Minimal models for superelliptic curves with extra
automorphisms.

L. Beshaj

United States Military Academy,
Department of Mathematical Sciences,
West Point, NY, USA



Outline

Motivation
Minimal equation of curves, height and moduli height

Minimal models
Binary quadratics
Julia invariant and quadratic of a binary form
Reduction of higher degree binary forms

Computing the Julia quadratic for curves with automorphism
Genus two curves with Aut (X) = V4
Genus two curves with Aut (X) = Dy
Genus two curves with Aut (X) = Ds



Let k be an algebraically closed field (char k = 0) and X’ be a superelliptic
curve, i.e. y" = f(x).

There are two main problems
1) Determine an equation for X’ over a minimal field of definition K.
2) Find the best equation (with smaller coefficients) over K

In general, it is an open problem to determine an equation for X’ over a
minimal field of definition K.

However, we will consider the second question. Once an equation over a
minimal field of definition is given, how can we make this minimal in some
sense?



Height and moduli height of curves

Let f(x, y) € K[x, y] the height of f(x, y) (or naive height) is the maximum of
the absolute values of the coefficients.

Let X, be an irreducible algebraic curve with affine equation F(x, y) = 0 for
F(x,y) € K[x, y]. We define the height of the curve over K to be

Hk(Xg) := min{Hk(G) : Hk(G) < Hk(F)}.
where the curve G(x, y) = 0 is isomorphic to Xy over K.
If we consider the equivalence over K then we get another height which we
denote it as Hx(Xy) and call it minimal absolute height.

Lemma

Let K be a number field such that [K : Q] = d. Then, Hk(Xy) and Hk(Xy) are
well defined.

For any algebraic curve Xy we have Hy(Xy) < Hk(Xy).



Let g be an integer g > 2 and M, denote the coarse moduli space of
smooth, irreducible algebraic curves of genus g. The moduli space My is
embedded in P?9-2.

Let p € My. We call the moduli height 5(p) the usual height H(P) in the
projective space P*9~2. Obviously, h(p) is an invariant of the curve.

Theorem

For any constant ¢ > 1, degree d > 1, and genus g > 2 there are finitely
many superelliptic curves Xy defined over the ring of integers Ok of an
algebraic number field K such that [K : Q] < d and h(Xy) < c.



Genus 2

Example
Let X be a genus 2 curve with equation

y2=715 - (78+16\@) £+ (72\@+617) t (320\/5+2148) £

+ (4961 + 456 \/5) 2 (5214 1672 x/§> t+ 3167

Then, the traditional algorithm gives
y2 = 359785557[‘S + 4935433518!5 + 29692428795!4 + 98737979076?3 + 193917220155[2 + 210507034158t + 100220296853

Can we get a "better” equation? Can we get "the best” equation?



Genus 2

Example
Let X be a genus 2 curve with equation

y2=715 - (78+16\@) £+ (72\@+617) t (320\/5+2148) £

+ (4961 + 456 \/5) 2 (5214 1672 x/§> t+ 3167

Then, the traditional algorithm gives
y2 = 359785557[‘S + 4935433518!5 + 29692428795!4 + 98737979076?3 + 193917220155[2 + 210507034158t + 100220296853

Can we get a "better” equation? Can we get "the best” equation?
With a reduction algorithm which will explain later we get

v=tt+ot*+£+3



Reduction of binary quadratics

Vi« denotes the (n + 1)-dimensional subspace of k[X, Z] consisting of
homogeneous polynomials.

f(X,2)=aX"+a X" 'Z+-- 4 a 2" (1)

of degree n up to multiplication by a constant. Elements in V), x are called
binary forms of degree n. The group GLz(k) acts on V, x by linear
transformations on the variables.

Let Q(X, Z) = aX? 4 bXZ + ¢Z? be a binary quadratic in R[X, Z]. Q(X, Z) is
positive definite if 2 > 0 and A = b — 4ac < 0.

Denote the set of positive definite binary quadratics with V;R, ie.

Vis = {Q(X,2) € RIX, Z] | Q(X,2) is positive definite } .



Modular Group and the Fundamental Domain
LetHo={z=x+iyeC| y>0} CC.

The group I' = SL»(Z)/{+1} is called the modular group. I acts on #» via
linear fractional transformations

a B _az+f
(7 5)z*vz+6 @)

where (: 5) eland z e Ho.

5
The group I acting on H> has a fundamental domain 7, i.e. a subset such
that:

i) any point in Hy is I-equivalent to some point in F,
i) no two points in the interior of F are I'-equivalent.

-2 1 0 1 2

A positive definite quadratic has exactly one root in #o.



Consider the following map which is called the zero map
£ Vo — He

_ Al 3)
Q] = &(@) = 5o + \/2':‘/

This map ¢ is a bijection and an equivariant map (i.e., for every matrix M € T,

gay=¢@" ).

A quadratic Q(X, Z) is said to be reduced if £(Q) € F.

Theorem
Every reduced quadratic has minimal height in its I -orbit.



Julia invariant and quadratic of a binary form

Let f(x,y) € R[x, y] be a degree n binary form given as follows
(X, Z)=aX"+ai X" 'Z+---+aZ"

and suppose that ap # 0. Let the real roots of f(X, Z) be a;, for 1 </ < r and
the pair of complex roots 3;, g; for 1 < j < s, where r +2s = n. The form can
be factored as
r S
(X, 2) = [[(X —a2)- [[(X = B:2)(X - BiZ). (4)

i=1 i=1

The ordered pair (r, s) of numbers r and s is called the signature of the form
f.

We associate to f the two quadratic forms T;(X, Z) and Ss(X, Z) of degree r
and s respectively given by the formulas

T(X,2) =Y #(X-2)?, and Ss(X,Z)=> 20} (X-B2)(X-F2),
i=1

j=1
()
where ;, u; are to be determined.



Proposition
Qr = T, + Ss is a positive definite quadratic form with discriminant D

Dy = A(T?) + A(Ss) — 8 (o — 3) + b7 )
i

We define the 6, of a binary form as follows

2 n/2
a; - |®
fo() = 20D
[Ties 8 T12 b
We pick t1,...,t, us, ..., Us such that 6, obtains a minimum.
Proposition (Julia 1917)
o : R™ — R obtains a minimum at a unique point (..., &, O, ..., Us).

The quadratic J; := Qs(ti, ..., b, T, ..., Us)(X, Z) is called the Julia’s
quadratic of f and 0y := 0o(t, ..., &, Us,..., Us) is called the Julia invariant.

Theorem
i) 0¢ is an SL>(C) invariant
i) 7:(X, Z) € R[X, Z] is a positive definite quadratic.

Thus, to each binary form f we associate a unique positive definite binary
quadratic form 7 and therefore a unique point in Hs.



Reduction of higher degree binary forms

Define the zero map for a binary form as
6_2 Vn,]R — V;:]R —>H2
f— Jr — &(Jr)

Proposition
The map € : Vor — Ha is SLo(C)-equivariant (i.e., for every matrix
M € SL(C), Q") = E@" " ). .

A binary form f € R[X, Z] is said to be a reduced binary form if £(f) € F.
We denote by red (f) the reduction form of f.



Determining the Julia quadratic
Let be given a binary form f € V,, ¢ Then, f(X, 1) can be factored as
f(X,1) = a(X — a1)(X —az) - (X — an), (6)
Let ajj = |a; — oj|?,i < jand w = * we have
n-wy (Waorq 2 + Waarg g + - -+ + Woary ) — 2 - Z wiwjaj =0
i<j

n- wo (W1 Q92 + W30¢2’3 —+ -+ Wnagyn) -2 E W,'VVjOé,‘_J' =0
i<j

@

n- wp (W10127,7 + wza3,n+--- + Wn—104n—1,n) -2 Z wiWja j = 0
i<j

Wy -Wo---wWp—1=0

For totally real binary forms the Julia quadratic is the unique quadratic factor
of the homogenous polynomial G(x, y) which has degree d = (n—1)(n—2)
and is defined as follows

(X i fX(_f,V(Xfy)va(X7y)) +y- fY(_f}’(Xfy)va(X7y))) (8)
nf(x,y)

G(x,y) =
Then



In this example we show how these coefficients are picked in the case of
binary cubics with reals roots.

Example

Let f(X) = aX® + bX? 4 cX + d be a binary cubic with three real roots
a1, az, as. We pick t, b, t; as follows:

b= (a2 —as)’, b= (as — 1) 1 = (a1 — az)’
and Julia quadratic is as follows
Ti(X, Z) = (a2 — ag)*(X — ar)? + (a3 — @1)*(X — a2)® + (1 — a2)*(X — aa)?

We can express the Julia quadratic covariant in terms of the coefficient of
f(X) as follows

Ji(X,Z) = (b® — 3ac)X® + (bc — 9ad) X + (c* — 3bd)

up to a constant factor.



Julia quadratic of genus two curves with extra automorphisms

What about the general case when the standard form is not defined over a
ring of integers?

By definition the Julia quadratic depends on the roots of the binary form.

Since we want to compute the Julia quadratic for each curve, then first we
would like to determine the Weierstrass points of the given curve.

The following result gives a choice for the set of Weierstrass points.

Lemma

Let X be a genus 2 curve defined over a field k such that char k # 2 and W
be the set of Weierstrass points. Then the following hold:

i) If Aut (X) = Vu, then W = {+a, +8,+ 5}

i) If Aut (X) = Dy, then W = {+1,4a,£1}.

ii) If Aut (X) = Ds, then W = {1, e3, €3, 1, les, I3}, where | is a parameter and
e3 is a primitive third root of unity.



The case of V, group

The set of Weierstrass points is W = {+«, +0, iaiﬁ} and since « and 3 are
distinct the only two cases that can happen are the following:
i) « and 8 are conjugates of each other and W = {+«, +@, iW}

i) o, B € R, i.e. all roots are real and W = {£a, £5, iaiﬁ}

In the first case the Julia quadratic can be computed solving the system.

In the second case the equation of the curve X is a totally real binary form.
For a totally real binary form we can perform reduction using the polynomial

G(x, z) defined in Eq. (8).

Computations show that G¢(x, z) is factored in three factors. One has degree
2, one degree 6, and one degree 12 as follows

3
Gi(x,1) =10240° (40° =) go(x, 1) - G1(x, 1) - Gelx, 1)

where



go(x) =x* — (v* —4 %)
g1(x) = (fu2 73v) x® + (36u3 —21Pv—18 v2> x5
+ (—4u5 +180 Py + uPv? — 45 va) x*
+ (—4800° — 16L°v + 360 1V2 + 4 U2V° — 60 V* ) X+
+ (16u8 — 720 uPv — 8 1SV? + 360 LPVE + PV — 45 v5> 24
+ (57647 — 32uPv — 576 LPV2 + 16 U3V + 180 L4 — 207V5 — 18V°) x+

+64u" +1920% — 48 1LBVv2 — 144 U8B + 12 %v* + 36 LBVD — LAVE — 3V
9)
while we don’t display go(x).



Genus two curves with Aut (X) = Dy

The set of Weierstrass points is W = {£1, +a, ié}.Hence, we have the
following two cases:

i) If ||e||* = 1 then a and 1 are conjugates of each other and

W = {£1, £a, +a}

ii) otherwise all roots are real and W = {+1, +a,+1}

In the first case the Julia quadratic can be computed solving the system.
In the second case, if o € R the binary form corresponding to X is a totally

real form. Computing the polynomial G¢(x, z) defined in Eq. (8) for this
curves we have

Gi(x,1) = (5x4+x2—3s)~
(25sx8 + (12— 108)x° + (375 — 70 %)x* + 14 $°42 +se’>

For a given binary form the Julia quadratic will be the unique quadratic factor
of Gf.



Genus two curves with Aut (X) = Ds

In an analogue way the polynomial G(x, z) for curves with automorphism
group Ds is

Gi(x,1) =972 x (x6 - w)
(8 wx'? 4+ (12w 4+ 1)x° 4 12 WX6+(12W+1)WX3+8W3)
(10)

For a given binary form the Julia quadratic will be the unique quadratic factor
of Gf.



Hence, for genus two curves with extra involution we can conclude the
following.

Theorem

Let X be a genus two curve with Aut (X) > 2, affine equation y* = f(x), and
F its field of moduli. Then, the following are true

i) If Aut (C) = V4, then the Julia quadratic is the unique quadratic factor of
Gr(x, z) as defined in Eq. (9).

ii) If Aut (C) = Ds, then the Julia quadratic is the unique quadratic factor of

Gi(x,1) = (5x4+x2 733) :
(25 sx® + (12— 108)x® + (375 — 708°)x* + 14 °x* + 33)
iii) If Aut (C) = Ds, then the Julia quadratic is the unique quadratic factor of
Gi(x,1) =972x (XG - W)

(8WX12+(12W+1)X9+12WX6+(12W+1)WX3+8W3)
(11)



Work in progress

Theorem (B-, Steward)

Let X be a superelliptic curve with an extra involution and Weierstrass
equation
n—1
yn — X2n+ Z&‘Xz" +1
i=0
over a ring of integers Ok. Then, X has minimal absolute height.

Thank you for your attention!
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