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Abstract

In 1984, Alexander Grothendieck, inspired by a result of
Gennadii Belyi (1951 - 2001) from 1979, constructed a finite,
connected planar bipartite graph via rational functions

P'(C) — P'(C) with critical values {0, 1, 00} by looking at the
inverse image of the triangle formed by these three points. He
called such graphs Dessins d’Enfants. Conversely, Riemann’s
Existence Theorem implies that every finite, connected planar
graph arises in this way. We are interested in constructing
Shabat Polynomials (generalized Chebyshev polynomials), the
Belyi functions corresponding to trees. This construction comes
down to finding the roots of a system of nonlinear equations.
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Belyi Maps

Let X be a Riemann surface.

In our case, X = P'(C) = CU {00} ~ S?(R), the Riemann
Sphere.

A rational function 5 : X — P'(C) is a map which is a ratio
B(z) = p(z)/q(z) in terms of relatively prime polynomials

p, g € C[X].

The degree of 3 is defined to be deg 3 = max{deg p,deg q}.

If |3~ 1(w)| < deg(3), then w is a critical value.
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Examples

A rational function 5 : X — P'(C) which has at most
three critical values {0, 1, o0} is called a Belyi map.
B: X —PY(C)

B(2) = 2% has as critical values {0, co}.

3
B(z) = ZSZ_ ] has as critical values {0, 1}.
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Dessins

Dessin d’Enfant

To each Belyl map we can associate a Dessin d’Enfant.

A “Child’'s Drawing” is a graph (V, E) such that
@ loopless
@ bipartite, V=BU W
@ finite set of vertices and edges
@ connected, i.e., every pair of distinct vertices is connected
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Dessins

Dessin d’Enfant

B=p"1({0}), W=p5""({1}), E=51([0,1]), F=p""({cc})
The graph can be embedded in X without crossings.

The number of vertices, edges, and faces is

v=1[5"1({0,1})], e=deg(s), f=I[5""({oc}).

Euler’s formula states that if a finite, connected, planar graph is
drawn in the plane without crossing,

v—e+f=2
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Dessins

Examples (images thanks to Dr. Goins)




Shabat Polynomials

A connected planar graph is a tree if it has only one face.

Euler’s formula shows that a tree must have n + 1 vertices for n
edges.

The number of edges incident to a vertex are called valencies.
Let {mg, m, ..., my} denote the valencies of the black vertices.
The “degree sum formula” asserts > m; = 2n.

We turn this tree into a bipartite graph I' = (V, E) by choosing
the set W to be the “midpoints” of the edges.
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Shabat Polynomials

Constructing Belyl maps

Find a Belyl map such that its Dessin d’Enfantis T, i.e., find two
relatively prime polynomials p(z), q(z) such that

® B=p571({0}) = {z€ X | p(z) = 0}

o W=p5""({1}) ={ze X|p(z) - q(z) = 0}

o F=p""({c}) ={z€ X|q(2) =0}
Each one of: p(z); p(z) — q(z); q(z) must have a factorization
over C and p(z) — q(2) — (p(2) — q(2)) =
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Shabat Polynomials

Constructing Belyl maps

p(z) = po(z — 20)™(z — z1)™ -+ - (z2 — zp)™

n 2
p(z) —q(z) = <Z n-z”)
i=0

9(2) = go(z — Z)?"

After a Mobius transformation, to eliminate several variables,
this leads to the following theorem.
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Shabat Polynomials

Theorem (Shabat 1994; Goins 2012)
We can find 2n — 1 complex numbers y1, ¥», ..., Yon_1 Such that

l
o

2
n—1
27 [z =A™ [z = Y] 2~ Yool YR lzn+2yf'+nzj]
j=0

identically as a polynomial in z so that the Dessin d’Enfant of
the following Belyi map is the aforementioned tree:

B(2) = —p2™ [z [z Y] [z~ Yor] ™.

This polynomial of degree 2n =) m; is called a Shabat
Polynomial or a Generalized Chebyshev Polynomial.
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Shabat Polynomials

Dessins d’Enfants

Expanding:
2
n—1 )
2z =" [z— ™[z = Yot ] Y- {z” + Z}/j+nzf]
j=0

in y; yields 2n-1 polynomials in y;,i = 1,2, ....2n — 1 as
coefficients for powers of z, each set equal to zero.

There are 2n — 1 equations in 2n — 1 unknowns.
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Shabat Polynomials

Example: n =1

Two black vertices, mg + my =2 = mg=my = 1. Then
2(z-1)+y2—(z4+y)?=0=-(1+2y)z=0=y; = —1/2
Thus (z) = —lzz(z —1)=4z(1 - 2).

Y

Notice 3-1(0) = {0,1},87"'(1) = {1/2}, 87" (00) = {00}

and the white vertices are the midpoints of the edges.
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Shabat Polynomials

Example: n =1

Dessin d'Enfant for the Belyi Map (z » -4 (z - 1)2)

Im(z)

3.x107 - .

2.x107

Lx107 F

.

PN & ® -
™ . S o

—Lx107

“2.x107

“3x107F
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Shabat Polynomials

Example: n=2

Three black vertices, my + my + m, =4 =

{mo,my,mo} ={2,1,1},{1,2,1}, or {1,1,2}.

Consider {2,1,1}. Then

(z-1)Z-y1)+Y; —(ZP+y2+y32)?=0=

— (1 +14+2y3)22 + (1 —2y2 — ¥5)Z — 2yoy3 = O

Set coefficients equal to zero, = {y1, )2, y3} ={—1,—-1/2,0}
= f(2) = 42°(1 — 2?)
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Shabat Polynomials

Example: n=2

Dessin d'Enfant for the Belyi Map (z » —4(z - 1)z* z + 1))

Im(z)

. .
15%107 -

. .
1Lx107
5.x10 -

® O ® — ® -

—5.x 107 F

~Lx107F

—15x107F
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System of Equations

As n increases, harder to solve the system of equations.
Let’s begin with a simple example.

How do we find the roots of a complicated function in one
variable?

One method is Newton’s Method.
More than one variable?

We generalize.
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System of Equations

Newton’s Method

f(Xk)

Given Xxp, do X = X —
0> k41 k F(xe)

k=0,1,2,..

10

‘.//_ 4 ‘
// 1 2

image thanks to Dr. Melara
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System of Equations

Several Variables

Let y= (y07.y1 ) ---»YZnA)-

Compute the Jacobian J(y) of the 2n — 1 system of equations
F(y)=0.

Given initial iteration Py,
Pk+1 = Pk—J(Pk)_1F(Pk), k:0,1,2,...
If J is close to being singular, we perturb by a scalar multiple of

I (Dennis and Schnabel, 1987).
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System of Equations

Kantorovich Theorem

@ Jis continuously
differentiable in N(Pq, r)

@ H Lipschitz continuous in
N(POa r)
@ H nonsingular
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System of Equations

Some Issues

@ MATLAB vs SAGE vs Mathematica

@ software could not handle complex numbers; split into real
and imaginary parts

@ 2(2n— 1) equations in 2(2n — 1) unknowns
@ Jis close to singular.
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System of Equations

Sample Numerical Result; n =3

Valency: {2,1,2,1) = f(z) = — o 22(z ~ 1)(2 ~ 32)2(1 + 82)

Newton’s Method: Exact:

0.666666666670291
0.000000000003269
—0.333333333390721 -
0.000000000077557
0.074074074080737
—0.000000000009677
—0.000000000030282
0.000000000047913
—0.999999999974930 -
—0.000000000042048 0
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System of Equations

Concluding Remarks

@ Valency list {2,1,2,1}, two Shabat Polynomials found. In
general, how do you know if you have all solutions?

@ Valency list {3,3,3,1,1,1,1,1}, n= 7, found approximate
solutions up to 1076.

@ Not convergent for all initial iterates. How do we choose
initial iterate?

@ Goal: Implement code in SAGE
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System of Equations
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System of Equations

Thank you!
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System of Equations

Questions?
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