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Klein surfaces

A Klein surface is a compact topological sur-
face Y equipped with a dianalitic structure.

A Klein surface Y with topological genus g and
g boundary components is denoted by Y, pgq

where p — for o — 2 if Y orientable

p=a9 &= 1, if Y nonorientable.
The integer d = p+ g — 1 is the algebraic
genus of Y.

Non-euclidean crystallographic (NEC) gro-
up is a discrete in the topology of R4 subgro-
up of the group of isometries of the hyperbolic
plane ‘H with compact orbit space.

A surface NEC group has no conformal ele-
ments with fixed points.

Thm(Preston): If d > 2, then Yu pq >~ H/N for
a surface NEC group A.



NEC group uniformizing Y, pq

Na p.q denotes an NEC group with the signature

oNapa) = (i {0 (DD, @)

If a =2, then p is even, the sign is 4+ and Aq pq
is generated by: hyperbolic elements a;, b; (for ¢ =
1,...,8), reflections c; and connecting genera-
tors e; (for j =1,...,q) such that

2 __ —
c; =1, lej,e5] =1

and
61"'€q[a17b1]"’[a%ab%] = 1. (2)

If « = 1, then the sign is — and the gene-
rators a;,b; are replaced with glide reflections
di,...,dp, and the relation (2) is replaced with

61...eqd%...d§=1_ (3)

Any generators of Ay pq that satisfy the above
relations are called the canonical generators.
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Clifford algebra Cl; s

V = R"™%-a real vector space with a basis {v1,...,vn}

for n = r 4+ s,

Qrs V. — R-a non-degenerate quadratic form
1ifl1<k<r

Qr.s(vp) = { 1, r+1<k<n.

T he Clifford algebra is a real associative alge-
bra Clr s with a linear map ¢ : V — Cl, s, called
a Clifford map, such that

(1) i(v)2=—Qrs(v)lforallveV,

(2) Clrs is universal which means that

for any real associative algebra C' with unit 1.
and a Clifford map F : V — C, there exists a
unique algebra homomorphism £ : Cl(r,s) — C
such that Foi=F.



Even Clifford subalgebra CIit,

The orthogonal group:

O(r,s) ={f € End(V) : Qrso f=Qrs}
If f e O(r,s), then detf = +1.
The special orthogonal group:
SO(r,s) ={f €O(r,s) :detf = 1.}

By the universality of Cl, s, for any f € O(r,s),
there is an automorphism ©f of Clys.

The subalgebra Clﬁfs consists of all elements
in Cly s that are fixed by the automorphism ©f
induced by an orthogonal map f defined by

f(v) = —vforvelV.



Pin and Spin groups

Pin group is a multiplicative subgroup Pin(r, s)
of Clrs generated by all v € V with Qrs(v) =
+1.

Spin group is Spin(r,s) = Pin(r, s) N CI;t,.

A subgroup M, s of Pin(r,s) generated by the
canonical basis vq,...,v, Of V = R"* is called
base group.

M;f; = Mr,sﬂCI,;"'S is a subgroup of Spin(r, s).
Relations in My s:

VU] = —UVL for k = 1.

> J1if1<k<Zr
Yk = —1,r4+1<k<n

My s| = 2711 and |M;Y| = 27 for n > 1.
We denote vq,...,vp DYy wq,...,wr,e1,...,¢s.



Clifford actions defining Klein surfaces

Let 1 5T = A% My —> 1 for A = Aapg.
Then Mys~ A/I" acts on X = H/I" by

A -Tz=TXz)forze Hand A € A

and X/Myp s~ (H/T)/(N/T) =H/N>~Yapg.
We say that that (A, 0, M;s) is a Clifford ac-
tion defining the Kilein surface Y, p q.

The surface Y/ ~ H/N for N = 6~ L(M;%) is
called the Clifford double cover of Y induced
by the action (A, 0, M;s).

Thm. Any Klein surface Y = Y, pq IS defined
by a Clifford action for which the induced Clif-
ford double cover Y’/ is the canonical double
cover Yt of Y.



The standard Clifford action

0 : Na.p.qg — Mpq defined by:

Q(Cj) = gjép j =1

0(eq) = wp°, 0(e;) =1 j =

oa=2:

9((11') = wWo;_1, 1=1,...

0(b;) = woy, 1=1,...
N = wiwy if 5=1(2), ¢g=0

0(by) = { wp, Otherwise,

a=1:

0(d;) = w, 1=

_ ) wpowp_rwp if p=1(2), ¢g=0
0(dp) = { wp, Otherwise. '

iIs called the standard epimorphism.

'7q’
,q—1
P
>
5—1
,p—1
(4)

Aapqg = (N, 6,Mp4) is the standard Clifford

action defining Y = Ya p g

Y ~H/N for N = 6-1(M;%) is the standard

Clifford double cover of Y.



Principal Pin-bundles over Klein surfaces

Let A = (A,0,M;s) be a Clifford action defi-
ning a Klein surface Y = H/A.

Let Hy be the orbit space of H x Pin(r, s) under
the action of A, where

A(z,9) = (A (2),g0(N) 1) for (z,9) € HxPin(r, s).
A mapping pg : Hg — Y defined by

pe(< 2,9 >) = Nz

is the principle Pin(r, s)-bundle, where Pin(r, s)
acts on Hy by g1- < 2,90 >=< 2z,9192 > . We
can also construct the principal Spin-bundle
over Y'.

For representations p : Pin(r,s) — GI(W) and
o : Spin(r,s) — GI(W'), there are associated
vector bundles

HXAW =Y and H xy W — Y’



Clifford bundles over Klein surfaces

Vector representations of groups Pin(r, s) and
Spin(r,s) are homomorphisms:

1 —{£1} — Pin(r,s) rg O(r,s) — 1

1 —{£1} — Spin(r,s) rg SO(r,s) — 1.
Assume A = (Aq,rs, 0, My s) defines Y = Yq r s.
A acts on H x Cly s by
A (z,¢) = (A(2),p)(c)) for z € H,c € Cly,
where ¢y € Aut(Clys) is induced by prs(6(A)).

Let Hrs = (H x Clrs)/N\ and let (z,¢) denote
the orbit of a point (z,¢). The surjection

Trs . Hrs — Y, mrs({(2,¢)) = Nz

is a Clifford bundle over Y induced by A.
There is also a Clifford bundle over Y’ with
typical fibre CIit,.



Thm E.T. Let f: Clps — Clpy.s; ® Clpy 5, be
an isomorphism:

(a) CI r4+1,s+1 = ~ Cls g ® C|1,1,

(b) CIOs’+2—CI’O®C|02

(¢) ClI 42,0 = Clg PR Cl2 o,

(d) Cl 421, s/ 421 = ~ (| sl X C|21721.
Then Yo rs = H/N is definable by Clifford ac-
tions A = (A, 0,Mys) and A; = (N, 0;, My s.)
¢ = 1,2 such that vector bundle H xpAR"® — Y
induced by A associated with vector represen-
tation of the group Pin(r,s) is equivalent to
the tensor product of vector bundles

H AR Y, §=1,2

induced by A1 and A, associated with vector
representations of Pin(r;,s;), i =1, 2.

Clifford bundle over Y induced by A is equ-
ivalent to tensor product of Clifford bundles
induced by A1 and A»s.
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The Whitney sum of vector bundles

Thm E.T. Let Aa,pl,ql — (/\l76l7Mpl7q1) be d
standard Clifford action and let B; be the set of
canonical generators of Ay = Aq p,,q fOri = 1,2.

Then B1U B> generates an NEC group

N>~ NapqfOrp=mpi +p2, ¢=q1+ @

and the standard vector bundle

H X/\ Rp,q — Ya,p’q

associated with a vector representation of the
group Pin(p,q) is equivalent to the Whitney
sum of vector bundles H xp RPLU — 'Y for | =
1,2 associated with representations p; induced
by
_ ) pppg 0 0i(N) if A€ By
A) =< ° : 5

P1N) { idpp.q, If A& By, (5)
where pp, g, - Ping,.q, = O(py, q;) denotes vector
representation of the Pin group.
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