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Question

How should we distinguish between group actions? J
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Notation and Definitions

@ S a compact Riemann surface of genus o > 2 on which group G acts

@ 5/G the quotient surface and 7g: S — S/G the quotient map
Definition

A point mg(x) € S/G for x € S is said to be a branch point of the map
7 if | Stabg(x)| > 1 and we call | Stabg(x)| the order of mg(x).

Definition
Suppose that a finite group G acts on a compact oriented surface S. Then
we define the signature of the action to be the tuple (h; my, ..., m,) where

@ h is the genus of S/ G

@ r is the number of branch points of m¢g

@ the order of these branch points are my, ma, ..., m,.
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Signatures of Group Actions: Examples
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Figure: Signature of Cy-action on Genus 2 Surface

A. Wootton (University of Portland) AAS Groups March 26, 2026 4/17



Signatures of Group Actions: Examples
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Figure: Signature of Cy-action on Genus 2 Surface

Signature is: (0;2,2,2,2,2,2).
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Signatures of Group Actions: Examples
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Figure: Signature of Cy-action on Genus 2 Surface

Signature is: (1;2,2).
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Refining the Initial Question

Question

For a given finite group G, can we determine all signatures with which G
acts on compact Riemann surfaces of genus at least 2?7 Can we determine
the signatures for a fixed genus o > 27
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Necessary Numerical Conditions for Signatures

Fact

If G acts on a compact Riemann surface S with signature (h; my, ..., m.),
then each m; is the order of a non-trivial element in G.
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Necessary Numerical Conditions for Signatures

Fact

If G acts on a compact Riemann surface S with signature (h; my,..., m;,),
then each m; is the order of a non-trivial element in G.

Fact

If G acts with signature (h; my,...,m,) on a surface S with genus o > 2,
then the Riemann-Hurwitz formula holds:

c—1=|G|(h—1) |G|Z<1—>

Definition
A tuple (h; mq, ..., m,) satisfying these numerical conditions is called a
potential signature for G.
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Finding Potential Signatures for Cg

Example
Potential signatures for Cg are of the form
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Finding Potential Signatures for Cg

Example

Potential signatures for Cg are of the form

(h:2,...,2,3,...,3,6,....6)

For potential signatures of Cg in genus o = 6, we solve:

1G] 1
—1= h—1 — 1——.
o |G|( )+ > jzgl m;
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Main Point: Potential Signatures are easy to find!
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Conditions for a Group to Act with a Signature

Theorem
A potential signature (h; my, ..., m,) for finite group G is the signature for
a group action if and only there exist group elements
ai, bi,...,ap, bp,c1,...,c such that:
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Conditions for a Group to Act with a Signature

Theorem

A potential signature (h; my, ..., m,) for finite group G is the signature for
a group action if and only there exist group elements
ai, bi,...,ap, bp,c1,...,c such that:

@ m; = |C,"

h
o [[iifai bil[[j=1 6 = 6
o G = (al,bl,...,ah,bh,cl,...,c,)
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Conditions for a Group to Act with a Signature

Theorem

A potential signature (h; my, ..., m,) for finite group G is the signature for

a group action if and only there exist group elements
ai, bi,...,ap, bp,c1,...,c such that:

@ m; = |C7|

o [17lai b1 Tl1 G = ec

o G = <al,b1,...,ah,bh,cl,...,c,)

Definition
We call (h; my, ..., m,) an actual signature for G.
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Solving the Problem: s in genus 6
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Ongoing work

Since finding potential signatures is easy, and finding actual signatures is
hard, this motivates the following:
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Ongoing work

Since finding potential signatures is easy, and finding actual signatures is
hard, this motivates the following:

Question

For which groups is the difference between potential signatures and actual
signatures finite?

Definition
A group G is said to act with almost all signatures (or is AAS) if the
difference between potential and actual signatures is finite
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Conditions for a Group to be AAS

Theorem
(Carvacho, Paulhus, Tucker, W) A group G is AAS if and only if
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Conditions for a Group to be AAS

Theorem
(Carvacho, Paulhus, Tucker, W) A group G is AAS if and only if
@ The commutatator subgroup [G, G] contains an element of every
possible element order n; in G.
@ G is generated by elements of order n; for every possible element
order n; in G.

Once either h or r gets big enough, we can always construct an
appropriate generating set.
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Two Categories of AAS Groups

Corollary

(Carvacho, Paulhus, Tucker, W) If a group G is AAS, then it is either a
non-Abelian p-group or a perfect group.
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Two Categories of AAS Groups

Corollary

(Carvacho, Paulhus, Tucker, W) If a group G is AAS, then it is either a
non-Abelian p-group or a perfect group.

@ A perfect group is one where the commutator subgroup is the whole
group.

@ If G is not perfect, then G/[G, G] is an Abelian group. Since G is
generated by elements of every order, so is G/[G, G].

© G/[G, G] is Abelian, hence must be elementary Abelian.
@ Hence G is a p-group.
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Groups that are not AAS

© Not every non-Abelian p-group is AAS.

» No metacyclic p-groups are AAS (the commutator is too small).
@ Not all perfect groups are AAS

» The group SL(2, p) for p odd is perfect, but it has a unique central

element of order 2, so is not generated by elements of order 2.

Question

For a given family of perfect or p-groups, can we determine which are
AAS?

Question

For a given family of AAS, can we find the non-signatures?
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Recent Results: Quasisimple Groups that are AAS

Definition
A group G is quasisimple if it is a perfect central extension of a simple
group.
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Recent Results: Quasisimple Groups that are AAS

Definition
A group G is quasisimple if it is a perfect central extension of a simple
group.

Theorem

(Caspary, W) All quasisimple groups are AAS with the exception of the
degree 2 cover of the projective special linear group Ly(q) for each odd g,
the double covers of the alternating groups As, As and A; and the sixfold
covers of Ag and Az.
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Recent Results: Proof

@ Condition (1) is trivially satisfied: Perfect groups equal their
commutator subgroup.
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Recent Results: Proof

@ Condition (1) is trivially satisfied: Perfect groups equal their
commutator subgroup.

@ For condition (2):
» The only normal subgroups of a quasisimple group G are central.
» For each element order n;, if there is a non-central element g; of order
n;, then the set of conjugates generate G:
* Conjugacy classes generate normal subgroups.
* This group cannot be contained in the center, so must be all of G.
» A quasisimple group G if and only if there are non-central elements of
each possible non-trivial order n;.

* This can be checked (more or less explicityl) by family.
* We either explicitly construct elements of appropriate order, or argue

why they must exist.
* Proof blends theoretical argument with computation (the latter

especially for covers of sporadic groups)
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Consequence

Corollary

(Carvacho, Paulhus, Tucker, W) All non-Abelian finite simple groups are
AAS.
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Consequence

Corollary

(Carvacho, Paulhus, Tucker, W) All non-Abelian finite simple groups are
AAS.

Simple groups have trivial centers.
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