
Genera of smooth quotients of triangle groups
by means of uniform hypermaps

Jozef Širáň
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Hypermaps, and uniform hypermaps – introduction

A hypermap H is a transitive permutation group G on a set Ω,
generated by three fixed-point-free involutions α, β, γ on Ω.

Type of H: (p, q, r), where p = ord(βγ), q = ord(γα), r = ord(αβ).

A hypermap H of type (p, q, r) is uniform if all cycles of the products
ρ = βγ, σ = γα and τ = αβ have length p, q and r , respectively.

A hypermap H given by G = ⟨α, β, γ⟩ is orientable if the group
G+ = ⟨ρ, σ, τ⟩ has index 2 in G ; otherwise H is non-orientable.

An orientable hypermap may also be defined as a transitive permutation
group generated by three permutations ρ, σ, τ on Ω+ such that ρστ = 1.

If one of the three parameters, say, r , is equal to 2, then H is a map,
of type (p, q), with monodromy group G ; such a map is uniform if all
its face boundary walks have length p and all vertices have valency q.
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Hypermaps, and uniform hypermaps – geometrically

James representation J(H) of a uniform hypermap H of type (p, q, r):

2q

2p

2q

2p

2q

2r

2r

2r

The Euler characteristic and the genus or crosscap number of a hypermap
H is the corresponding quantity of the James representation J(H) of H.
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Hypermaps, and uniform hypermaps – algebraically

Each hypermap H of type (p, q, r) is a quotient of the universal hypermap
H(p,q,r) defined as the full triangle group ∆(p, q, r) acting on itself, with

∆ = ∆(p, q, r) = ⟨a, b, c | a2, b2, c2, (bc)p, (ca)q, (ab)r ⟩ ,

by the obvious epimorphism ∆ → G given by (a, b, c) 7→ (α, β, γ);

this epimorphism is smooth, or torsion-free, if and only if H is uniform.

Similarly, every orientable hypermap H+ of type (p, q, r) is a quotient of
universal hypermap H+

(p,q,r) given by the self-action of the triangle group

∆+ = ∆+(p, q, r) = ⟨x , y , z | xp, yq, z r , xyz⟩ ,

by the epimorphism ∆+ → G+ = ⟨ρ, σ, τ⟩ given by (x , y , z) 7→ (ρ, σ, τ);

again, the epimorphism is torsion-free if and only if H+ is uniform.
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Motivation: Euler characteristics of uniform maps

In 1982 Edmonds, Ewing and Kulkarni determined, for every given type
(p, q) with 1/p + 1/q < 1/2, Euler characteristics of all finite uniform
maps of type (p, q). This is equivalent to determining, for (p, q) as above,
Euler characteristics of smooth finite quotients of (p, q, 2)-triangle groups.

Our aim is to extend this finding to hypermaps. Specifically, we aim at
determination of Euler characteristics of all finite uniform hypermaps of
type (p, q, r) such that 1/p + 1/q + 1/r < 1. Again, this is equivalent to
determining Euler characteristics of all smooth finite quotients of triangle
groups ∆(p, q, r) and ∆+(p, q, r) for every such triple (p, q, r).

Method: A combination of branched coverings of surfaces applied to
suitable maps (often quite tricky) with loops and multiple edges allowed,
enriched by a new technique of constructing new maps from old in the
cases when branched covers of the corresponding surfaces do not exists.
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Towards minimality of hypermaps of a given type

In a uniform hypermap H of type (k0, k1, k2) let v , e, and ni for i ∈ C3 be
the number of vertices, edges & faces coloured i (of length 2ki ) in J(H);
note that v = 2kini . The Euler characteristic χ of H can be shown to be

χ =
v

2

(
1

k0
+

1

k1
+

1

k2
− 1

)
;

a type or a triple (k0, k1, k2) will be called hyperbolic if k−1
0 +k−1

1 +k−1
2 <1.

For i ∈ C3 define νi = lcm

(
ki−1

gcd(ki , ki−1)
,

ki+1

gcd(ki , ki+1)

)
;

one can show that gcd(ν0, ν1, ν2) = 1 and kiνi = lcm(k0, k1, k2), i ∈ C3.

Letting ϑ = 2 lcm(k0, k1, k2), one also has ni/νi = 2niki/ϑ = v/ϑ, i ∈ C3.
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Minimality of hypermaps of a given type

Recall that we have a uniform hypermap H of type (k0, k1, k2), with v
trivalent vertices, e edges, and ni faces of length 2ki for i ∈ C3, satisfying
the system of equations (*) 2k0n0 = 2k1n1 = 2k2n2 = v and 3v = 2e.

Let t = v/ϑ be the common value of the ratios ni/νi for i ∈ C3, so that
v = tϑ is the common value of the products 2kini = 2kiνi t = ϑt, i ∈ C3.

The following auxiliary result gives a precise meaning to ‘minimality’ of
the quadruple (ϑ; ν0, ν1, ν2) with respect to solutions of the system (*).

Lemma. For a hyperbolic type (k0, k1, k2) let νi for i ∈ C3 be as defined
before. Then, 2k0ν0 = 2k1ν1 = 2k2ν2, and if ϑ is the common value of
the three products, then ϑ = 2 lcm(k0, k1, k2).

Moreover, for every solution (v ; n0, n1, n2) of the system (*) in positive
integers there is an integer t such that (v ; n0, n1, n2) = t(ϑ; ν0, ν1, ν2).
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Minimality of hypermaps of a given type - topologically

Proposition. The Euler characteristic of a uniform non-orientable
hypermap of a hyperbolic type κ = (k0, k1, k2) is a multiple of

χ(κ) = lcm(k0, k1, k2)

(
1

k0
+

1

k1
+

1

k2
−1

)
=

ϑ

2

(
1

k0
+

1

k1
+

1

k2
−1

)
Similarly, the Euler characteristic of a uniform orientable hypermap of
the same hyperbolic type κ is a multiple of the value of χ(κ) if χ(κ) is
even, and a multiple of 2χ(κ) in the case when χ(κ) is odd.

Moreover, if χ(κ) is even, the smallest number of vertices in a James
representation J(H) of a hypermap H of type κ, orientable or not, is a
multiple of ϑ = 2 lcm(k0, k1, k2). If χ(κ) is odd, the smallest number
of vertices in J(H) is a multiple of the quantity ϑ = 2 lcm(k0, k1, k2)
if H is non-orientable, and of 2ϑ = 4 lcm(k0, k1, k2) if H is orientable.
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Auxiliary results on smooth coverings

Known: For n ≥ 2 a surface S has a smooth n-sheeted cover by a surface
with the same orientability characteristic as S. If S is non-orientable and n
is even, then S also has a smooth n-sheeted orientable cover. In all cases,
the n-sheeted covering surface of S has Euler characteristic nχ(S).
Proposition. Let Hmin be a hypermap of hyperbolic type κ = (k0, k1, k2)
with νi faces coloured i ∈ C3, with ϑ = 2lcm(k0, k1, k2) vertices in J(H),
and of Euler characteristic χ(κ). Then:

(a) For every hypermap H of type κ there is an n ≥ 1 such that H has
νin faces coloured i ∈ C3, and J(H) has Euler characteristic nχ(κ).

(b) For each n ≥ 1 there is a hypermap H(n) of type κ with νin i-faces,
of Euler characteristic nχ(κ), which is an n-fold smooth cover of Hmin.
If Hmin is orientable, then so is H(n); if Hmin is non-orientable, then
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Auxiliary results on branched coverings

Proposition. Let X ,Y be finite disjoint sets of points on S, ℓ≥2, m≥1.

(i) Let S be orientable and |X | ≥ 2. If |X | is even or if both |X |, ℓ are
odd, there is a cyclic orientable ℓ-sheeted cover of S with branch set X
and branch points of index ℓ. If also Y ̸= ∅ and |Y | ≥ 2, then, for |Y |
even or both |Y |, m odd, there is a cyclic orientable lcm(ℓ,m)-sheeted
cover of S with each branch point in X and Y of index ℓ and m.

(ii) Let S be non-orientable and |X | ≥ 1. If |X | is even or if ℓ is odd,
then there is a cyclic non-orientable ℓ-sheeted cover of S with branch
set X , in which each branch point has index ℓ. If also Y ̸= ∅, then,
provided that |Y | is even or m is odd, there is a cyclic non-orientable
lcm(ℓ,m)-sheeted cover of S with branch set X ∪ Y , in which each
branch point in X and Y has index ℓ and m, respectively.
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Covers, and reduction to irreducible triples

Let p be an odd prime and let s ≥ 1 be such that ps || lcm(k0, k1, k2).
A triple κ′ = (k ′

0, k
′
1, k

′
2) is a p-reduction of κ provided that k ′

i = ki/p
if ps || ki and k ′

j = kj for j ̸= i . Clearly, lcm(k ′
i ) = lcm(ki )/p.

Proposition. Let κ′ = (k ′
0, k

′
1, k

′
2) be a p-reduction of κ = (k0, k1, k2).

(a) if κ′ is minimally orientably realisable, then so is κ;

(b) if κ′ is minimally non-orientably realisable, then so is κ; and

(c) if κ′ is minimally non-orientably realisable and χ(κ′) is odd, then the
triple κ is also minimally orientably realisable.

Moreover, if minimal realisations of κ′ and κ have ϑ′ and ϑ vertices, then
ϑ = pϑ′ in the cases (a) and (b), while ϑ = 2pϑ′ in the case (c).

Thus, one has to focus on minimal realisability of irreducible triples.
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Illustration of a construction tool

A (p, 1; q, 1)-graph G is a connected bipartite graph, with vertices of
valency 1 or p in one part, and valency 1 or q in the other part.

Proposition. Suppose that for odd p, q such that 3 ≤ p ≤ q) there is a
(p, 1; q, 1)-graph G with r edges, properly vertex-2-coloured white and
blue, and admitting a single-face embedding M1(G ) on some surface S.
Let ℓ = 1 if G has no pendant vertices, ℓ = p or ℓ = q if G has at least
one white pendant vertex but no blue one, or at least one blue pendant
vertex but no white one, and let ℓ = lcm(p, q) in all other cases.

(a) If S is non-orientable, then there is a non-orientable hypermap H
of type (p, q, r) with 2rℓ vertices in its James representation.

(b) If S is orientable and G has either no pendant vertices, or at least two
white pendant vertices but no blue one, or vice versa, or else G has at
least two pendant vertices of each of the two colours, then there is
an orientable hypermap H of type (p, q, r) with 2rℓ vertices in J(H).
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Minimal orientable realisation of triples

After identifying irreducible triples representing types of minimal orientable
hypermaps, sorting out those which can be handled by (p, 1; q, 1)-graphs
and their modifications, and applying non-trivial trickery in the remaining
cases (cca 10 pages), we arrived at a solution for orientable hypermaps:

Theorem. For a hyperbolic triple κ = (k0, k1, k2) let ϑ = 2lcm(k0, k1, k2).
A uniform orientable hypermap Hn of type κ with n vertices in its James
representation exists if and only if n = t·ϑ for some integer t ≥ 1; the
Euler characteristic of the orientable carrier surface for every such
hypermap Hn is given by χ(Hn) = (n/2)(k−1

0 +k−1
1 +k−1

2 −1).

This gives a complete classification of genera of orientable surfaces which
support uniform hypermaps of a given hyperbolic type, and hence also of
genera of finite smooth quotients of the corresponding triangle groups.
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Outstanding cases for minimal non-orientable realisation

Some of the methods developed for minimal orientable realisability
turn out to be adaptable also to the non-orientable case, except for
the following outstanding sets of triples:

(p, q, 2e), for odd primes p, q and 2 ≤ e, where 2e < max(p, q);

(p, 2p, 2e), for an odd prime p and 2 ≤ e, such that 2e−1 < p;

(p, q, p2e), for distinct odd primes p, q and 1 ≤ e.

Because of 2e appearing in these types, it is natural to try to double the
length of the corresponding faces by inserting branch points of index 2;
this, however, does not work because of an odd number of such faces.

By our method of ‘doubling’, from a given non-orientable hypermap H
with ni faces of length 2ki (i ∈ C3) in J(H) one obtains a non-orientable
hypermap H̃ with 2ni faces of length 2ki for i ∈ {0, 1}, but with n2 faces
of of length 4k2, and such that H̃ is not a double cover of H.
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Jozef Širáň Slovak University of Technology, Bratislava, Slovakia Joint work with Š. Gyürki, R. Nedela and J. Šiagiová AMS Sectional Meeting, Boston, 28 March 2026 Supported 50% by APVV Research Grant 22-0005, and 50% by EU Recovery and Resilience Plan R4 : 09I03 − 03 − V04 − 00269.Genera of smooth quotients of triangle groups by means of uniform hypermaps 14 / 16



Outstanding cases for minimal non-orientable realisation

Some of the methods developed for minimal orientable realisability
turn out to be adaptable also to the non-orientable case, except for
the following outstanding sets of triples:

(p, q, 2e), for odd primes p, q and 2 ≤ e, where 2e < max(p, q);

(p, 2p, 2e), for an odd prime p and 2 ≤ e, such that 2e−1 < p;

(p, q, p2e), for distinct odd primes p, q and 1 ≤ e.

Because of 2e appearing in these types, it is natural to try to double the
length of the corresponding faces by inserting branch points of index 2;
this, however, does not work because of an odd number of such faces.

By our method of ‘doubling’, from a given non-orientable hypermap H
with ni faces of length 2ki (i ∈ C3) in J(H) one obtains a non-orientable
hypermap H̃ with 2ni faces of length 2ki for i ∈ {0, 1}, but with n2 faces
of of length 4k2, and such that H̃ is not a double cover of H.
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Doubling the length of an odd number of faces

The ‘doubling’ principle for faces of a particular colour i ∈ C3 in J(H) will
be stated in terms of bipartite maps, a special case of which is the Walsh
representation W (H) of H, obtained from J(H) by contracting all the ni
faces coloured i and then taking the dual of the contracted map.

Proposition. Let M be a non-orientable map of uniform face length ℓ,
with a bipartite underlying graph G. Assume that the face set of M is
a disjoint union T ∪ U of non-empty sets such that T has a face pairing,
while every face of U contains a cross-capped edge. Then, there exists a
non-orientable map MT ,U of uniform face length 2ℓ and with a bipartite

underlying graph G̃ which is a double-cover of G , such that the set of
faces of MT ,U is a disjoint union T̃ ∪ Ũ of non-empty sets with the

properties that T̃ has a face pairing, every face of Ũ contains a
cross-capped edge, and, moreover, |T̃ | = |T | and |Ũ| = |U|.
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Doubling the length of an odd number of faces
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... and completing the non-orientable case

For types (p, 2p, 2e), p an odd prime with 2e−1 < p, and (p, q, 2e) for
odd primes p, q with p ̸= 2q − 3 and 2e < max(p, q), there are suitable
(hyper)maps for e = 1 of such types satisfying the assumptions of our
‘doubling’ Proposition, so that the cases are completed by induction; for
the remaining triples we had to find a different solution. Finally, triples
(p, q, p2e), for distinct odd primes p, q are handled by branched covers
using the previous two sets of types. This gives:

Theorem. For every hyperbolic triple κ = (k0, k1, k2) not equivalent to
(3, 3, 2), let ϑ = 2lcm(k0, k1, k2). A uniform non-orientable hypermap Hn

of type κ with n vertices in its James representation exists if and only if
n = t·ϑ for some integer t ≥ 1; the Euler characteristic of the supporting
non-orientable surface for every such Hn is (n/2)(k−1

0 +k−1
1 +k−1

2 −1).

Thank you for your (hyper)attention :)
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