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Abstract

A Belyi map 3 : P*(C) — P!(C) is a rational function with at most
three critical values; we may assume these values are {0, 1, co}. A
Dessin d'Enfant is a planar bipartite graph obtained by considering
the preimage of a path between two of these critical values, usually
taken to be the line segment from 0 to 1. Such graphs can be drawn
on the sphere by composing with stereographic projection:
B7([0,1]) € P*(C) ~ S*(R). Replacing P* with an elliptic curve E,
there is a similar definition of a Belyf map 8 : E(C) — P*(C). The
corresponding Dessin d'Enfant can be drawn on the torus by
composing with an elliptic logarithm: 87 ([0, 1]) C E(C) ~ T*(R).

In this talk, we discuss the problems of (1) constructing examples of
Bely? maps for elliptic curves and (2) drawing Dessins d'Enfants on
the torus. This is work part of PRIME (Purdue Research in
Mathematics Experience) with Leonardo Azopardo, Sofia Lyrintzis,
Bronz McDaniels, Maxim Millan, Yesid Sanchez Arias, Danny
Sweeney, and Sarah Thomaz with assistance by Hongshan Li and Avi
Steiner.
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Riemann Surfaces

A Riemann Surface is a triple (X, {U,}, {¢a}) satisfying:
o Coordinate Charts and Maps: For some countable indexing set /,

X=JUs and  po: Us—>C.
acl

o Locally Euclidean: Each p,(U,) is a connected, open subset of C;
and the composition 15 o i, ' is a smooth function.

C X C
Ul ““__1> u ke Ul
Ma(UaﬂUg) UaﬁU5 uﬁ(UaﬂUﬂ)

o Hausdorff: For distinct z € U, and w € Ug there exist open subsets
1a(z) € Ua € pa(Ua)
pp(w) € Us < pip(Us)

Both C U {oc} and C/A are examples. We always embed X < R3.

such that uafl(ua)ﬁﬂ,ﬁfl(uﬁ) =0.
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Elliptic Riemann Surfaces

The complex plane P*(C) = C U {co} is the same as the unit sphere

S’(R) = {(u, v,w) € R?

u2+v2—|—w2:1}.

PL(C) — S2(R)

2Rez  2lmz |z]2—1
|zZ2+1" |z)24+1" |z]2+1

z= = — (u,v,w)—<

0, 1, oo — (0,0,-1), (1,0,0), (0,0,1)
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Parabolic Riemann Surfaces

Relative to a lattice N\, the quotient space C/N is the same as the torus

T(R) = {(u, v,w) € R?

( u2—|—v2—R)2+W2:r2}.

C/A ~ (R/21Z) x (R/2x7Z) — T2(R)

6 = arctan — u= (R+rcosf) cosg
u

” — v=(R+rcosf) sing
Viz+vZ—-R w=rsinf

¢ = arctan
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Riemann Surfaces

http://en.wikipedia.org/wiki/Genus_(mathematics)
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Monodromy

Let 3 : X — PY(C) be a rational map of deg 3 = N on a compact,
connected Riemann surface X.
o This is ramified over S = {wp, wy, ..., w,} C P(C), so we have a
degree N covering map from Xs = X — 871(S) to F t = P}(C) - S.
o For any w ¢ S, the homology group is the free group of rank r:

m(rh W) = {72011 F3 [ 5(0) = 9(1) = w}/ ~
:<A/0”71""77f|’70*71*"'*’7,:1>,

o For each loop 7 : [0,1] — F £ and point z € 37(w), there is a
unique path 7 : [0,1] = Xs such that 8o 74, = v and zx = F,(0).

m(Ft w) —— Aut(B71(w)) —=— Sym(N)
gl 26 = Ak(0) = Ak(1) = zy(x)] o
@ The monodromy group of ( is the image generated by v, — o:
G = {00, 01,...,0: 09001000, = 1) = Gal(C(X)/B*C(t)).
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Theorem (Adolph Hurwitz, 1891)

Fix a compact, connected Riemann surface X of genus g. Let

D={{en|P et} {ep|P il ... fen| PE B}

be a collection of (r + 1) partitions of N such that

> (ep—l)] :

PeB;

2N:(2—2g)+zr:

k=0

Then D the branch data of a rational map 3 : X — PY(C) (that is,
deg 3 = N and By = 37 (wx) where ep are the ramification indices) if
and only if there exist og, 01, ..., 0, € Sy such that

@ ggoo1o---o00, = 1.

o G = (o9, 01, ..., 0) is a transitive subgroup of Sy.
Q@ O = H (ak71 ak2 " ak7ep) fOI‘kIO, ]., Lo, I
PeBy

-_—
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Motivating Questions

e When X ~ P}(C) =~ S?(R) has genus g = 0, what are examples of
rational maps 3 : X — P(C)?

e When X ~ C/A =~ T?(R) has genus g = 1, what are examples of
rational maps 3 : X — P}(C)?

@ Given branch data D, can we determine the monodromy group G?

@ Which mondromy groups G appear? And can we use this to
construct extensions C(X) of 5*C(t) having interesting Galois
groups?

We will be interested in the case where r = 2, so that 5 : X — P!(C) is
a Belyt map.
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Alexander Grothendieck (March 28, 1928 — November 13, 2014)
http://en.wikipedia.org/wiki/Alexander_Grothendieck
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Belyl Maps

Denote X as a Riemann Surface. We always embed X — R3.

A rational function 3 : X — P!(C) is a map which is a ratio
B(z) = p(z)/q(z) in terms of relatively prime polynomials p, g € C[X];
define its degree as deg 8 = max {deg p, degq}.

Theorem (Fundamental Theorem of Algebra)

For w € P}(C), denote f~1(w) = {z e X ‘ p(z) —wgq(z) = 0}. Then
|37 (w)| < deg .

o w € P!(C) is said to be a ramification point if |37!(w)| # deg 3.

o A Belyl map is a rational function /3 such that its collection of
critical values w is contained within the set S = {0, 1, oo} C P*(C).
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Dessins d'Enfant

Fix a Belyl map 8(z) = p(z)/q(z) for X. Denote the preimages
B - pI({0)) - {z e x| p(z) = 0}
W= ) {zex]pte) - at2) = o}
51 ({och) {zex|d2)-0]
E = po,1]) = {z € X‘ﬂ(z) €Rand 0<j(z) < 1}

F

The bipartite graph (V, E) with vertices V = BU W and edges E is
called Dessin d’Enfant. We embed the graph on X in 3-dimensions.

B=p710) W=p1) F=pY0) E=[JB() X —— P(0)
0<t<1

black white midpoints 3
{vertices} {vertices} { of faces } {edges} R
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Properties of Dessins

Theorem

Let 3 : X — PY(C) be a Belyl map on a Riemann Surface X. Define a
bipartite graph (BU W, E) by choosing

B=p71({0}), w=p"({1}), F=p8"({oc}), E=p5"([0,1]).

@ The graph can be embedded in X without crossings.
o The number of vertices, edges, and faces is

v = |ﬁ_1({0, 1})| e =degf = |B_l({oo})|

o We have v — e+ f =2 —2g in terms of the genus

g= ]_—I—% degﬂ— |571({07 1, OO})| .

’
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Belyi Maps on the Riemann Sphere

Denote X = P1(C) ~ S?(R) as the Riemann Sphere.
G=2,: B(z)=2"

4z"
G=D,: B(z)=——=
(zn+1)
4 (22—z+1)3
Ty A T
(z4+2\@z)3
G:A4: /B(Z):m
_ 1 (Bruaztr)
6 =5 Hz)= 15 24 (24— 1)°
20 1 228 715 + 404 710 — 208 7% 4 1)°
G—As: B2) 1 (z + 228z +494 7z 82—|—)

- 5
1728 5 (zlo — 1125 — 1)
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L (#r2vae?
=
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1 (B+1424+1)°
B(z):ms( , o
z (24—1)
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3
1 (4228254494210 208 2°41)
frl 5 N
1728 z5 (210—11 z5—1)

B(2)
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Belyi Maps and Dessins d’Enfant Belyi Maps on Elliptic Curves

Elliptic Curves

X = {(x,y) eEC? |y’ =x>+Ax+ B} ~ T?(R) for complex A and B.

With e, e, and e3 as distinct complex roots of x3+ Ax+ B =0, write
the period lattice A = Z wy + Z w; in terms of the elliptic integrals

1 /e3 dz 1 /e3 dz
W = — — and wp=— _—
TJo VZ2+Az+B TJe VZ+Az+B

Define the maps
X — C/A — T2(R)

6wy 1 6wy u= (R+r cosf) cosg
(x,y) + 7/)‘ dz — v=(R+rcosf)sing
" Jo VZ3+Az+B

w =rsinf
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Belyi Maps on Elliptic Curves

1
E: y’=x3+1 ,B(X,y)ziy;_
-5 16
E: y>=x3+5x+10 ﬂ(x,y)zi(x ?22)/+
5 162
E: y?> =x*—120x + 740 ﬁ(x,y):%
324
. Y 4xy+y Bx.) 4(9xy —x® —15x% — 36 x + 32)
: X, y) =
=x34+x%+35x—28 3125
(3x*+12x+5)y
+(-10x> —=30x* — 6 x + 6)
E: y>=x3-15x-10 y) =
oo pley) ~16 (9 + 26)
2 3
2 _ 3 _ =X -17x)
E: y"+15xy+128y =x>  fB(x,y) = 16384
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— 1
5(X7Y)=(X53272y+6 on E: y?=x3+5x+10
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Belyi Maps on Elliptic Curves

5 162
5(’9)’):% on E: y?=x3—-120x+740
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4(9xyfx3715xzf36x+32)

E: y>’+xy+y=x3+x?>+35x—28
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(3x2+12x+5) y+ (—10x* —30x% — 6 x + 6)
—16 (9x + 26)
E: y2=x3-15x—-10

B(x,y) =

on
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B _ =177 E: y?+15xy+128y =x°
(x,y) = 16384y on c y?+15xy y=x
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Thank Youl

Questions?
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