~a! M 5 0.80, ~b! M 5 1.00, and ~c!
M 5 1.20. Since the fractional order were chosen to be p 5 20.730, q 5 0.448, and r 5 0.600 @from Eq. ~12!#, a magnification of M 5 0.80
results, and so the maximum correlation peak appears in ~a!.
sin~ppy2! 1 2f. In this arrangement a fractional
correlation C12

~p,q,r!~x, y! with arbitrary orders can be
obtained by variation of the distances d1

q, d2
q, d1

p,
and d2

p. In addition, the FRT’s involved have the
same parameter f0 @see Ref. 17#. Thus, the correla-
tor can easily be adapted to a given object magnifi-
cation by variation of the orders q and r to select an
adequate value of M @Eq. ~12!#. A sharp correlation
peak is obtained at the output plane of the optical
system whenever the objects t1~x0, y0! and t2~x0, y0!
differ by this scaling factor M.

In Figs. 7–9 the fractional correlations between two
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Fig. 8. Fractional correlation between two characters, A, differing by three relative magnifications: ~a! M 5 0.80, ~b! M 5 1.00, and ~c!
M 5 1.20. Since the fractional orders were chosen to be p 5 1.000, q 5 0.600, and r 5 0.600 @from Eq. ~12!#, a magnification of M 5 1.00
results, and so the maximum correlation peak appears in ~b!.
identical characters with different magnifications are
displayed for three sets of ~p, q, r!. In each of these
figures the maximum of the fractional correlation is
obtained for the particular character relative magni-
fication that satisfies Eq. ~12!. In Table 1 the values
of the several distances employed are indicated.
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Next, we slightly modify optical device A @Fig.
6~a!# to record a multiple holographic filter H that
stores several FRT’s of the same object with differ-
ent fractional orders r. Each recording is per-
formed with a variation of the incident angle u of
the reference light beam. Now the optical correla-



Fig. 9. Fractional correlation between two characters, A, differing by three relative magnifications: ~a! M 5 0.80, ~b! M 5 1.00, and ~c!
M 5 1.20. Since the fractional order were chosen to be p 5 0.715, q 5 0.846, and r 5 0.600 @from Eq. ~12!#, a magnification of M 5 1.20
results, and so the maximum correlation peak appears in ~c!.
tor @Fig. 6~b!# works in a rather different way: As
the distances d1

q and d2
q remain fixed, the dis-

tances d1
p and d2

p should be selected so as to satisfy
the requirements for ~p, q, r! established by Eq. ~6!.
This means that a sharp correlation peak appears
at the location associated with the angle u for which
the order r ~of the FRT stored in the filter! and the
order q satisfy Eq. ~12!. Thus the filter recognizes,
at this particular location u ~or spatial coordinate x
of the output plane!, objects with a scale difference
given by this value of M.

In Fig. 10 we show the results obtained from a
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Fig. 10. Intensity distribution obtained at the output plane of the fractional correlator illustrated by Fig. 6 for a multiple-recorded filter
H that stores three FRT’s of an airplane-shaped object t2 with the orders r 5 0.840, r 5 0.783, and r 5 0.734. Depending on the
magnification M of the input object t1, the maximum correlation peak is detected at different locations: ~a! M 5 1.10, ~b! M 5 1.15, and
~c! M 5 1.20.

Table 1. Values of the Distance d Employed in the Experimental Setup of Fig. 6

Distance

Magnification

M 5 1.0 M 5 0.8 M 5 1.2

p 5 1.000 q 5 0.600 r 5 0.600 p 5 20.730 q 5 0.448 r 5 0.600 p 5 0.715 q 5 0.846 r 5 0.600

d1 ~mm! 200 150.9 150.9 35.4 136.7 150.9 162.9 178.3 150.9
d2 ~mm! 300 280.9 280.9 108.8 264.7 280.9 290.2 297.1 280.9
holographic filter that stores three different FRT’s of
the same object. Figure 10~a! shows the distances
d1

p and d2
p when they are chosen to yield a value of

M 5 1.10. Therefore, a sharp correlation peak ap-
pears at the location associated with the angle u cor-
responding to the stored FRT of the order r 5 0.840.
In Figs. 10~b! and 10~c!, results for the same proce-
dure are shown for achieving M 5 1.15 and M 5 1.20,
respectively. The correlation maxima now appear
at the locations corresponding to the stored FRT’s of
orders r 5 0.783 and r 5 0.734, respectively. In this
way, depending on which magnification of the object
t1~x0, y0! is present, the correlation peak is found at
different locations in the output plane. Of course,
the range of object scales that can be recognized by
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the filter is limited by the maximum number of FRT’s
that can be stored in the holographic medium.

4. Conclusions

In this paper we have analyzed the fractional corre-
lation in connection with the space-variance proper-
ties of the FRT. It was found that, for specific values
of the fractional orders, the fractional correlation be-
comes insensitive to scale changes of the input object.
An optical configuration was proposed for obtaining
the fractional correlation in a flexible way. Thus,
the orders of the FRT’s involved in the fractional-
correlation operation can easily be varied to match
the filter to any required object magnification.
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