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Let k be a field and ¢ € k(x), say ¢(x) = X) for F,G € k[x]. A point P! is called a fixed point for ¢ if
¢(= .Hence, is a fixed point if it is a root of the following polynomial

S(x) := F(x) — x G(x),

which is at most a degree (d + 1) equation in x. Hence, a degree d rational function has at most (d + 1) fixed
points. We denote the set of fixed point of ¢ by Fix(¢). Notice that if the set

Fix(¢) = {w1,..., way1}
is known, then we can uniquely determine the rational function ¢ by solving the linear system
F(w;) —w; G(w;) =0,

fori=1,...,d+ 1 in terms of the coefficients of F and G. A function ¢ has less than d + 1 fixed points exactly
when the discriminant A(S, x) vanishes.

An automorphism of ¢ is called an automorphism of k(¢)/k. Hence, any o € Aut(k(x)/k) such that

¢ oo =0co0¢. Inother words, any o € PGLy(k) such that ¢ o 0 = 0 0 ¢. The set of automorphisms of ¢ is
Aut(k(¢)/k) and isomorphic to

Aut(¢) :={o € PGLy(k) : codpoo ™t = ¢}

Lemma
Aut(¢) acts on Fix(¢) by permutation. Moreover, if p € Fix(c) and o € Aut(¢) then ¢(p) € Fix(c).
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Thus, Aut(¢) is finite since it permutes the finite set of fixed points of ¢(x). Since (o has no fixed points in
Fix(¢) \ Fix(c), then |Fix(¢) \ Fix(c)| = |o| - #orbits. Hence, if o € Aut(¢) then |m| divides the cardinality of
Fix(¢) \ Fix(o).
Proposition

Let G := Aut(¢), o € G, such that |o| = m. Then H := (0 acts on $—1(0) and ¢~*(c0). Hence, ¢(x) can be
written as

B(x) = xp(x"),

where (x) is a rational function. Moreover, for G =2 A4, Sy, As then m = 2,4,5.

Let o € PGLy(k), such that o = (i :) For F(x) € k[x], denote by

F7(x) := F(ax + b, cx + d). (1)

Two rational functions f, g € F4 are called k-equivalent if and only if there exists a matrix o € PGLy(k) such
that g = 0~ o f 0 6. We denote by
fo:=clofoo (2)

Notice two different uses of notation f? for rational functions and F? for binary forms. The function
¢ = o 1o is explicitly given as

eF(ax + b,cx+e) —bG(ax+b,cx+e)  eF? —bG?
—cF(ax+ b,cx+e)+aG(ax+ b,cx+e) —cF7 +aG’

(07 ¢0) (x) = 3)
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Let G := Aut(¢), o € G, such that |o| = m. Then H := (¢ acts on ¢~1(0) and ¢ ~1(c0). Hence, ¢(x) can be
written as

B(x) = xp(x™),
where (x) is a rational function. Moreover, for G 2 Ay, Sa, As then m = 2,4,5.
Lemma .
Let G := Aut(¢), o € G, such that || = m and ¢(x) = x 2((’;,,,)) as in ??. Then 7(x) = % is an automorphism
of ¢ (i.e. T € G) if and only if

x5 4+ asflx(s_l)’" +...+ax"+1

P(x) = x xS 4 gy x(s=Dm 1 4 as_1x™ + 1
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Theorem
Let ¢(x) € k(x), deg ¢ = d > 2, and G = Aut(¢). Then one of the following occurs:
1. Cp, — G : Let
h(x) = A(a1, ..., ar, x) _ XM 4 g, xTOM g x™ 11
T A(br, - by X)Xt by X =DM 4 pyxm 11
Cm < G if and only if one of the following cases occurs: i) m | (d — 1), r = d—;l and ¢(x) = x h(x). ii)m|d, r=2,
and ¢(x) = x h(x).
2. Dy < G if and only if
F(x™) x™M 4+ a,,lx('_l)m +rax™+1
Bx) = x )
G(xm) 14 b1 x™ 4 -« - byx(r=1)m 4 xrm
where r is determined as follows: i) m | (d — 1) and r = d—;l
i)m|dandr= 2.
4
3. Ay < G: Thend =1 mod 2 and ¢(x) can be written as ¢(x) = x gi;;
4
4. Sy < G: Then (d,6) = 1 and ¢(x) can be written as where ¢(x) = XZE);“;
5
5. As < G: Then d = 1,11,19,29 mod 30 and ¢(x) can be written as where ¢(x) = X%
We summarize all cases in the following table.
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(G ] m [ 0 T 60) [degp() [ degq(x) ]
T
Cm m|d a1 X’;Eiﬂ) @t by
Cm m|d -1 ngﬁg a1 by
Cm mld—1 R 1| x B | d-1 <d
Cn | mld+1 | 281 | xo) J e
— Xm
D[ mldt | G [xxm | 4 | 4
Dn | mlds 0 | xEm | d-1 ‘
Dn | mld+1 | &1 | xebky J ?
3
’ A ‘ d=1mod 2 ‘ 12] ‘ x ZEX“; ‘ J ‘ !
s
(s ]| @o=1 | & [ %] o [ 4
5
wo [azimeasn [ g [ 22 [ ¢ | e
As | d=11mod30 | |4] 52;5 ¢ ‘
w | aziomean | g | A9 | g ’
As d = 29 mod 30 L%J % d !
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The action of PGL2(k) on V, extends naturally to an action on F4. For each o € PGLa(k) such that (j :)

we have
PGLQ(k) X ]:d — ]:d

((j :) vf(X:y)> S = oo,

Let ¢ := E—‘l) and ¢ = g—g be degree d > 2 rational functions. By ??, ¢ and 1 are k-equivalent if and only if

there is o = (i Z) € PGLy(k) such that
Gy =eFJ —bF{ and Gy = —cFj +aFf. (4)
For d > 2 and ¢(x,y) = i‘;gi; define its associated pair of binary forms
OFy  OF
Zf:=yFo—xF; and Jf:= 7o, v (5)
ox Jy

Notice that Zr € V41 and Jr € Vy_1.

Theorem
Let f,g € Fq and o € PGLy(k). Then g = f° if and only if

Ig =17 and Jg=UJ7%.

Since the pair of binary forms (Zr, J¢) determines the rational function f, we want to use the classical theory of
hinarv farme +a detarmine invariante far £ Deafine +the man



The action of GL(k) on V4 induces an action of GLa(k) in Vi1 @ Vy_1. To determine the isomorphism
classes of degree d rational functions we have to determine the ring of invariants of Vg1 @& Vy_1.
Let V be an SLy-module and O(V) the algebra of polynomial functions on V. SLy(k) acts on O(V) via

M-p(fi,....f) = p(M~fi,...,M7IF),

for every M € SLy(k). An invariant of V is an element J € O(V) such that MJ = J, for all M € SLy(k). The
set of invariants is denoted by O(V)3t2.
A transvectant (J, 1), is called irrelevant if there exist Ji, b, i,k and i, h such that

I=h+h, J=h+hb, I=h§-h,

and h <ordJj,ordly, and lh < ordl,ordl.
Let V and W be two SL>-modules whose covariants are finitely generated. Assume
I P A are the generators of the covariants of V

[ A are the generators of the covariants of W.

Theorem (Clebsch)
Then the covariants of V @& W are also finitely generated. Moreover, a finite generating system of V. @ W can

be chosen from the set of all transvectants

[4,1, for 1>0

)

where J is a monomial in the J;'s and | a monomial in the IJs In other words, by the non-irrelevant
transvectants [J, 1];.



We illustrate the above theorem with examples of degree d = 3, 4.

Example (Cubics)
Letd =3, F € V4 and G € V,. Generators of V are

J=(F,F), J=(F,F)s, J=((F,F)2F)a,
and the generator of V, is I, = (G, G)2. Then the non-irrelevant transvections are b, Jp, J3, and
(4, G*)a, (F,G%)a, (G2, (F, M),

which we denote them by J5, Jy, and Jg respectively.
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As an application of ?? we illustrate with rational functions of degree 3. In this case, the invariants of degree 3
rational functions are invariants of V = V4 @ V5. As an easy consequence of ?? for d = 3 we can determine
such invariants in terms of transvections. We describe such invariants explicitly below.

Let F(x,y) € V4 and G(x,y) € Vs say

F = apx* 4+ a3y + ax®y? + azxy® + azy*

7
G = box® + bixy + bay? ()

It is well known that the ring of invariants (’)(V)SL2 is generated by the invariants

h = (G, G), b= (F,F)a, Jo=((F,F)2, G4
b= ((F,F)2,F)a, Js=(F, G4, Jo=(G (F,(F,F)2)1)s
this follows from a result of Clebsch. The nullcone /\/(4,2) is the common zero set of all homogeneous elements
of positive degree in R4 2)
Proposition
The ring of invariants R4 > is generated by b, J», I3, J3, Ja, Jo which satisfy the suzuki
1 1 1

1 1 1 1
2 3.3 3,2 2 2 3 2 2 3
JG = 108 ’2 J2 - 18/2 /3 - glz.lz.% - 8I3J3 + 5/2/3./3./4 + ZJ2J3J4 - ZI2J2J4 - 5J4 (8)
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Next we want to be able to directly compute the above invariants from a degree three rational function. Let

fx,y) = E’g’f; where

Fo(x,y) = Aox® + A1xPy + Apxy® + Asy?, ©)
Fi(x,y) = Box® 4+ Bix?y + Boxy? + Bsy®

Then ¥(f) = (Zf, Tr), where
Ir= 7BOX4 + (Ao - Bl)X3y + (A1 - Bg)x2y2 + (A2 - B3)Xy3 + A3y4
T = (3A0 + B1) x* + 2(A1 + Bo)xy + (A2 + 3Bs)y?

Evaluated to (Zf, Jr) we have the above invariants easily computed as polynomials in
k[Ao, ..., As, Bo,...,Bs]. Thus, the tuple of invariants of ¢ is defined as

£(9) = (h(9), L2(0), 3(¢), J3(¢), Ja(¢), Js(¢))

Explicit formulas are displayed in ??.
Let us now compute the invariants of ™ as defined in ?? and check if they are really SLo-invariants. This
action of GLy(k) on F3 induces an action on k[Ao, ..., As, Bo, ..., B3] which takes

(AOa"'7A37BO7'~'7B3)_>( 67"'7 {%B(/):»Bé)
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as follows
Aé = a3er — aabBo + 32ceA1 — 82b651 + ac2eA2 — ab6282 + 636A3 — chB3
Ai = 332beA0 — 3a2%h? By + ae(ae + 2bc)A; — ab(ae — 2bc) By + ce(2ae + bc)Az
— bc(2ae + bc)B, + 3c%e®A; — 3bc%eBs
Ay = 3ab’eAg — 3ab> By + be(2ae + bc)A; — b*(2ae + bc)B; + €2(ae + 2bc)A,
— be(ae + 2bc)B, + 3ce3A3 — 3bce283
AL = bPeAg — b*By + b°e® Ay — b’eBy + be’ Ay — b*e’By + €' A3 — be’ B3
Bé = —a3cAo + aABo — azczAl + a3cBl — ac3A2 + azcsz — c4A3 + ac3B3
B = —3a’bcAg + 3a°bBy — ac(ae + 2bc)A; + a*(ae + 2bc)By — c(2ae + bc)Aa
+ ac(2ae + bc)B, — 3c3eA3 + 3aczeB3
B, = —3ab’cAq + 3a°b° By — bc(2ae + bc)A; + ab(2ae + bc)By — ce(ae 4 2bc)A;
+ ae(ae + 2bc)B, — 3c2eAs + 3ace’Bs
Bj = —b>cAg + ab®By — b’ceA; + ab’eB; — bce’ Ay + abe’ By — ce*As + ae’ By
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Thus, we computationally have proved the following:
Proposition
Invariants of $M as polynomials in k[Aé, R Bé] are given by
R(e") = N B(),  L(6") =22 2(e),  K(6M) =N K(9)

10
(M) = N Us(9),  Ja(eM) = N da(9),  Jo(¢M) = X° Jo(9) (o

where A = det(M)2. Two cubic rational functions f, g € F3 are equivalent if and only if there exists some
c € k* such that
(&), L&), (&), Js(g), Ja(g), Js(8)) = (ha(F), a(F), B(F), (F), * h(F), () )

Hence, the isomorphism classes of degree three rational functions correspond to points in the weighted
projective space WP, for weights w = (2,2,3,3,4,6).
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Let f € Rat%, G = Aut(f), and W its set of fixed points. Then we have the following result:

If C; < G then one of the following cases occur:

1. If G, fixes two points in W then f(x,y) = ieraer;, for a,b € k, ab# 1, and £((,,1) is a dimension 2

irreducible algebraic variety birationaly parametrized by (u, v) — (£o, &1, €2, €3, €4,0), where u = (a + b)?,
v=a—b. If a# —b then u:—%", v:—3§—g, and

7353 — 4 , b= *53 Ll , &= 7453 38
250 50 6&0 '

otherwise, §o = &3 =& =& =0, and 663 — (2+ &)(8 + &)? =

2 .3
2. If G, fixes one point in W then f(x,y) = ;{:;;:2, for a,b € k, ab # 1 and L((;,2) is a dimension 2

irreducible algebraic variety birationaly parametrized by (u, v) — (€0,&1,0,0,&4,&5), where u = a+ b,
v—abu— 50—451716' v = §0+128§1—24v and

&=

b= —% (365 +8(61—24) o +48(6&1 — 8)°), &5 = —%(€o+4€1—32) (€5 — 8(¢1 +8)éo +16(¢1 — 8)°) .



Rational Cubics Il

2 3
If V4 < G then we can take f(x,y) = ;{ﬁj}[:z for a® # 1. In particular, £(f) = [§0: €1 :0:0: —%5051 : 0]
such that 663 — (24 &)(8 + £1)? = 0. The locus L4 of such functions in Rat} is an irreducible algebraic curve

birationaly parametrized via

1
arr (50751707 0, —5505170>

where & = 2(a+3)? and & = 2(a — 1)2.

y3+ax3A * H
If C3 < G then we can take f(x,y) = P for a € k*. In particular,

E(F) =[—12&1 1 &1 : & 1 —248 1 —2£1(2&1 + 243) — 21685 : 27€1(81&1 + 3282)]

such that 0 = 8{% —3(9%1 + 452)2. The locus L3 of such functions in Rat% is an irreducible curve birationaly
parametrized via

a (1261, 61, €2, —24€2, —261(243 4 261) — 21665, —27£1(81&1 + 3262))

where & = 1a?, & = —5a%(2a+27).

3 3
If Ay < G then f(x,y) = Y_;yixx and. §(f) = [-18:3: -3 :99:153: 17017,

|fC4‘—>GorD4‘—>Gthenf(x,y):;—iandf(f):[18:%:0:0:—3:0]



Thank you!!
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