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The Signature of a Group Action

Definition
Suppose that a finite group G acts on a compact oriented surface X of
genus o > 2. Then we define the signature of the action to be the tuple

(h; my, ..., m;) where
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The Signature of a Group Action

Definition
Suppose that a finite group G acts on a compact oriented surface X of
genus o > 2. Then we define the signature of the action to be the tuple
(h;my,..., m;) where

@ h is the genus of X/G

@ r is the number of branch points of the quotient map
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The Signature of a Group Action

Definition
Suppose that a finite group G acts on a compact oriented surface X of

genus o > 2. Then we define the signature of the action to be the tuple
(h; my, ..., m;) where

@ h is the genus of X/G
@ r is the number of branch points of the quotient map

@ the order of these branch points are my, my, ..., m,.

Remark

The order of the m; does not matter.

A. Wootton (University of Portland) AAS Groups April 19, 2024 2/19



Signatures of Groups Examples

ek

Figure: Cyclic 2 Action on Genus 2 Surface with Signature (0;2,2,2,2,2 2)

T

Figure: Cyclic 2 Action on Genus 2 Surface with Signature (1;2,2)

A. Wootton (University of Portland) AAS Groups April 19, 2024 3/19



Riemanns Existence Theorem

Theorem

A finite group G acts on a compact Riemann surface X of genus o > 2
with signature (h; my, ..., m,) if and only:
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Riemanns Existence Theorem

Theorem
A finite group G acts on a compact Riemann surface X of genus o > 2
with signature (h; my, ..., m,) if and only:

@ The Riemann-Hurwitz formula holds:

a—lzyc|(h—1)+@zr:(1—i>.

m;
j=1 !
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Riemanns Existence Theorem

Theorem

A finite group G acts on a compact Riemann surface X of genus o > 2
with signature (h; my, ..., m,) if and only:

@ The Riemann-Hurwitz formula ho/ds

c—1=|G|(h—1)+ ‘Z(l—)

mj
@ There exist group elements as, by, ..
mj = |C,'|

17, [a, bi] [Tj—1 ¢ = ec (the long relation)

.,ap, bp, c1,...,c such that:
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Riemanns Existence Theorem

Theorem
A finite group G acts on a compact Riemann surface X of genus o > 2
with signature (h; my, ..., m,) if and only:

@ The Riemann-Hurwitz formula ho/ds

c—1=|G|(h—1)+ ‘Z(l—)

nnj

sxoup elements ay, by, ..., ap, by, c1, ..., such that:

[T, ¢ = ec (the long relation)
blv"'7ahabhvcla"'acr>

— each mj; equals order of a non-trivial group element
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Potential and Actual Signatures

Definition
Given a tuple S = (h; my,..., m,) and a finite group G:

A. Wootton (University of Portland) AAS Groups



Potential and Actual Signatures

Definition
Given a tuple S = (h; my,..., m,) and a finite group G:

@ S is called a potential signature for G if each m; is the order of an
element in G.

A. Wootton (University of Portland) AAS Groups April 19, 2024 5/19



Potential and Actual Signatures

Definition
Given a tuple S = (h; my,..., m,) and a finite group G:

@ S is called a potential signature for G if each m; is the order of an
element in G.

@ S is called an actual signature if there is a compact Riemann surface
of genus o > 2 on which G acts with signature (h; my, ..., m;).

A. Wootton (University of Portland) AAS Groups April 19, 2024 5/19



Potential and Actual Signatures

Definition

Given a tuple S = (h; my,..., m,) and a finite group G:

@ S is called a potential signature for G if each m; is the order of an
element in G.

@ S is called an actual signature if there is a compact Riemann surface
of genus o > 2 on which G acts with signature (h; my, ..., m,).

Notation

@ P,(G)— the set of potential signatures for G satisfying the
Riemann-Hurwitz formula with genus o, and P(G) = Uy>2P»(G).

A. Wootton (University of Portland) AAS Groups April 19, 2024 5/19




Potential and Actual Signatures

Definition

Given a tuple S = (h; my,..., m,) and a finite group G:

@ S is called a potential signature for G if each m; is the order of an
element in G.

@ S is called an actual signature if there is a compact Riemann surface
of genus o > 2 on which G acts with signature (h; my,..., m,).

Notation

@ P,(G)— the set of potential signatures for G satisfying the
Riemann-Hurwitz formula with genus o, and P(G) = Uy>2P»(G).

o A,(G)— the set of actual signatures for G-actions on a surface of
genus o, and A(G) = Uy>2A4,(G).
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An Example: Finding Potential Signatures

Po(Cs): tuples (h; my,..., m;) with r, h > 0, where:
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An Example: Finding Potential Signatures

Po(Ce): tuples (h; my, ..., m,) with r, h > 0, where:
e mj € {2,3,6}
@ RH holds: 8 =6(h—1)+3>/_;(1— =)

m_,- :
Example
Po(Ce) =
(0:3,3,3,3,3,3,3)  (0:3,3,6,6,6,6) (0;2,6,6,6,6,6) )

(0;2,3,3,3,3,3,6)  (0:2,2,3,3,3,6,6)  (0;2,2,2,2,3,3,3,3)
(0:2,2,2,2,2,3,3,6) (0;2,2,2,2,2,2,6,6) (0:2,2,2,2,2,2,2,2,3)

(1;3,3,3,3) (1,2,3,3,6) (1;2,2,6,6)
(1:2,2,2,2,3) (2:3)
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An Example: Finding Potential Signatures

Po(Ce): tuples (h; my, ..., m,) with r, h > 0, where:
e mj € {2,3,6}
@ RH holds: 8 =6(h—1)+3>/_;(1— =)

mj :
Example
Po(Ce) =
(0:3,3,3,3,3,3,3)  (0:3,3,6,6,6,6) (0;2,6,6,6,6,6) )

(0;2,3,3,3,3,3,6)  (0:2,2,3,3,3,6,6)  (0;2,2,2,2,3,3,3,3)
(0:2,2,2,2,2,3,3,6) (0;2,2,2,2,2,2,6,6) (0:2,2,2,2,2,2,2,2,3)

(1;3,3,3,3) (1,2,3,3,6) (1;2,2,6,6)
(1,2,2,2,2,3) (2:3)
Example
Py(S3) =
(0;3,3,3,3,3,3,3) (0:2,2,2,2,3,3,3,3) (0;2,2,2,2,2,2,2,2,3)
(153;3,3:3) (151252727°273)) (2;3)
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An Example: Finding Actual Signatures

Ag(GCs): tuples (h; my, ..., m,) from Pgo(Ce) such that there exists a
generating vector of group elements (a1, by, ..., ag, bg, c1,. .., ¢/) with:
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Ag(GCs): tuples (h; my, ..., m,) from Pgo(Ce) such that there exists a
generating vector of group elements (a1, by, ..., ag, bg, c1,. .., ¢/) with:

° |ci| =m;
° Hf’zl[a,-, bi] H}:l ¢j = eg (the long relation)
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An Example: Finding Actual Signatures

Ag(GCs): tuples (h; my, ..., m,) from Pgo(Ce) such that there exists a

generating vector of group elements (a1, by, ..., ag, bg, c1,. .., ¢/) with:
° |ci| =m;
o [1",[a;, bi] [[}=1 ¢ = ec (the long relation)
o Co = (a1, b1,...,a,bg,c1,...,¢)
Example
Po(Ce) =
(0;3,3,3,3,3,3,3) (0;3,3,6,6,6,6) (0;2,6,6,6,6,6) )

(0:2,3,3,3,3,3,6)  (0;2,2,3,3,3,6,6)  (0:2,2,2,2,3,3,3,3)
(0:2,2,2,2,2,3,3,6) (0;2,2,2,2,2,2,6,6) (0:2,2,2,2,2,2,2,2,3)
(1:3,3,3,3) (1:2,3,3,6) (1:2,2,6,6)

(1;2,2,2,2,3) (2:3)
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An Example: Finding Actual Signatures

Example

Po(Ce) =
(0:3,3,3,3,3,3,3)
(0;2,3,3,3,3,3,6)

(0:2,2,2,2,2,3,3,6)
(1:3,3,3,3)
(1:2,2,2,2,3)

(0:3,3,6,6,6,6)
(0:2,2,3,3,3,6,6)
(0:2,2,2,2,2,2.6,6)
(1:2,3,3,6)
(2;3)

(0;2,6,6,6,6,6)
(0:2,2,2,2,3,3,3,3)
(0:2,2,2,2,2,2,2,2,3)
(1:2,2,6,6)

e (0;3,3,3,3,3,3,3) — Does not generate Cg
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(0:2,2,2,2,2,2,2,2,3)
(1:2,2,6,6)

(1,2,2,2,2,3) (2;3)

0;3,3,3,3,3,3,3) — Does not generate Cg
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An Example: Finding Actual Signatures

0;3,3,3,3,3,3,3) — Does not generate Cg
0;2,2,2,2,2,2,2,2,3) — Does not satsify long relation
1;2,2,2,2,3) — Does not satisfy long relation

2;3) — Does not satisify long relation

Example
Ag(GCs) =
(0;3,3,6,6,6,6) (0;2,6,6,6,6,6)
(0;2,3,3,3,3,3,6)  (0:2,2,3,3,3,6,6) (0;2,2,2,2,3,3,3,3)
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An Example: Finding Actual Signatures

Ag(S3): tuples (h; my, ..., m,) from Pgy(S3) such that there exists a

generating vector of group elements (ai, by, ..., ag, bg, c1,. .., ¢/) with:
o ’C," = m;
o 1 ,lai, bi] [[}=; ¢ = ec (the long relation)
o 53 = (al,bl,...,ag,bg,cl,...,c,)
Example
Po(S3) =
(0;3,3,3,3,3,3,3) (0;2,2,2,2,3,3,3,3) (0;2,2,2,2,2,2,2,2.3)
(1;3,3,3,3) (1,2,2,2,2,3) (2;3)

v

A. Wootton (University of Portland) AAS Groups April 19, 2024 9/19



An Example: Finding Actual Signatures

Ag(S3): tuples (h; my, ..., m,) from Pgy(S3) such that there exists a

generating vector of group elements (ai, by, ..., ag, bg, c1,. .., ¢/) with:
o ’C," = m;
o 1 ,lai, bi] [[}=; ¢ = ec (the long relation)
o 53 = <al,b1,...,ag,bg,c1,...,c,)
Example
Po(S3) =
(0;3,3,3,3,3,3,3) (0;,2,2,2,2,3,3,3,3) (0;2,2,2,2,2,2,2,2,3)
(1;3,3,3,3) (1,2,2,2,2,3) (2;3)
Example
Ag(S3) =
(0;2,2,2,2,3,3,3,3) (0;2,2,2,2,2,2,2,2,3)
(1;3,3,3,3) (1,2,2,2,2,3) (2;3)
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Central Question and Motivation

Fact

For a finite group G, finding potential signatures is easy, but finding actual
signatures is difficult.

v
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Two questions:

@ In what ways can a potential signature fail to be an actual signature?
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Central Question and Motivation

Fact

For a finite group G, finding potential signatures is easy, but finding actual
signatures is difficult.

Central Questions
Two questions:
@ In what ways can a potential signature fail to be an actual signature?

@ For a given finite group G, how much bigger is the potential signature
space versus the actual signatures space?
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Previous Results and Question of the Day

Theorem
(Bozlee, W, 2014) For o in the genus spectrum of G, we have:

A6)] _
A P(C)
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A6)] _
A P(C)

i.e. eventually, most potential signatures are actual signatures!

Question
Are there any groups for which |P(G)| — | A(G)| is finite?
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Previous Results and Question of the Day

Theorem
(Bozlee, W, 2014) For o in the genus spectrum of G, we have:

i (6)

=1
o0 [P(G)]

i.e. eventually, most potential signatures are actual signatures!

Question
Are there any groups for which |P(G)| — | A(G)]| is finite?

Definition
A group G is said to act with almost all signatures (or is AAS) if
|P(G)| — |A(G)] is finite
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Potential Versus Actual Signatures

Reasons why a potential signature can fail to be an actual signarture:
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generate G.
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@ No choice of elements in the generating vector can be chosen to
generate G.

@ The long relation does not hold.

» There are orders of elements of G which are not orders of commutators.
» Products of elements of a certain order can never create a relation.
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Potential Versus Actual Signatures

Reasons why a potential signature can fail to be an actual signarture:

@ No choice of elements in the generating vector can be chosen to
generate G.

@ The long relation does not hold.

» There are orders of elements of G which are not orders of commutators.
» Products of elements of a certain order can never create a relation.

If we can determine conditions on G to ensure these issues eventually
cease, then G will be an AAS group!
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Conditions for a Group to be AAS

Let O(G) = {Ord(g)|g € G} — {1} be the order set of G. Then:
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Conditions for a Group to be AAS

Let O(G) = {Ord(g)|g € G} — {1} be the order set of G. Then:

Theorem
(Carvacho, Paulhus, Tucker, W, 2021) A group G is AAS if and only if

@ The commutatator subgroup [G, G] contains an element of order n;
for every nj € O(G).

@ G is generated by elements of order n; for every n; € O(G).

Basic Idea: Once either h or r gets big enough, we can always construct
an (h; my,..., m,)-generating vector for G.
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Necessity of the Conditions
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Necessity of the Conditions

© The commutatator subgroup [G, G] contains an element of order n;
for every n; € O(G).
@ G is generated by elements of order n; for every n; € O(G).

If (1) is false, then there are potential signatures of the form (h, n;) for
h > 0 that are never actual signatures.
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Necessity of the Conditions

© The commutatator subgroup [G, G] contains an element of order n;
for every n; € O(G).
@ G is generated by elements of order n; for every n; € O(G).
If (1) is false, then there are potential signatures of the form (h, n;) for
h > 0 that are never actual signatures.
If (2) is false then there are potential signatures of the form (0; n;, ..., n;)
that are never actual signatures.
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The Sufficiency of Condition (i)

Assuming [G, G] has elements of every order, once h is sufficiently large,

we can choose a (h; m1, ..., m,)-generating vector for G as follows:

(31, bl, a, bg, ...y dap, bh, Clyo vy Cr)
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The Sufficiency of Condition (i)

Assuming [G, G] has elements of every order, once h is sufficiently large,

we can choose a (h; m1, ..., m,)-generating vector for G as follows:

(31, bl, a, bg, ...y dap, bh, Clyo vy Cr)

e Choose ¢y, ..., ¢, to be elements in [G, G]
@ Choose the last 2s elements ap,_g, ... by to be a set of generators of G

@ Choose the remaining as, ..., by_s_1 to cancel in the long relation
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The Sufficiency of Condition (ii)

Assuming G is generated by elements of every order, then once r is
sufficiently large, there will be some n € O(G) which appears enough times
in the signature so we can choose a (h; my, ..., m,)-generating vector for
G as follows (assuming all n's appear at the end of the signature):
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@ Choose all elements not of order n arbitrarily with order as required.
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sufficiently large, there will be some n € O(G) which appears enough times
in the signature so we can choose a (h; my, ..., m,)-generating vector for
G as follows (assuming all n's appear at the end of the signature):

@ Choose all elements not of order n arbitrarily with order as required.

@ Choose the first few elements of order n so they generate G.
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The Sufficiency of Condition (ii)

Assuming G is generated by elements of every order, then once r is
sufficiently large, there will be some n € O(G) which appears enough times
in the signature so we can choose a (h; my, ..., m,)-generating vector for
G as follows (assuming all n's appear at the end of the signature):

@ Choose all elements not of order n arbitrarily with order as required.
@ Choose the first few elements of order n so they generate G.

@ Choose the remaining elements of order n so that the long relation is
satisified.

A. Wootton (University of Portland) AAS Groups April 19, 2024 16 /19



Consequences

Theorem
Any non-Abelian finite simple group is AAS.

@ Simple non-abelian groups all have commutator subgroup the full
group.
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Any non-Abelian finite simple group is AAS. }

@ Simple non-abelian groups all have commutator subgroup the full
group.

© Take an element of order n; . The set of conjugates of that element
generate a normal subgroup. Since simple, this is all of G.
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Consequences

Theorem
Any non-Abelian finite simple group is AAS. J

@ Simple non-abelian groups all have commutator subgroup the full
group.

© Take an element of order n; . The set of conjugates of that element
generate a normal subgroup. Since simple, this is all of G.

Current/Future Work: For Individual/Families of Simple Groups find the
set of non-signatures (Jen will talk about our current work on Ap).
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Further Consequences

Theorem

If a group G is AAS, then it is either a non-Abelian p-group or a perfect
group.

@ A perfect group is one where the commutator subgroup is the whole
group.
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Further Consequences

Theorem

If a group G is AAS, then it is either a non-Abelian p-group or a perfect
group.

@ A perfect group is one where the commutator subgroup is the whole
group.

@ If G is not perfect, then G/[G, G] is an Abelian group. Since G is
generated by elements of every order, so is G/[G, G].

© G/[G, G] is Abelian, hence must be elementary Abelian.
@ Hence G is a p-group.
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Final Remarks

@ Not every non-Abelian p-group is AAS.
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which 117 are not AAS.
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Final Remarks

@ Not every non-Abelian p-group is AAS.
» No metacyclic p-groups are AAS (the commutator is too small).
@ Not all perfect groups are AAS

» Using Magma, there are 229 perfect groups up to order 50,000 of
which 117 are not AAS.

We are currently continuing our work in trying to find a more unifying
statement on what it means for a group to be AAS.
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