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Introduction and Motivation

Fig. 1: A Self-driving Car on Road Test

Reinforcement Learn-
ing (RL) has been
widely used to pro-
vide solutions to con-
trol problems and deci-
sion making, with var-
ious successful appli-
cations including but
not limited to robotics,
autonomous vehicles
(Fig 1), and games.
Given a certain task,
RL leverages the intu-

ition of "trial and error" (Fig 2) to search for optimal decisions. The
accuracy of RL algorithms comes at the cost of training time and data
efficiency, especially in model-free RL where the algorithm does not cre-
ate a model of the environment. For example, over the span of weeks
of training of OpenAI Five, an RL agent that plays Dota, more than 25
million observations were created every day, equivalent to 900 years of
gaming experience of a human player. [2].

Fig. 2: Reinforcement Learning Explained

Part of this disadvan-
tage can be overcome
with model-based RL,
where the algorithm
learns a model of the
environment and uses
that model to improve
the policy. This allows
the agent to produce

more educated guesses and thus increase data efficiency. But the per-
formance of model-based RL is highly dependent on how well the model
is constructed. Models that accurately represent the environment are
typically complex due to nonlinearity, resulting in difficult control prob-
lems. In this work, we aim to apply Koopman Operator Theory to the op-
timal control problem of nonlinear model and use it as an data-efficient
model-based reinforcement learning approach.

Fig. 3: High-Level Structure of Our Model

Methodology

Optimal linear control is a well studied problem with off-the-shelf, well
developed solutions such as linear–quadratic regulator (LQR). In a fi-
nite horizon and in discrete time, LQR can be expressed as

xk+1 = Axk +Buk

where x stands for state and u stands for action. Once the A and B
matrices are determined, the state of the next timestep can be easily
calculated by matrix arithmetic.
To bridge the gap between nonlinear models in model-based RL and
linear control methods, we introduce Koopman Operator Theory [1],
which maps the nonlinear component of the model to its linear equiv-
alent in a higher dimensional space (Fig 4). This will then allow us to
apply LQR to the linearized model for optimal control.

Kg(xt) = g(xt+1)

Fig. 4: Schematic Illustration of Koopman Operator

The problem is
thus divided into
two parts: find-
ing the mapping
between linear
and nonlinear

representations, and finding the Koopman Operator K that advance
the measurement forward linearly. The first part of the problem is
typically solved by using a dictionary that handles the mapping. In
our approach, we use a pair of autoencoder and autodecoder to find
the dictionary (Fig 3), which then maps the nonlinear representations
to and from their linear counterparts. Once we obtain the linear
representation, we can apply LQR to find the Koopman Operator K,
solving the second part of the problem.

Fig. 5: Local Linear Models

One key challenge of this approach is
that for complex nonlinear models, it
is difficult to find a single yet global
mapping to produce a linear repre-
sentation. To maintain high data-
efficiency and produce reliable mod-
els, we can learn multiple local mod-
els using Operator Sampling (Fig 5)

instead of a global one. For each sequence of observations, we fit a lo-
cal linear model that can be used to estimate the global model, around
where the data is collected. Multiple linear models are then used to-
gether when making predictions, and the best performer is sampled
out and used in the control process. This Operator Sampling process
increases the possibility of finding better models.
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Experiment

Fig. 6: Inverted Pendulum Environment Fig. 7: Reacher Environment

Our approach is evaluated in simulated environments from OpenAI Gym and PyBullet: the In-
verted Pendulum environment (Fig 6) and the Reacher environment (Fig 7). Both our models,
with and without Operator Sampling, are tested in these environments, and several other rein-
forcement learning approaches are also included for comparison. Particularly for the out approach
with Operator Sampling, multiple sequence lengths and sampling size are used to evaluate the
performance of local models. Results from the Inverted Pendulum experiment are provided below.

Results

Fig. 8: Reward Curves w.r.t. Sequence Length Fig. 9: Reward Curves w.r.t. Sample Size

Fig. 10: Reward Curves Comparison Between RL Approaches


