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Klein surfaces

A Klein surface is a compact topological sur-

face Y equipped with a dianalitic structure.

A Klein surface Y with topological genus g and

q boundary components is denoted by Yα,p,q

where p = αg for α =

{
2 if Y orientable
1, if Y nonorientable.

The integer d = p + q − 1 is the algebraic

genus of Y .

Non-euclidean crystallographic (NEC) gro-

up is a discrete in the topology of R4 subgro-

up of the group of isometries of the hyperbolic

plane H with compact orbit space.

A surface NEC group has no conformal ele-

ments with �xed points.

Thm(Preston): If d ≥ 2, then Yα,p,q ≃ H/Λ for

a surface NEC group Λ.
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NEC group uniformizing Yα,p,q

Λα,p,q denotes an NEC group with the signature

σ(Λα,p,q) = (
p

α
;±; [−]; {(−), q. . ., (−)}), (1)

If α = 2, then p is even, the sign is + and Λα,p,q

is generated by: hyperbolic elements ai, bi (for i =
1, . . . , p2), re�ections cj and connecting genera-

tors ej (for j = 1, . . . , q) such that

c2j = 1, [ej, cj] = 1

and

e1 · · · eq[a1, b1] · · · [ap
2
, bp

2
] = 1. (2)

If α = 1, then the sign is − and the gene-

rators ai, bi are replaced with glide re�ections

d1, . . . , dp, and the relation (2) is replaced with

e1 · · · eqd21 · · · d2p = 1. (3)

Any generators of Λα,p,q that satisfy the above

relations are called the canonical generators.
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Cli�ord algebra Clr,s

V = Rr,s-a real vector space with a basis {v1, . . . , vn}
for n = r + s,

Qr,s : V → R-a non-degenerate quadratic form

Qr,s(vk) =

{
1 if 1 ≤ k ≤ r
−1, r +1 ≤ k ≤ n.

The Cli�ord algebra is a real associative alge-

bra Clr,s with a linear map i : V → Clr,s, called

a Cli�ord map, such that

(1) i(v)2 = −Qr,s(v)1 for all v ∈ V,

(2) Clr,s is universal which means that

for any real associative algebra C with unit 1C
and a Cli�ord map F : V → C, there exists a

unique algebra homomorphism F̃ : Cl(r, s) → C

such that F̃ ◦ i = F .
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Even Cli�ord subalgebra Cl+r,s

The orthogonal group:

O(r, s) = {f ∈ End(V ) : Qr,s ◦ f = Qr,s}

If f ∈ O(r, s), then detf = ±1.

The special orthogonal group:

SO(r, s) = {f ∈ O(r, s) : detf = 1.}

By the universality of Clr,s, for any f ∈ O(r, s),

there is an automorphism φf of Clr,s.

The subalgebra Cl+r,s consists of all elements

in Clr,s that are �xed by the automorphism φf

induced by an orthogonal map f de�ned by

f(v) = −v for v ∈ V.
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Pin and Spin groups

Pin group is a multiplicative subgroup Pin(r, s)

of Clr,s generated by all v ∈ V with Qr,s(v) =

±1.

Spin group is Spin(r, s) = Pin(r, s)
⋂
Cl+r,s.

A subgroup Mr,s of Pin(r, s) generated by the

canonical basis v1, . . . , vn of V = Rr,s is called

base group.

M+
r,s = Mr,s

⋂
Cl+r,s is a subgroup of Spin(r, s).

Relations in Mr,s:

v2k =

{
1 if 1 ≤ k ≤ r
−1, r +1 ≤ k ≤ n

vkvl = −vlvk for k ̸= l.

|Mr,s| = 2n+1 and |M+
r,s| = 2n for n > 1.

We denote v1, . . . , vn by w1, . . . , wr, ε1, . . . , εs.
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Cli�ord actions de�ning Klein surfaces

Let 1 → Γ → Λ
θ→ Mr,s → 1 for Λ = Λα,p,q.

Then Mr,s ≃ Λ/Γ acts on X = H/Γ by

λΓ · Γz = Γλ(z) for z ∈ H and λ ∈ Λ

and X/Mr,s ≃ (H/Γ)/(Λ/Γ) ≃ H/Λ ≃ Yα,p,q.

We say that that (Λ, θ,Mr,s) is a Cli�ord ac-

tion de�ning the Klein surface Yα,p,q.

The surface Y ′ ≃ H/Λ′ for Λ′ = θ−1(M+
r,s) is

called the Cli�ord double cover of Y induced

by the action (Λ, θ,Mr,s).

Thm. Any Klein surface Y = Yα,p,q is de�ned

by a Cli�ord action for which the induced Clif-

ford double cover Y ′ is the canonical double

cover Y + of Y .
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The standard Cli�ord action

θ : Λα.p.q → Mp,q de�ned by:

θ(cj) = εj, j = 1, . . . , q,

θ(eq) = w
2 p

α
p , θ(ej) = 1 j = 1, . . . , q − 1,

α = 2 :
θ(ai) = w2i−1, i = 1, . . . , p

2
,

θ(bi) = w2i, i = 1, . . . p
2
− 1,

θ(b p

2
) =

{
w1wp if

p
2
≡ 1 (2), q = 0

wp, otherwise,
α = 1 :
θ(di) = wi, i = 1, . . . , p− 1,

θ(dp) =

{
wp−2wp−1wp if p ≡ 1 (2), q = 0
wp, otherwise.

.

(4)

is called the standard epimorphism.

Aα,p,q = (Λ, θ,Mp,q) is the standard Cli�ord

action de�ning Y = Yα,p,q.

Y ′ ≃ H/Λ′ for Λ′ = θ−1(M+
r,s) is the standard

Cli�ord double cover of Y .
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Principal Pin-bundles over Klein surfaces

Let A = (Λ, θ,Mr,s) be a Cli�ord action de�-

ning a Klein surface Y = H/Λ.

Let Hθ be the orbit space of H×Pin(r, s) under
the action of Λ, where

λ·(z, g) = (λ(z), gθ(λ)−1) for (z, g) ∈ H×Pin(r, s).

A mapping pθ : Hθ → Y de�ned by

pθ(< z, g >) = Λz

is the principle Pin(r, s)-bundle, where Pin(r, s)
acts on Hθ by g1· < z, g2 >=< z, g1g2 > . We

can also construct the principal Spin-bundle
over Y ′.

For representations ρ : Pin(r, s) → Gl(W ) and

ρ′ : Spin(r, s) → Gl(W ′), there are associated

vector bundles

H×Λ W → Y and H×Λ′ W ′ → Y ′
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Cli�ord bundles over Klein surfaces

Vector representations of groups Pin(r, s) and

Spin(r, s) are homomorphisms:

1 → {±1} → Pin(r, s)
ρr,s→ O(r, s) → 1

1 → {±1} → Spin(r, s)
ρr,s→ SO(r, s) → 1.

Assume A = (Λα,r,s, θ,Mr,s) de�nes Y = Yα,r,s.

Λ acts on H×Clr,s by

λ · (z, c) = (λ(z), φλ(c)) for z ∈ H, c ∈ Clr,s,

where φλ ∈ Aut(Clr,s) is induced by ρr,s(θ(λ)).

Let Hr,s = (H × Clr,s)/Λ and let ⟨z, c⟩ denote

the orbit of a point (z, c). The surjection

πr,s : Hr,s → Y, πr,s(⟨z, c⟩) = Λz

is a Cli�ord bundle over Y induced by A.

There is also a Cli�ord bundle over Y ′ with
typical �bre Cl+r,s.
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Thm E.T. Let f̃ : Clr,s → Clr1,s1 ⊗ Clr2,s2 be

an isomorphism:

(a) Clr′+1,s′+1 ≃ Clr′,s′ ⊗Cl1,1,
(b) Cl0,s′+2 ≃ Cls′,0 ⊗Cl0,2
(c) Clr′+2,0 ≃ Cl0,r′ ⊗Cl2,0,
(d) Clr′+2l,s′+2l ≃ Clr′,s′ ⊗Cl2l,2l.

Then Yα,r,s = H/Λ is de�nable by Cli�ord ac-

tions A = (Λ, θ,Mr,s) and Ai = (Λ, θi,Mri,si)

i = 1,2 such that vector bundle H×Λ Rr,s → Y

induced by A associated with vector represen-

tation of the group Pin(r, s) is equivalent to

the tensor product of vector bundles

H×Λ Rri,si → Y, i = 1,2

induced by A1 and A2 associated with vector

representations of Pin(ri, si), i = 1,2.

Cli�ord bundle over Y induced by A is equ-

ivalent to tensor product of Cli�ord bundles

induced by A1 and A2.
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The Whitney sum of vector bundles

Thm E.T. Let Aα,pl,ql = (Λl, θl,Mpl,ql) be a

standard Cli�ord action and let Bl be the set of

canonical generators of Λl = Λα,pl,ql for l = 1,2.

Then B1
⋃
B2 generates an NEC group

Λ ≃ Λα,p,q for p = p1 + p2, q = q1 + q2

and the standard vector bundle

H×Λ Rp,q → Yα,p,q

associated with a vector representation of the

group Pin(p, q) is equivalent to the Whitney

sum of vector bundles H ×Λ Rpl,ql → Y for l =

1,2 associated with representations ρl induced

by

ρl(λ) =

{
ρpl,ql ◦ θl(λ) if λ ∈ Bl
idRpl,ql, if λ ̸∈ Bl,

(5)

where ρpl,ql : Pinpl,ql → O(pl, ql) denotes vector

representation of the Pin group.
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