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Gou Nakamura (AIT) The group of automorphisms of Klein surface: April 20, 2024 2/40



Purpose

Klein surface: a topological surface together with a dianalytic
structure
In this talk we consider non-orientable closed ones.

©@ We present the group of automorphisms of extremal Klein
surfaces of small genus.

Gou Nakamura (AIT) The group of automorphisms of Klein surface: April 20, 2024 2/40



Purpose

Klein surface: a topological surface together with a dianalytic
structure

In this talk we consider non-orientable closed ones.
©@ We present the group of automorphisms of extremal Klein
surfaces of small genus.

© We characterize the complex double of extremal Klein surfaces
of genus 3.

Gou Nakamura (AIT) The group of automorphisms of Klein surface: April 20, 2024 2/40



Purpose

Klein surface: a topological surface together with a dianalytic
structure

In this talk we consider non-orientable closed ones.
©@ We present the group of automorphisms of extremal Klein
surfaces of small genus.

© We characterize the complex double of extremal Klein surfaces
of genus 3.

o Fuchsian group representation,

Gou Nakamura (AIT) The group of automorphisms of Klein surface: April 20, 2024 2/40



Purpose

Klein surface: a topological surface together with a dianalytic
structure

In this talk we consider non-orientable closed ones.
©@ We present the group of automorphisms of extremal Klein
surfaces of small genus.

© We characterize the complex double of extremal Klein surfaces
of genus 3.

o Fuchsian group representation,
o global coordinates in Teichmiiller space of genus 2,

Gou Nakamura (AIT) The group of automorphisms of Klein surface: April 20, 2024 2/40



Purpose

Klein surface: a topological surface together with a dianalytic
structure

In this talk we consider non-orientable closed ones.
©@ We present the group of automorphisms of extremal Klein
surfaces of small genus.

© We characterize the complex double of extremal Klein surfaces
of genus 3.

o Fuchsian group representation,
o global coordinates in Teichmiiller space of genus 2,
e algebraic equation (unfinished).
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Extremal surfaces

S: a closed hyperbolic surface of genus g.

S:deafn extremal surface

<= S contains an extremal disk, i.e. the largest disk of which
radius is determined by g and the orientability of S.
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Extremal surfaces

S: a closed hyperbolic surface of genus g.
S:dafm extremal surface
<= S contains an extremal disk, i.e. the largest disk of which
radius is determined by g and the orientability of S.
iff :
<= d: a regular N-gon as a fundamental region,

| 12g — 6-gon (if S is orientable)
where V' = { 6g — 6-gon (if S is non-orientable)
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Extremal surfaces

S: a closed hyperbolic surface of genus g.
S:dzfm extremal surface
<= S contains an extremal disk, i.e. the largest disk of which
radius is determined by g and the orientability of S.
iff :
<= d: a regular N-gon as a fundamental region,
| 12g — 6-gon (if S is orientable)
where N = { 6g — 6-gon (if S is non-orientable)

Closed Riemann surface of genus 2

area(D)

—— =~ 0.939693.
area(.S)
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Sy a closed Riemann surface of genus g = 2

1
area(Dy) _ 2m(cosh R, — 1) _ Zsin(n/(129-6)) 1
area(S,) 2mw(2g — 2) 2g — 2

g—roo

3
— =~ 0.95493.
™
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Extremal Riemann surfaces of genus 2

Theorem 1.1 (Girondo—Gonzalez-Diez (2002), N (2002))

There exist exactly 9 extremal Riemann surfaces X1, ..., Xg of
genus 2, and all the centers of extremal disks are obtained.

Girondo—Gonzélez-Diez also obtained the Weierstrass points and the
group of automorphisms for these surfaces.
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Extremal Klein surfaces of genus 3

Theorem 1.2 (Girondo-N (2007))

There exist exactly 11 extremal Klein surfaces S1,...,S11 of genus
3, and all the centers of extremal disks are obtained.
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The group of automorphisms of S

AUt(Sl) = D3 X Zy = <0', J> X <JT>

t(z) =2(C —2)/(1-C2) ~ T,
s(z) = e?™/3z2 «~ 0.

](z) — e 5mi/65 J
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The group of automorphisms of Sq,...,S11

Surface Aut
S1 D3 X 7o
So Zig
53 Lo X Zip
Sy Lo X Zig
S5 Zz
Se Zig X Zig
Sy lig X Zig
Ss Lig X Zig
Sg Lo X Zin
S0 | D3 X Zy
Si1 Lo X Zig
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Theorem 1.3 (N, 2009)

There exist 144 non-orientable extremal surfaces of genus 4. They
admit at most two extremal discs, and 22 of them admit exactly two

extremal discs.

ZgXZz

11/40
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Theorem 1.4 (N. 2012)

There exist 3,627 non-orientable extremal surfaces of genus 5. They
contain at most two extremal discs, and 17 of them contain exactly
two extremal discs.
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Theorem 1.5 (N, 2016)

There exist 149,279 non-orientable extremal surfaces of genus 6.

They admit at most two extremal discs, and 107 of them admit
exactly two.
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April 20, 2024
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Theorem 1.6 (W. Hall, 1978)

The maximum order for an automorphism of a closed non-orientable
surface of genus g = 3 is 2g if g is odd; 2(g — 1) if g is even.

For g = 6, we have two examples of order 10 = 2(g — 1).

We can obtain sequences { Xa,, } of closed non-orientable extremal
surfaces of genus 2m (m > 2). .
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The complex double of a Klein surface

S a Klein surface of algebraic genus p = 2
p := #{cross caps} + #{boundary components} — 1
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The complex double of a Klein surface

S a Klein surface of algebraic genus p = 2

p := #{cross caps} + #{boundary components} — 1
= S =D/T, I": an NEC surface group
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The complex double of a Klein surface

S a Klein surface of algebraic genus p = 2

p := #{cross caps} + #{boundary components} — 1
= S =D/T, I": an NEC surface group

't :=T N Aut*(D): the canonical Fuchsian group of T
[C:TF] =2
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The complex double of a Klein surface

S a Klein surface of algebraic genus p = 2

p := #{cross caps} + #{boundary components} — 1
= S =D/T, I": an NEC surface group

't :=T N Aut*(D): the canonical Fuchsian group of T
[C:TF] =2

Sc := D/T'*: the complex double of S
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The complex double of S}
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- The complex doubles Si¢c, ..., S11cC

()
—

00
JUE
i
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An NEC representation of S

S; = D/T.
3

Generators of I': a4, as, as, da, dg, ds.

a;:1—1, a3:3—>3, a5:5—5,
d222—)2*, d4:4—)4*, dg : 6 — 6*.
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An NEC representation of S

S; = D/T.
3

Generators of I': a4, as, as, da, dg, ds.

1:1—>1, a3:3—3", a5:5—5,
d222—)2*, d4:4—)4*, dg : 6 — 6*.

Relations:

d?a7' =1, d?a;' =1, d%a;'=1, asaza; = 1.
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A Fuchsian representation of Si¢

SlC — D/F+

Generators of I'T. ) .
ai, as, d2 d47 d2 d4 9 as,
1 -1 ;-1 -1 _-1 -1 _-1
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A Fuchsian representation of Si¢

SlC — D/F+

Generators of I'T. ) .
ai, as, d2 d47 d2 d4 9 as,
1 -1 ;-1 -1 _-1 -1 _-1

Relatilons:1 . - )
(dy a5 d2)(dy "de)(ded2) = 1, (d; dg )as(dg d2) =1,
(d;1a5d2)(d2_1a3d2)a1 = 1, al_lagla,gl = ]_,

(dads)(d3 a3 dy)(d3 dy) = 1, as(dy'dy)(d;'d;") = 1.

Gou Nakamura (AIT) The group of automorphisms of Klein surface: April 20, 2024 23 /40



Global coordinates of Si¢

We consider the global coodinates of S1¢ with a certain marking in
the Teichmuller space of genus two.
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A model of the Teichmiiller space of genus 2

Schmutz Schaller defiend Teichmiiller space T of genus g = 2 by
using “canonical” polygons (1999). Following the idea, we give a
model of Teichmuiller space of genus 2 and consider a global
coordinate system of 5.

as a x, := cosha,,

ay b x4 := cosh asq,
a2 x3 := cosh ag,

d6 a x4 := cosh(b;/2),
b 3
a by x5 := cosh(by/2),
5
4 x¢ := cosh(bs/2),

x7 := cosh(by/2).
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Theorem 2.1 (N, 2012)

There exists an embedding of Ty into RY ; :

®:T; — RL,; S (x1,...,xq) satisfying the following
conditions:

Q@ |X|<1|Y|<1|Z|<1;

@ X+Y+Z-1>21-X)1-Y)1 - 2),

@ A2+ B?24+C?+D?*+2ABCD —2
=2,/(1—A%)(1 - B?)(1 - C?)(1 — D?),

where X,Y, Z, A, B, C, D are variables determined by x4, ..., x7.
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The coordinates of SlC in 75

Sic
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The coordinates of Sic is approximately
(96.00, 41.28, , 57.58, 232.9, 37.55, 1.366).

We have constructed two mapping classes, a reducible one and a
periodic one (to appear in Conformal Geometry and Dynamics). By
their actions we will obtain different coordinates of Sic.
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Symmetric Riemann surfaces

A closed Riemann surface X is said to be symmetric if it admits an
anticonformal involution o : X — X. o is called a symmetry of X.

(X, o) and (Y, ) are isomorphic if there exists an conformal
homeomorphism f : X — Y such that foo =70 f.

X4f>Y

x .y

R._
M, = -
{isomorphism classes of symmetric Riemann surfaces of genus g}
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The topological type of (X, o) is the triple

(9, k,€),

where g is the genus of X, k is the number of connected
components of Fix(o), and

[ 1 if X \ Fix(o) is connected,
~ | 0 otherwise

Mgke) =
{(X,0) € M7 | (X,0) has topological type (g, k,€)}
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Topological type: g = 0,1

Mﬂé = M0,1,0) U M0,0,1)
={(C,z—2)}U{(C,z— —1/2)}

~> closed disk real projective plane.
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Topological type: g = 0,1

Mﬂé = M0,1,0) U M0,0,1)
={(C,z—2)}U{(C,z— —1/2)}

~> closed disk real projective plane.

Mi& e M(1’2,0) U M(l,l,l) U M(I,O,l)'

~+ annulus  Klein bottle  Mobius strip
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Topological type: g = 2

M3 = Mz,0 U M@zz1) UMz UMeioUMeon.

~s
- spheres with 3 holes.

- projective planes with 2 holes,

- connected sums of two projective planes with a hole,
- tori with a hole,

- connected sums of 3 projective planes.

Theorem 3.1 (Weichold,1883)

The number of topological type is |
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Algebraic equations of Sic, ..., S11c

Theorem 3.2 (Cirre, Pacific J. of Math. 208, 2003)

M5 = M50 UMz UMz UMeienUMeon).

M3 X(a,b,¢c) = {y> =z(xz—1)(x—a)(z—b)(x—c)},
M2 X(a,b,¢) = {y? = (z*+1)(x —a)(z—b)(x— )},
M1,y X(a,b,¢) = {y* = z((z—a)*+b*)((x—c)*+1)},
M0 : X(a,b,c)
={y> = (2?2 +1)(2®> + a?)((z — b)®> + ?)},
M2,01) : X(a,b,c)
= {y* = —(¢* + 1)(2* + a®)((z — b)* + )}

There are some relations between a, b, and c.
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PtA={0<a<1,b=20,c>0,

(0,a) # (b, c) # (0,1),
(a> —c)(c—1) £ b?> < a— ).

Theorem 3.3 (Cirre, 2003)

¥:A = Meo,1);(a,b,c) = X(a,b,c) is a bijection, where

X(a,b,c) = {y* = —(2* + 1)(z* + a®)((z — b)* + c*)}).
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Aut(X,o0) :={f: X — X |
a conformal homeomorphism such that f o o = o o f}

M(gakas)(H) = {(X’ 0.) E M(gvkve) | AUt(X’ 0-) = H}
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Theorem 3.4 (Cirre, 2003)
A=DUSUCUL,

D — Mz0.1)(Ca),
S l) M(25051)(D2)’
C i) M(Q,O,l)(D4),
L i) M(2,0,1)(D6),
where D = {b > 0, (a® — ¢)(c — 1) < b*> < a — c?},
S={b>0,(a’?—c)(c—1) =b*>* < a—c?}
U{b > 0,(a® —c)(c—1) < b*>* =a — c*}
U{b =0,c < a?},
C ={b=0,c=a?}
L={b>0,(a*>—c)(c—1) =b*=a — c?}
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Since we know Aut(S7),..., Aut(S11), we have the following
result:

+ 820, S5c € D 5 M(2,01)(C2)
- S3¢,84¢, Secs S7cs Sscs Socs S11c € S < M(2,0,1)(D2)
- S1¢yS10c € L < M(2,0,1)(Dg)
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