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Setup

X a compact Riemann surface of X
genus g with G = Aut(X) (finite) l

The set of orbits of the action is

X/G, also a compact Riemann X/G
surface.

The natural map X — X/G gives us a branched covering
branched at r places.



Riemann’s Existence Theorem

A finite group G acts on a compact Riemann surface X of
genus g >1 if and only if there are elements of the group

a,by,...,a,,b,,c4,...,C,

which generate the group, satisfy the following equation,

(a, b] = aba™'b~!

h is the genus of X/G
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A finite group G acts on a compact Riemann surface X of
genus g >1 if and only if there are elements of the group

a,by,...,a,,b,,c4,...,C,

which generate the group, satisfy the following equation,

i=1 j=1
and so that m; = ord(cj) satisfy the Riemann Hurwitz formula

_ IR o
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generating vector: (a, by, ...,a,,b,,cq, ..., C,)




[ Easy to compute.

Potential signatures are those signatures [h; m, ..., m, ]
which satisfy the Riemann Hurwitz formula:

_ _nadély(,_L
g=1+IGI(h—1)+— Z(l m>

j=1 J

Actual signatures are those which also have a generating
vector associated to them.

\ Hard to compute.



Our Question

Which groups only have a finite number of
potential signatures which fail to be actual
signatures?

We say such groups act with almost all signatures
(or are AAS).




Carvacho, P., Tucker, Wootton (2021)

Any non-abelian finite simple group is AAS.




Carvacho, P., Tucker, Wootton (2021)

Any non-abelian finite simple group is AAS.

Question

Classify all actions for non-abelian finite
simple groups.




O(G) = {Ord(g) : g € G} — {1} is the order set.

With a very small number of exceptions, any signature
of the form

[h;ng, ...,n, 0y, ooy ooy A, oo B ]

—

t 1 t

A

forn. € O(G) and t; € Z7 is a potential signature.



P., Wootton

For any non-abelian finite simple group G, any
potential signature [/;m,, ...,m ] with i > 1 and the
set of m; € O(G) possibly empty (i.e. no ramification)
is an actual signature.

We need to find generators a,, by, ..., a,, b,, ¢y, ..., ¢, in
G (may be no ¢;) so that:

h r
H[ai, bl-]ch = 1,.
j=1

i=1




Ore Conjecture

If G is a finite non-abelian simple group, then every
element of G is a commutator.

e Ore proved for A, (1957)

e Thompson proved for PSL(2, g) (1961-1962)

e Neubiiser, Pahlings, Cleuvers for the sporadic
simple groups (1984)

e Ellers and Gordeev (1998) and Liebeck, O’Brien,
Shalev, and Tiep (2010) for simple groups of Lie
type




It is well known that finite simple groups may be generated
by two elements in the group

Pick a;, and b, two generators of the group. If r > 1, also
choose ¢; arbitrary elements of the group of order m..

Since every element of the group is a commutator,
(lay,, by] - cl---c,,)_1 is a commutator, call it [a,, b{]. It h > 2
wealsoleta,=b,=1,for 1 <i < h.

Then ﬁ [a. b1 ] [ i = 1,
i=1



Question

Classify all actions for non-abelian finite
simple groups.




Question

the alternating groups

Classify all actions for nen-abelian-finite

simple groups.

with quotient genus > 0.




Higman/Conder (1980)

The signature [0; 2, 3, 7] is the actual signature
for the alternating group A, for all but a finite
number of 7.

In particular all n > 168 work. There are 64

cases for n < 167 where this signature does not
act.




MacBeath (1961)

The signature [0; 2, 3, 7] is the actual signature

for the group PSL(2,q) if and only if g satisfies
one of the following:

e g=7
e g=pforaprimep ==x1mod7

e g=p’foraprimep ==+2, +3 mod 7




P., Wootton (Theorem/Conjecture)

Except for n = 5 or 6, every potential
signature [h; m,,...,m ] forh > 1isan
actual signature for the group A,

In As, there is no action with signature [1; 2] and
in A¢ there is no action with signature [1; 3].



P., Wootton (Theorem/Conjecture)

Except for n = 5 or 6, every potential
signature [h; m,,...,m ] forh > 1isan
actual signature for the group A,

Definitely true for n < 12 and n > 60ish.




For h = 1 weneedtofindcy,...,c,and a, b in
A sothat aba™'b~1c,---c, = 1, and these
elements generate A,.

Two different cases:
e at least 2 branch points (periods)

e 1 branch point: [1; k]

e (can’t have no ramification with 2 = 1)
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e By aresult of Bertram (1972), any element of A, can be
written as the product of two cycles of prime length p for
p > 3n/4 if such a prime exists.



e By aresult of Bertram (1972), any element of A, can be
written as the product of two cycles of prime length p for
p > 3n/4 if such a prime exists.

e There always exists a prime p with 3n/4 < p < n — 2 for
sufficiently large n. So find such prime cycles for the
element (c;---c,)” .. Call the prime cycles a and b,.

/

We describe how to choose the c; a few slides from now.



e By aresult of Bertram (1972), any element of A, can be
written as the product of two cycles of prime length p for
p > 3n/4 if such a prime exists.

e There always exists a prime p with 3n/4 < p < n — 3 for
sufficiently large n. So find such prime cycles for the
element (c;---c,)” .. Call the prime cycles a and b,.

e Any two p-cycles (if p is less than n—1) are conjugatein A,
so b; = ba~'b~! and then [a, b] - ¢;---c, = 1.



A subgroup G of A, 1s transitive if every number in

Q={1,...,n} is sent to every other number via some
element of the subgroup. In other words, the action of

the subgroup on €2 is transitive.



A subgroup G of A, 1s transitive if every number in

Q={1,...,n} is sent to every other number via some
element of the subgroup. In other words, the action of

the subgroup on €2 is transitive.

A subset B of €2 is called a block if every element of G
either fixes B or sends all elements of B outside of B.

A group G is primitive if it is transitive and its only blocks
are the whole group, the empty set, and sets containing
single elements of €.



A classical result attributed to Jordan says that a
subgroup of $, which is a primitive permutation group
and contains a p-cycle for some prime number
p<n—2mustbeA, ors,.

Miller (1928)

If a transitive group of degree n contains a cycle of

prime order p for n/2 < p < n — 3 it must be
either the alternating or symmetric group.




Miller (1928)

If a transitive group of degree n contains a cycle of

prime order p for n/2 < p < n — 3 it must be
either the alternating or symmetric group.

For two or more periods, we show that ¢, ..., ¢, can be
chosen to give a transitive action. Then by Miller’s

result, a, b, cq, ..., c,. generate all of A, ..




Two different cases:
e at least 2 branch points (periods)

e 1branch point: [1; m]

e (can’t have no ramification with 2 = 1)

We must find a, b, c which generate A, with ord(c) = m
and so that [a, b] - ¢ = lAn orb~la"'ba = c.



A classical result attributed to Jordan says that a
subgroup of $, which is a primitive permutation group
and contains a p-cycle for some prime number
p<n-—2mustbeA, ors,.

Jones (2013, Corollary 1.3)

Let G be a primitive permutation group of finite

degree n, containing a cycle with k fixed points. Then
G>A,itk > 3.




Bertram’s result actually says that every element can be

3n
written as a product of two £-cycles for any [TW <?<n.

We write the element ¢ as a product of two £-cycles for
£ = n — 3 orn — 4 (depending on parity of n).

We use these £-cycles (and in a few cases specify the
cycle type of ¢) to prove primitivity.






