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Day	12
QUICKHULL

Analysis	of:	
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Convex	Hull	Problem

Image	credit:	medium.com

• Input:	points	𝑃" = (𝑥", 𝑦")
• Solution:	list	of	points	making	up	convex	hull,	in	(say)	
CCW	order

Convex	Hull	Problem:	
Rubber-band	edition

Image	credit:	medium.com
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Geometric	Calculation
The	main	geometric	computation	we’ll	need	to	make:	on	what	
side	of	a	line	𝑃)𝑃* does	a	point	𝑃+ = (𝑥+, 𝑦+) lie?

Equation	of	line	𝑃)𝑃* :
𝑥* − 𝑥) 𝑦 − 𝑦) − 𝑦* − 𝑦) 𝑥 − 𝑥) = 0

Plug	in	(𝑥+, 𝑦+) to	LHS	and	see	whether	the	result	is	positive	(𝑃+
is	on	one	side),	negative	(𝑃+ is	on	other	side),	or	0	(𝑃+ is	on	the	
line).

𝑃)

𝑃*

𝑃+

Brute	Force	Solution
A	pair	𝑃",	𝑃.	is	adjacent	in	the	convex	hull,	if	all	other	points	are	on	one	
side	of	𝑃"𝑃..

Algorithm	sketch:
◦ Loop	over	all	pairs	(𝑃",	𝑃.)

Θ(𝑁*)
◦ Loop	over	all	other	points	𝑃4

Θ(𝑁)
◦ Run	point-line	relation	on	𝑃4 versus	line	𝑃"𝑃.

Θ(1)
◦ If	all	other	points	on	the	same	side,	𝑃",	𝑃. are	adjacent	in	the	convex	hull.

◦ At	the	end,	stitch	together	the	convex	hull	list	by	using	the	set	of	adjacent	
pairs	found.

Runtime:	Θ(𝑁+)
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Quickhull
1)	Sort	points	by	x-coordinates

2)	Draw	a	line	between	the	leftmost	points	P1 and	the	rightmost	
point		Pn
◦ Notice	that	P1 and	Pn are	part	of	the	convex	hull	solution
◦ The	line	separates	the	points	into	two	sets:	
◦ S1:	those	above/left	of	the	line	and	
◦ S2:	those	below/right	of	the	line

Quickhull
3)	We	define	the	upper	hull	as	consisting	of	line	segments	with	
vertices	at	P1,	some	of	the	points	in	S1,		and	Pn
4)	We	define	the	lower	hull	as	consisting	of	line	segments	with	
vertices	at	P1,	some	of	the	points	in	S2,		and	Pn
Notice:	The	upper	and	lower	hull	can	be	constructed	independently
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Quickhull
5)	If	S1 is	empty,	the	upper	hull	is	the	line	segment	P1 to	Pn
6)	If	S1 is	not	empty	then	identify	Pmax as	the	point	that	is	at	max	
distance	from	line	P1Pn
◦ Notice	that	Pmax is	on	convex	hull.
◦ Points	inside	triangle	PmaxP1Pn cannot	be	on	convex	hull.

Upper	Hull
Break	into	two	subproblems:	
o left	of	P1Pmax

o left	of	PmaxPn
Notice	the	direction	of	the	arrows.


