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Abstract

A Bely̆ı map β : P1(C)→ P1(C) is a rational function with at most
three critical values; we may assume these values are {0, 1, ∞}. A
Dessin d’Enfant is a planar bipartite graph obtained by considering
the preimage of a path between two of these critical values, usually
taken to be the line segment from 0 to 1. Such graphs can be drawn
on the sphere by composing with stereographic projection:
β−1

(
[0, 1]

)
⊆ P1(C) ' S2(R). Replacing P1 with an elliptic curve E ,

there is a similar definition of a Bely̆ı map β : E(C)→ P1(C). The
corresponding Dessin d’Enfant can be drawn on the torus by
composing with an elliptic logarithm: β−1

(
[0, 1]

)
⊆ E(C) ' T2(R).

In this talk, we discuss the problems of (1) constructing examples of
Bely̆ı maps for elliptic curves and (2) drawing Dessins d’Enfants on
the torus. This is work part of PRiME (Purdue Research in
Mathematics Experience) with Leonardo Azopardo, Sofia Lyrintzis,
Bronz McDaniels, Maxim Millan, Yesid Sánchez Arias, Danny
Sweeney, and Sarah Thomaz with assistance by Hongshan Li and Avi
Steiner.
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Examples
Monodromy
Motivating Questions

Riemann Surfaces

A Riemann Surface is a triple (X , {Uα}, {µα}) satisfying:

Coordinate Charts and Maps: For some countable indexing set I ,

X =
⋃
α∈I

Uα and µα : Uα ↪→ C.

Locally Euclidean: Each µα(Uα) is a connected, open subset of C;
and the composition µβ ◦ µα−1 is a smooth function.

C

⊆

µα (Uα ∩ Uβ)

µα
−1

−−−−→

X

⊆
Uα ∩ Uβ

µβ−−−−→

C

⊆

µβ (Uα ∩ Uβ)

Hausdorff: For distinct z ∈ Uα and w ∈ Uβ there exist open subsets

µα(z) ∈ Uα ⊆ µα(Uα)

µβ(w) ∈ Uβ ⊆ µβ(Uβ)
such that µα

−1(Uα)∩µβ−1(Uβ) = ∅.

Both C ∪ {∞} and C/Λ are examples. We always embed X ↪→ R3.
Iowa State University Dessin d’Enfants on the Torus
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Elliptic Riemann Surfaces

Theorem

The complex plane P1(C) = C ∪ {∞} is the same as the unit sphere

S2(R) =

{
(u, v ,w) ∈ R3

∣∣∣∣ u2 + v2 + w2 = 1

}
.

P1(C) −→ S2(R)

z =
u + i v

1− w
=

1 + w

u − i v
7→ (u, v ,w) =

(
2 Re z

|z |2 + 1
,

2 Im z

|z |2 + 1
,
|z |2 − 1

|z |2 + 1

)
0, 1, ∞ 7→ (0, 0,−1), (1, 0, 0), (0, 0, 1)

Iowa State University Dessin d’Enfants on the Torus



Riemann Surfaces
Bely̆ı Maps and Dessins d’Enfant

Examples
Monodromy
Motivating Questions

http://en.wikipedia.org/wiki/Stereographic_projection
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Parabolic Riemann Surfaces

Theorem

Relative to a lattice Λ, the quotient space C/Λ is the same as the torus

T 2(R) =

{
(u, v ,w) ∈ R3

∣∣∣∣ (√u2 + v2 − R
)2

+ w2 = r2
}
.

C/Λ ' (R/2πZ)× (R/2πZ) −→ T 2(R)

θ = arctan
v

u

φ = arctan
w√

u2 + v2 − R

7→

u =
(
R + r cos θ

)
cosφ

v =
(
R + r cos θ

)
sinφ

w = r sin θ

Iowa State University Dessin d’Enfants on the Torus
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http://en.wikipedia.org/wiki/Torus
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http://en.wikipedia.org/wiki/Genus_(mathematics)
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Monodromy

Let β : X → P1(C) be a rational map of deg β = N on a compact,
connected Riemann surface X .

This is ramified over S = {w0, w1, . . . , wr} ⊆ P1(C), so we have a
degree N covering map from XS = X − β−1(S) to z1

S = P1(C)− S .
For any w /∈ S , the homology group is the free group of rank r :

π1(z1
S , w) =

{
γ : [0, 1]→ z1

S

∣∣ γ(0) = γ(1) = w
}/
∼

=
〈
γ0, γ1, . . . , γr

∣∣ γ0 ∗ γ1 ∗ · · · ∗ γr = 1
〉
.

For each loop γ : [0, 1]→ z1
S and point zk ∈ β−1(w), there is a

unique path γ̃k : [0, 1]→ XS such that β ◦ γ̃k = γ and zk = γ̃k(0).

π1
(
z1

S , w
)
−−−−→ Aut

(
β−1(w)

) ∼−−−−→ Sym(N)

γ
[
zk = γ̃k(0) 7→ γ̃k(1) = zσ(k)

]
σ

The monodromy group of β is the image generated by γk 7→ σk :

G =
〈
σ0, σ1, . . . , σr

∣∣σ0 ◦ σ1 ◦ · · · ◦ σr = 1
〉
' Gal

(
C(X )/β∗C(t)

)
.

Iowa State University Dessin d’Enfants on the Torus
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Theorem (Adolph Hurwitz, 1891)

Fix a compact, connected Riemann surface X of genus g. Let

D =

{{
eP
∣∣P ∈ B0

}
,
{
eP
∣∣P ∈ B1

}
, . . . ,

{
eP
∣∣P ∈ Br

}}
be a collection of (r + 1) partitions of N such that

2N =
(
2− 2 g

)
+

r∑
k=0

[∑
P∈Bk

(
eP − 1

)]
.

Then D the branch data of a rational map β : X → P1(C) (that is,
deg β = N and Bk = β−1(wk) where eP are the ramification indices) if
and only if there exist σ0, σ1, . . . , σr ∈ SN such that

σ0 ◦ σ1 ◦ · · · ◦ σr = 1.

G = 〈σ0, σ1, . . . , σr 〉 is a transitive subgroup of SN .

σk =
∏
P∈Bk

(
ak,1 ak,2 · · · ak,eP

)
for k = 0, 1, . . . , r .

Iowa State University Dessin d’Enfants on the Torus
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Motivating Questions

When X ' P1(C) ' S2(R) has genus g = 0, what are examples of
rational maps β : X → P1(C)?

When X ' C/Λ ' T 2(R) has genus g = 1, what are examples of
rational maps β : X → P1(C)?

Given branch data D, can we determine the monodromy group G?

Which mondromy groups G appear? And can we use this to
construct extensions C(X ) of β∗C(t) having interesting Galois
groups?

We will be interested in the case where r = 2, so that β : X → P1(C) is
a Bely̆ı map.

Iowa State University Dessin d’Enfants on the Torus
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Alexander Grothendieck (March 28, 1928 – November 13, 2014)
http://en.wikipedia.org/wiki/Alexander_Grothendieck
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Bely̆ı Maps

Denote X as a Riemann Surface. We always embed X ↪→ R3.

A rational function β : X → P1(C) is a map which is a ratio
β(z) = p(z)/q(z) in terms of relatively prime polynomials p, q ∈ C[X ];
define its degree as deg β = max

{
deg p, deg q

}
.

Theorem (Fundamental Theorem of Algebra)

For w ∈ P1(C), denote β−1(w) =

{
z ∈ X

∣∣∣∣ p(z)− w q(z) = 0

}
. Then∣∣β−1(w)

∣∣ ≤ deg β.

w ∈ P1(C) is said to be a ramification point if
∣∣β−1(w)

∣∣ 6= deg β.

A Bely̆ı map is a rational function β such that its collection of
critical values w is contained within the set S = {0, 1, ∞} ⊆ P1(C).

Iowa State University Dessin d’Enfants on the Torus



Riemann Surfaces
Bely̆ı Maps and Dessins d’Enfant

Definitions
Bely̆ı Maps on the Riemann Sphere
Bely̆ı Maps on Elliptic Curves

Dessins d’Enfant

Fix a Bely̆ı map β(z) = p(z)/q(z) for X . Denote the preimages

B = β−1
(
{0}
)

=

{
z ∈ X

∣∣∣∣ p(z) = 0

}
W = β−1

(
{1}
)

=

{
z ∈ X

∣∣∣∣ p(z)− q(z) = 0

}
F = β−1

(
{∞}

)
=

{
z ∈ X

∣∣∣∣ q(z) = 0

}
E = β−1

(
[0, 1]

)
=

{
z ∈ X

∣∣∣∣β(z) ∈ R and 0 ≤ β(z) ≤ 1

}
The bipartite graph

(
V ,E

)
with vertices V = B ∪W and edges E is

called Dessin d’Enfant. We embed the graph on X in 3-dimensions.

B = β−1(0) W = β−1(1) F = β−1(∞) E =
⋃

0≤t≤1

β
−1(t) X

J−−−−−−→ P1(C)

y y y y y{
black

vertices

} {
white
vertices

} {
midpoints
of faces

} {
edges

}
R3

Iowa State University Dessin d’Enfants on the Torus
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Properties of Dessins

Theorem

Let β : X → P1(C) be a Bely̆ı map on a Riemann Surface X . Define a
bipartite graph

(
B ∪W ,E

)
by choosing

B = β−1
(
{0}
)
, W = β−1

(
{1}
)
, F = β−1

(
{∞}

)
, E = β−1

(
[0, 1]

)
.

The graph can be embedded in X without crossings.

The number of vertices, edges, and faces is

v =
∣∣β−1({0, 1}

)∣∣ e = deg β f =
∣∣β−1({∞})∣∣ .

We have v − e + f = 2− 2 g in terms of the genus

g = 1 +
1

2

[
deg β −

∣∣β−1({0, 1, ∞}
)∣∣].

Iowa State University Dessin d’Enfants on the Torus
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Bely̆ı Maps on the Riemann Sphere

Denote X = P1(C) ' S2(R) as the Riemann Sphere.

G = Zn : β(z) = zn

G = Dn : β(z) =
4 zn(

zn + 1
)2

G = S3 : β(z) =
4

27

(
z2 − z + 1

)3
z2
(
z − 1

)2
G = A4 : β(z) =

(
z4 + 2

√
2 z
)3(

2
√

2 z3 − 1
)3

G = S4 : β(z) =
1

108

(
z8 + 14 z4 + 1

)3
z4
(
z4 − 1

)4
G = A5 : β(z) =

1

1728

(
z20 + 228 z15 + 494 z10 − 228 z5 + 1

)3
z5
(
z10 − 11 z5 − 1

)5
Iowa State University Dessin d’Enfants on the Torus
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β(z) =
4

27

(
z2 − z + 1

)3
z2
(
z − 1

)2 : v = 5, e = 6, f = 3

Iowa State University Dessin d’Enfants on the Torus
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β(z) =

(
z4 + 2

√
2 z
)3(

2
√

2 z3 − 1
)3 : v = 10, e = 12, f = 4

Iowa State University Dessin d’Enfants on the Torus
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β(z) =
1

108

(
z8 + 14 z4 + 1

)3
z4
(
z4 − 1

)4 : v = 20, e = 24, f = 6

Iowa State University Dessin d’Enfants on the Torus
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β(z) =
1

1728

(
z20+228 z15+494 z10−228 z5+1

)3
z5
(
z10−11 z5−1

)5 : v = 50, e = 60, f = 12

Iowa State University Dessin d’Enfants on the Torus
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Elliptic Curves

Theorem

X =

{
(x , y) ∈ C2

∣∣∣∣ y2 = x3 + Ax + B

}
' T 2(R) for complex A and B.

With e1, e2, and e3 as distinct complex roots of x3 + Ax + B = 0, write
the period lattice Λ = Zw1 + Zw2 in terms of the elliptic integrals

w1 =
1

π

∫ e3

e1

dz√
z3 + A z + B

and w2 =
1

π

∫ e3

e2

dz√
z3 + A z + B

.

Define the maps

X −→ C/Λ −→ T 2(R)

(x , y) 7→
θw1 + φw2

=

∫ x

e1

dz√
z3 + A z + B

7→

u =
(
R + r cos θ

)
cosφ

v =
(
R + r cos θ

)
sinφ

w = r sin θ

Iowa State University Dessin d’Enfants on the Torus
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Bely̆ı Maps on Elliptic Curves

E : y2 = x3 + 1 β(x , y) =
y + 1

2

E : y2 = x3 + 5 x + 10 β(x , y) =
(x − 5) y + 16

32

E : y2 = x3 − 120 x + 740 β(x , y) =
(x + 5) y + 162

324

E :
y2 + x y + y

= x3 + x2 + 35 x − 28
β(x , y) =

4
(
9 x y − x3 − 15 x2 − 36 x + 32

)
3125

E : y2 = x3 − 15 x − 10 β(x , y) =

(
3 x2 + 12 x + 5

)
y

+
(
−10 x3 − 30 x2 − 6 x + 6

)
−16

(
9 x + 26

)
E : y2 + 15 x y + 128 y = x3 β(x , y) =

(
y − x2 − 17 x

)3
16384 y

Iowa State University Dessin d’Enfants on the Torus
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β(x , y) =
y + 1

2
on E : y2 = x3 + 1

Iowa State University Dessin d’Enfants on the Torus
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β(x , y) =
(x − 5) y + 16

32
on E : y2 = x3 + 5 x + 10

Iowa State University Dessin d’Enfants on the Torus
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β(x , y) =
(x + 5) y + 162

324
on E : y2 = x3 − 120 x + 740

Iowa State University Dessin d’Enfants on the Torus
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β(x , y) =
4
(
9 x y − x3 − 15 x2 − 36 x + 32

)
3125

on

E : y2 + x y + y = x3 + x2 + 35 x − 28

Iowa State University Dessin d’Enfants on the Torus
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Bely̆ı Maps on Elliptic Curves

β(x , y) =

(
3 x2 + 12 x + 5

)
y +

(
−10 x3 − 30 x2 − 6 x + 6

)
−16

(
9 x + 26

) on

E : y2 = x3 − 15 x − 10

Iowa State University Dessin d’Enfants on the Torus
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β(x , y) =

(
y − x2 − 17 x

)3
16384 y

on E : y2 + 15 x y + 128 y = x3

Iowa State University Dessin d’Enfants on the Torus
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β(x , y) =
216 x3

(y + 36)3
on E : y2 = x3 − 432

Iowa State University Dessin d’Enfants on the Torus
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Thank You!

Questions?
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