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Motivation and Background



Background - Theta Characteristics

Fix a smooth compact connected Riemann surface C.

A theta characteristic on C is a line bundle L — C such that L2 := L® L
is isomorphic to the canonical bundle Kz. The set of characteristics S(C)
is an affine space over Z, modelled on Pic(C)[2] = H.(C, 7o) = Z3E.

Part distinguished by their parity; a theta characteristic L is called
odd/even if dim H%(C, L) is odd/even. There are exactly 286—1(28 — 1)
odd theta characteristics and 2671(2¢ + 1) even theta characteristics.
Example: C = P!

Kpi = O(—2), and S(C) = {O(-1)}. dim H°(P*,O(-1)) = 0, so

characteristic is even.

Example: Tangent Hyperplanes
When C nonhyperelliptic, tangent planes to canonical embedding give

effective theta characteristics.



Background - Action of Automorphisms

(C) = 2. Fix a basis of H;(C,Z) with intersection matrix
J= ( 0 Ig) and denote the rational representation with
Aut( )
preserving parity.

Theorem (Kallel, Sjerve, 2010)
There is an isomorphism S(C) = 738 such that the parity of

x = (u,v) € Z3€ is q(x) = u- v and the action of f € Aut(C) is

Assume g

— Spy(Z). Aut(C) permutes theta characteristics,

f:x—R"x+v mod2,

where R = p,(f), R is its mod-2 reduction, and v; = ¥

RjiRjeiJjjr.

Changing isomorphism by translating by y € 728 ie. denoting
x = x' + y, the transform is then x’ — RTx' + v, where

v, =v+(RT —1)y.



Background - Invariant Characteristics: What Was Known

Theorem (Atiyah, 1971)
Any affine action over 7, preserving a quadratic form with nondegenerate

associated bilinear has a fixed point. Hence, every automorphism leaves
at least one characteristic invariant.

Theorem ([KS10])
The number of characteristics fixed by f is 2dimker( In particular,
when f has odd order, it fixes a unique characteristics iff g(C/{f)) = 0.

Theorem (Biswas, Gadgil, Sankaran, 2007, [KS10])
The hyperelliptic involution is the only automorphism to fix all

RT—1)

characteristics.

Example: (Burns, 1981, Dolgachev 1997, [KS10])

Klein's curve, the Hurwitz curve (i.e. |Aut(C)| = 84(g — 1)) in genus 3
with Aut(C) = PSL,(7), has a unique invariant characteristic.
Example: (Braden, Northover, 2012, Braden, DH, 2022)

Bring's curve, the curve in genus 4 with Aut(C) = Ss of maximal order,
has a unique invariant characteristic.



Motivation - Questions and Applications

Questions:

e Can we determine necessary and sufficient conditions for a Unique
Invariant Characteristic (UIC) under action of an even-order
automorphism? Under any G < Aut(C)?

e Are there infinitely many curves with a UIC?

e Answers for exceptionally symmetric curves?

e How to uncover what the right theorems should be?

Applications:

e Theta characteristics equivalent to spin structures on a Riemann
surface [Ati71], relevant for TQFT (Masbaum, 1997) and Floer
homology (Lin, 2022).

e Find effective even theta characteristics (Beauville, 2013), and so
possible applications to Schottky problem.

e Constructing Fano threefolds (Chelstov, Li, Ma'u, Pinardin, 2024).



Group Cohomology



Affine Representation as Group Cohomlogy

An affine representation of G on V which acts multiplicatively via
p:G—GL(V)is

GxV -V,
(g,x) — g-x:=p(g)x + v(g).

Lemma (Beckett, ?)
v determines an element of the group cohomology H*(G, V), zero iff the

affine rep is equivalent under a translation of V' to the linear action.

Take p = p; " and V = H;(C,Z,), the action on characteristics gives a
cocycle, trivial in H1(G, V) iff there exists a characteristic invariant under
G, and if invariant characteristics exist, there are 24mH’(G.V) many.



Cohomology of Cyclic Groups

Example: Cyclic Groups
G={f), A:=p(f)=RT, o(f)=n> 1.

HY(G,V) =Ker(A—1), HYG,V)=Ker(l +---+ A" 1 /Im(A— ).

When n odd, (A —I) is invertible iff 3}, _ Ak=1 = 0 iff g(C/{f)) =0
(Ries, 1993), recreating [KS10].

When n is even, again using Ries, necessary and sufficient condition is V/
such that 2/|n, g <C/<f(2/)>) = 0 (Braden, DH, 2024).



Subnormal Groups

Given N <1 G have the inflation-restriction exact sequence

0 — HY(G/N,VN) > HY(G, V) — HY(N, V)°/N,

Proposition (Braden, DH, 2024)
If there exists f € G such that f has odd order, {f) is subnormal in G,

and g(C/{f)) =0, then C has a unique theta characteristic invariant
under the action of G. We will call a curve with this property Subnormal

Odd Cyclic (50C).
The captures any even cyclic with a UIC.

Corollary (Braden, DH, 2024)

There are infinitely many curves, both hyperelliptic and non-hyperelliptic,
with a unique invariant characteristic.

Proof.

Consider y? = x?6*1 — 1 with Aut = Gg11 x G and

XMy + y™ + x" = 0 (coprime m, n where p:= m?> — mn+n*>> 7 is
prime = 1 mod 3) with Aut = C, x Gs. O



Numerical Computations




Tables of Orbits

f | Aut, ¢ | Odd | Even ||
2 (x2-1(x®2-a)(x®>—b) | G, (1,22 23 14,25 4
y2—(x*=1)(x®?—a)(x*—a"1) | V4, (0;25) 21,4 12,25,41 | 2
B— (X5 - 1) C5, (0; 53) 11,51 52 1
2 _(x0—ax3+1) Ss, (0;22,3%) | 6; 11,33 1
2 (x*-1) Ds, (0;23,3) 61 11,31,61 | 1
y2 — X(X4 — 1) 54 61 41,61 0

126 plane forms from [Bol87, Bar12, Wim95a, Sha07, MP21, Wim95b,
KR89, Swil6, BB16, MSSV02, Lef21, Hid17] in genera g < 9. Sage gives
pr (Bruin, Sijsling, Zotine, 2019), signatures use LMFDB. 52 with a UIC,
5 exceptions to SOC.



Machine Learning

Code from Behn, Rodriguez, Rojas, 2013 gets p, from the data of (G, c)
and choice of generating vector, provided g(C/G) = 0. Lots of such data
known (1326 up to topological equivalence in genera g < 11).

Machine classification! using features genus, group order, whether the
group action was large (in the sense |G| > 4(g — 1)), the maximum
power of 2 dividing the group order, the number of involutions in the
group, the number of involutions up to conjugacy, the number of odd
and even entries in the signature, the maximum entry of the signature,
and the dimension of the corresponding family.

Achieved accuracy ~ 93% in cross-validation when predicting if group
action gave UIC, suggesting signature-level data should give reasonable
estimate of existence of UIC. Estimating feature importance guides which
aspects to ignore when formulating conjectures.

IThanks to Jacob Bradley
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Hurwitz Curves




Table 2: Prediction, / = 1, all simple Hurwitz groups order < 10°

G | g | 1=1
PSL,(7) 3 True
PSL,(8) 7 False
PSL,(13) 14 True
PSL,(27) 118 True
PSL»(29) 146 True
PSL,(41) 411 False
PSL,(43) 474 True
N 2091 False
PSL,(71) 2131 False
PSL,(83) 3404 True
PSL,(97) 5433 False
b 7201 False
PSL,(113) | 8589 False
PSL,(125) | 11626 True 1



Dolgachev’s Exact Sequence

Proposition (Dolgachev, 1997)
Write Pic(G;C) = Div(C)¢/[M(C)*]®, have

0 — Hom(G,C*) — Pic(G;C) — Pic(C)® — H*(G,C*) — 0.

Proposition (Dolgachev, 1997)
Suppose G has signature (0; c1, ..., ¢/ ),take dy = 1, di = ged(c;),

dr» = ged(cjcj) etc., and N = lem(c;). Then
r—1 r 1
Pic(G:C) =22 | D Z/(di/di))Z|, Ke=N|r—2-) =7,
i=1 i
where ~y generates the 7 factor.

Example - Hurwitz Curves with G Simple
Hom(G,C*) = 0, H?(G,C*) known cyclic group,
c =(0;2,3,7) = Pic(G;C) = ZKe.
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Hurwitz Curves with Simple Automorphism Group

Proposition (Braden, DH, 2024)
Given a Hurwitz curve C with simple automorphism group G, and g € G

generating the stabiliser group Gp, = C,, either:

1. H?(G,C>) is cyclic of odd order, and C has no invariant
characteristics,

2. H?(G,C*) is cyclic of even order, the lifting order of g in2- G is 2,
and C has no invariant characteristics, or

3. H2(G, C*) is cyclic of even order, the lifting order of g in 2 - G is 4,
and C has exactly one invariant characteristic.

Proposition (Braden, DH, 2024)
If G = PSLy(q) (q odd), J», or Ru, C has a UIC.

If G = A, the answer is unknown but have criterion to determine,
otherwise C has no invariant characteristics.
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Outlook




e Necessary condition for a unique invariant characteristics?
e What lies beyond SOC?
e Structure of the orbit decomposition.

e Connecting the Dolgachev exact sequence to the group cohomology
approach.

e UICs for A,, Huwritz curves?
e Extension to rth-roots of the canoncial bundle.

e Machine scored 64% on simple Hurwitz curves - danger of
extrapolation.
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Extras - A, Hurwitz curves

Let vi—1,2,3, be generators order 2,3,7 in corresponding generating
vector, denote f; = |Fix(7;)|. 3h € Z=¢ such that

n=84(h—1) + 21 + 28f + 36f.

Lemma (Braden, DH, 2024)
UCeh—-1+f+fH+f#*0 mod?2.

First 5 entries from Etayo Gordejuela, Martinez, 2005.

(mihfi,f,f) | I=h—1+A+hHh+f mod 2
(15;0,3,0,1) 1
(21;0,1,3,0) 1
(22;0,2,1,1) 1
(28;0,4,1,0) 0
(29;0,1,2,1) 1
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