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Class 23

WARSHALL'S ALGORITHM
FLOYD’S ALGORITHM

Transitive Closure Problem

Transitive closure of a digraph: an arbitrarily long directed path
between any two nodes.
Examples uses:

o Spreadsheet: User makes a change to a cell, software makes
corresponding changes to all cells depending on it.

o Software Engineering: Model data flow and control flow
dependencies




Definition of a Transitive Closure

The transitive closure of a digraph with n vertices can be defined
as the n x n Boolean matrix T = {t;} in which the element in the ith
row and the jth column is 1, if there exists a nontrivial path from
the ith vertex to the jth vertex. Otherwise, the entry is 0.
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FIGURE 8.11 (al Digraph. (b} Its adjacency matrix. (c) Its transitive closure.

Warshall’s Algorithm for
computing transitive closure

Constructs transitive closure T as the last matrix in the sequence of n-
by-n matrices R, ..., RW, ..., R where
o R®I[jj] = 1iff there is nontrivial path from i to j with only first k vertices
allowed as intermediate

Note that R = A (adjacency matrix), R = T (transitive closure)

(a n R g ? g g | 1's reflect the existence of paths
with no intermediate vertices
b|[o] 0 0 1 e ‘ .
RO = (R is just the adjacency matrix);
c||0] O 0 O .
dlilo 1 o boxed row and column are used for getting R0,
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Warshall’s Algorithm for
computing transitive closure
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1's reflect the existence of paths

with no intermediate vertices

(R is just the adjacency matrix);

boxed row and column are used for getting R,

1's reflect the existence of paths

with intermediate vertices numbered

not higher than 1, i.e., just vertex a

{note a new path from d to b);

boxed row and column are used for getting A1,

Warshall’s Algorithm for
computing transitive closure
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1's reflect the existence of paths

with intermediate vertices numbered

not higher than 1, i.e., just vertex a

(note a new path from d to b);

boxed row and column are used for getting A2,

1's reflect the existence of paths

with intermediate vertices numbered

not higherthan 2, i.e., sand b

(note two new paths);

boxed row and column are used for getting A2,
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Warshall’s Algorithm for
computing transitive closure

2 /b\ a b c d 1's reflect the existence of paths
al 0 1 (0] 1 with intermediate vertices numbered
B2 bl 0 0 |0f 1 not higher than 2, i.e., sand b
“ c|[0 0 o] 0]| (notetwo new paths);
° d d 1 1|1 1 boxed row and column are used for getting AB).
= -/ — . ) )
a b c d 1's reflect the existence of paths
al o 1 o [1] with intermediate vertices numbered
BE— bl 0 0 0 |1 not higherthan 3, i.e., g b, and ¢
"¢l 0 0 0|0 {no new paths);
di[t 1 11 boxed row and column are used for getting R,

Warshall’s Algorithm for
computing transitive closure

3 /[,\ a b ¢ d 1's reflect the existence of paths
al 0 1 0o [1] with intermediate vertices numbered
REI— bl 0 0 0 |1 not higherthan 3, i.e., 5 b, and ¢
"¢l 0o 0 0|0 {(no new paths);
@4—-\11/ di[t 1 11 boxed row and column are used for getting R4,
a b ¢ d
al 1 1 1 1 1's reflect the existence of paths
R - bl 1 1 1 1 with i‘ntermediate yertices numbered
¢l 0o 0 0 0 not higher than 4, i.e., 3 b, ¢, and d
d 1 1 1 1 (note five new paths).
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FIGURE 8.12 Rule for changing zeros in Warshall's algorithm. a b ¢ d_
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Warshall’s Algorithm

ALGORITHM  Warshall(A[1..n, 1..n])

/Mmplements Warshall’s algorithm for computing the transitive closure
/Mnput: The adjacency matrix A of a digraph with n vertices
//Output: The transitive closure of the digraph
RO 4
fork < 1ton do
fori < 1tondo
for j < 1tondo
RO, j1« R*=D[i, jlor (R*D[, k] and R*~V[k, j])
return R
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All-Pairs Shortest-Paths
Problem

In a weighted digraph or undirected graph, find the length of the shortest path
between every pair of vertices

Convenient to write solution as a matrix
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al0 = 2 = alo 10 3 4
b2 0 = o b|l2 0 5 &
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FIGURE 8.14 i{a) Digraph. (b} Its weight matrix. (c) Its distance matrix.

Floyd’s Algorithm

a b ¢ d
O (b) 0] = 3 =]
a Lengths of the shortest paths
3 6 7 Do = b[2] 0 eo e with no intermediate vertices
clf=| 7 0 1 (D'9 is simply the weight matrix).
1) 6 0 ’
c ] d/ d| [B] == e
a b ¢ d
al 0 [=] 3 = Lengths of the shortest paths
b|[2 [0] § = with intermediate vertices numbered
D= ol =70 not higher than 1, i.e., just a
6 9 0 (note two new shortest paths from
d =] b to cand from d to ¢).




Floyd’s Algorithm
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Lengths of the shortest paths

with intermediate vertices numbered
not higher than 1, i.e., justa

(note two new shortest paths from
b to candfrom dtoc).

Lengths of the shortest paths

with intermediate vertices numbered
not higher than 2, i.e., aand b

(note a new shortest path from ¢ to a).

Floyd’s Algorithm

abid
al 0 e |3] e
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d| 6 = [9] O
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al 0 10 2[4
bl 2 0 5|6
3) =
b cl 9 7 0|1
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Lengths of the shortest paths

with intermediate vertices numbered
not higher than 2, i.e., aand b

(note a new shortest path from cto a).

Lengths of the shortest paths

with intermediate vertices numbered

not higher than 3, i.e., a, b, and ¢

(note four new shortest paths from a to b,
from a to d, from b to d, and from d to b).
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Floyd’s Algorithm

2 (B) a b ¢ d
a > ) al 0 10 2 [4a] Lengths of the shortest paths
bl 2 0 5|6 with intermediate vertices numbered
3| 67 DR = ol o 7 0l not higher than 3, i.e., a, b, and ¢
~ d l 6 16 9 0 (note four new shortest paths from a to b,
(C 1 d/ from a to d, from b to d, and from d to b).
a b ¢ d
al 0o 10 2 1 Lengths of the shortest paths
Cbl2 0 5 6 with intermediate vertices numbered
D = ol 7 7 0 1 not higher than 4, i.e., a, b, ¢, and d
(note a new shortest path from ¢ to a).
d| 6 16 89 0

Floyd’s Algorithm

DW[i,j) = min {D*D[ij], D¥N[ik] + DDk 1}

ALGORITHM  Floyd(W[l..n. 1..n])

/Mmplements Floyd’s algorithm for the all-pairs shortest-paths problem
/[Input: The weight matrix W of a graph with no negative-length cycle
//Output: The distance matrix of the shortest paths’ lengths
D < W //is not necessary if W can be overwritten
for k < 1ton do
fori < 1tondo
for j < 1tondo
D[i. j] < min{Dl[i, j], D[i. k] + D[k, j]}
return D




