
Magnetic Devices

_____________________________________________________________________________________________________

Energy conversion and transmission processes employ a variety of magnetic devices. Several new ideas will be added to the principles covered in the previous chapter to describe their operation. Specialization of these concepts to magnetic devices is the focus of this chapter. In addition, a more general interpretation of Faraday’s law concludes this chapter.

4.1 - Magnetic Circuits: The Basics

The combination of a magnetic core and an excitation coil is known as a magnetic circuit. A wide variety of magnetic devices can be described by different configurations of this basic magnetic circuit. This section focuses upon calculation of the fields within a magnetic circuit and upon their behavior.

Reconsider the toroidal, linear, magnetic core of rectangular cross-section with permeability ( excited by an N-turn coil carrying a current I as introduced in Section 3.4 and shown again in Figure 4.1. 
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Figure 4.1 - Magnetic Circuit of a Toroidal Core

From Ampere’s law, the magnetic field intensity is calculated from as
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Within the core the flux density is given by
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and the total flux within the core is determined by integrating B( over the cross-section of the core as
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These computations are relatively easy for this simple configuration because it aligns exactly with the cylindrical coordinate system. However, more complex structures do not fit so nicely and become computational nightmares. The usual strategy for reasonably accurate results without laborious calculations is to make simplifying, yet fairly accurate approximations. From Equation (3.11), H and B are seen to be greatest at the inner radius of the core and least at the outer. The simplest approximation is that the fields are uniform throughout every cross-section of the core and to use the average or mean value of path length for their calculation. Fortunately, this approximation is especially accurate for the fields and total flux when the radial thickness of the core is significantly less than its mean circumference. In fact, this approximation is within 10% of the exact value for the radial thickness equal to the mean radius. It works so well that we will use this for nearly all configurations of cores with any cross-section. Application of this approximation to the magnetic field intensity calculations gives
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Since we know that the flux is directed along the axis of the core, the subscript on the field is not needed. As a general convention the mean path length is always used, so we will drop that subscript as well. Solving for the fields we have
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and
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The mean path length approximation is equivalent to requiring uniform H and B throughout each cross-section. Since B is uniform, the flux is found quite simply as
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Example 4.1-1: Calculate the exact fields and the total flux in the toroidal core of Figure 4.1 for a=3 cm, b=5 cm, and w=2 cm, with (R=1000, and with a coil of 100 turns carrying 1 A of current. Exact calculations require use of Equations (3.11), (3.12), and (3.25) which give 
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Example 4.1-2: Calculate the fields and flux of Example 4.1-1 using the approximate expressions of Equations 
(4.4)

 (4.2)

, and (4.1)

,  GOTOBUTTON ZEqnNum851667  \* MERGEFORMAT , 
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The values of B and H are the same as the exact values (evaluated at the mean radius, (=0.04 m) of Example 4.1-1. Though, (m is an approximation assuming uniform flux density, it is within 2% of the exact value of Example 4.1-1, not bad.

The magnetic core is often composed of more than one magnetic material. The continuity of magnetic flux in the core of Figure 4.2a requires that all of the flux leaving one material enter into the other material at the boundary between the two materials. Since the flux densities are uniform and the areas the same, the flux densities are equal as well so that
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The difference in permeabilities requires that H1 and H2 are different. Application of Ampere’s law gives
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Combining these two equations, we solve for H1 and H2 as
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and B1 and B2 as
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The flux in both regions is the same and is given by
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Figure 4.2 - Composite Magnetic Circuits;

a: Series Flux, b: Parallel Flux.

This procedure is valid for M different core materials in series and is governed by
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Another form of composite magnetic circuits is shown in Figure 4.2b where the flux has two or more alternate paths. This problem can be approached as two separate problems with the same source of magnetic field, NI, for which expressions for the magnetic field can be written as
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The flux paths are often different lengths, l1(l2,. which results in H1(H2. Note that this violates the boundary conditions of equal tangential components of the magnetic field intensity at the material interface. Alternatively, we can match the boundary conditions, H1=H2, which requires l1=l2, a condition which may not match the core geometry. This problem arises from the approximation of equal path length for all flux within a branch of the core. Either condition may be used; both represent a good approximation. The continuity of flux leads to
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and of course the constituitive relations
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H is readily calculated as
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from which the B1 and B2 follow as
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The total flux in the core is given as
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A generalization to M different materials in a configuration as in Figure 4.2b gives
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The concept of series or parallel flux paths can be extended readily to configurations where the cross-sectional areas or flux path lengths differ with minor algebraic modifications. The governing principles are that the flux is constant through a series connection and that the mmf drop is the same across a parallel connection.

Example 4.1-3: Calculate the flux present in the core of Example 4.1-1 when one semi-circular half of the core has (R=1000 and the other half (R=2000. Since the flux through both halves is the same, (m1=(m2, the equality of the areas requires that B1=B2 which leads to (1H1=(2H2. The total mmf drop must equal the sum of mmf drops of the two halves or NI=(H1+H2)l since the two halves have equal length. The simultaneous solution of these two equations gives 
[image: image27.wmf]. The total flux is 
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Example 4.1-4: Calculate the flux present in the core of Example 4.1-1 when the core is divided radially into two equally thick, concentric regions, the inner region, 0.03(((0.04, has (R=1000, the outer region 0.04(((0.05, has (R=2000. Since the coil encircles both regions they both have NI=100 At of mmf drop with resulting magnetic field intensities of 
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Note that the path in each of the region is approximated as the mean length in that region. The total flux in the core is the sum of the fluxes in the two regions as
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Alternatively, let’s assume that l1=l2 =2((0.04)=0.251 which leads to H1=H2=NI/l=100/(0.251)=398.4 At. Note that this value of H is approximately the average of the two values obtained by the first method, HAVE=(H1+H2)/2=404.25. The flux is (m=4((10-7)[103+2(103)](398.4)(0.0002)=300 (wb. The two results differ by only 3%.

4.2 - Magnetic Circuits: More Details

We covered the basic principles of magnetic circuits in the last section. Now we can look a little deeper at some special cases and make some interpretations of the results.

The flux established in a magnetic circuit is proportional to the source NI. The flux within a branch is continuous and depends upon the geometry of the branch. The sum of Hl around a path is equal to the source NI. This seems very much like the language of circuits where the current is analogous to the flux, the voltage source is analogous to NI, and the geometry of a branch relates the voltage and current analogous to the relationship of NI and the flux. Let’s look at this idea more carefully. Consider the magnetic circuit and analogous electric circuit of Figure 4.3.

[image: image104.wmf]
Figure 4.3 - Analogous Circuits

a: Magnetic Circuit, b: Electric Circuit

The KVL from electric circuits states that for a single source in a closed loop the sum of the resistive voltage drops is equal to the voltage source,
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Ampere’s law for a closed magnetic circuit takes a similar form
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The similarity of these forms suggests that the magnetic source, NI, corresponds to the electric voltage source, VS. The individual resistive voltage drops, Vi, correspond to mmf drops, Hili=Vmi. The magnetic circuit equivalent of KVL is that the magnetic source establishes an mmf potential, NI, across the magnetic circuit with each branch in the loop possessing an mmf drop or magnetic potential drop, Vmi=Hili. The longer the branch lengths, li, the larger the source, NI, needed to establish a given H.

The KCL of electric circuits states that in a closed loop the currents that flow into and out of every branch are the same,
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The flux entering and leaving each branch of a closed magnetic circuit are equal,
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Obviously, the magnetic flux is analogous to the current flux in resistive circuits. When there are N branches at a circuit node, the sum of the currents entering or leaving must be zero
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Analogously, when there are N branches at a junction of a magnetic circuit, the sum of the fluxes entering or leaving must be zero
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Extending the analogy to its logical conclusion, we first note that the ratio of a branch voltage drop, Vi, to a branch current, Ii, gives the branch resistance, Ri. Analogously, the ratio of a branch mmf drop, Vmi, to the branch flux, (mi, is a sort of magnetic resistance. This is the reluctance that we encountered in Chapter 3; it is denoted by R with units of Henries(1. The reluctance of the ith branch is given by
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The geometrical dependence of reluctance can be obtained from the parameters of a toroidal core, Vm=Hl=NI and (m=(NIA/l, as
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This is amazing! The analogy holds even in the form of geometrical dependence (you do recall R=L/(A, don't you?). The longer the element the greater the resistance (reluctance) and the greater the material's conductivity (permeability) or its cross-sectional area, the smaller the resistance (reluctance). A small reluctance is desired in order to establish a large flux with as small a current as possible. From Equation (4.28)

 we see that a short path, a large cross-section, and, most importantly, a high permeability are necessary to achieve small reluctance. Fortunately, this expression is quite general and can be applied to most geometries when we assume uniform flux density and using mean flux path.

This analog enables us to use our experience with electric circuits to understand magnetic circuits. With only simple reluctance calculations via Equation (4.28)

, we can see quickly which branches will present a high mmf or which branches enable a large flux to exist. In addition, it enables us to perform series and parallel calculations for complicated magnetic circuits. For example, a composite circuit with two parallel flux paths can be represented by a parallel circuit with reluctances of
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The combined reluctance for the parallel flux paths is the sum of the reciprocals, or
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The total flux in the core is simply calculated as
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which is identical to Equation (4.12)

 derived directly from field concepts.

There is a minor problem in implementing this concept for a junction with more than two branches. Consider three branches that join together as shown in Figure 4.4. 

[image: image105.wmf]
Figure 4.4 - Magnetic Circuit Junction Geometry.

The flux paths in the vicinity of the junction are quite complex, depending upon the cross-sectional areas of all three branches. However, a simplifying approximation is to define the lengths of the branches from a common point at the center of the junction. Experience has shown that reasonable accuracy is obtained with no further assumptions.

Example 4.2-1: Sketch the circuit analog of the magnetic circuit of Example 4.1-1. The mmf source has a value of NI=100. The reluctance of the core is calculated as 
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[image: image106.wmf]
Figure 4.5 - Electric Circuit Analog.

Example 4.2-2: Calculate the reluctance of the core of Example 4.1-3. The total reluctance is the sum of the reluctances of the two halves as 
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Example 4.2-3: Calculate the reluctance of the core of Example 4.1-4. The total reluctance is the parallel reluctances of the two separate regions as 
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4.3 - Magnetic Circuits with Air Gaps

A common magnetic circuit is that of a motor which has a small air gap between the fixed stator and the moveable rotor. The magnetic flux is established by current flow in coils that are wound on the magnetic material of the stator and rotor. The flux bridges the gap between the adjoining iron regions known as pole pieces. But, from Equation (4.28)

 we see that the very small value of the permeability of the air gap, (o, results in a very large air gap reluctance which in turn requires a large NI to establish the necessary flux. This is strong motivation for keeping the air gap as small as possible without the rotor and stator touching. Even with a very small gap, its reluctance is much larger than the reluctance of the rotor and stator combined. This leads to another important approximation in magnetic circuits: as a first approximation for a branch that contains a series air gap, the total reluctance of the branch is that of the air gap. Of course, more accurate calculations must include the reluctance of the remainder of the branch.

Example 4.3-1: Consider Example 4.1-1 with a modified core to include a 1 mm radial air gap. The reluctance of the core and the gap are 
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 respectively, with a total reluctance of RT=RC+RG=2.49x106 H(1. The flux is calculated easily as 
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 compared to 204 (wb without the gap. The flux is greatly reduced due to the greatly increased reluctance of the circuit due to the air gap. When the reluctance of the circuit is approximated by the reluctance of the gap only, the flux is 50.3 (wb, a 25% error. In most cases the error will be less.

The flux through the air gap is continuous and equal to the flux in the core. But in the absence of high-( material in the gap, the flux is not as well guided as in the core. This allows the flux to “bulge” slightly out of the gap, fringing around the outer edges of the pole pieces, see Figure 4.6. A common rule of thumb is that the “effective” area of the gap is 1.1 times the area of the core to account for the fringing. Of course, the flux density in the gap is reduced by 1.1. This approximation is fairly accurate as long as the gap length is much less than the smallest dimension of the adjoining pole pieces. Since our goal is to understand principles and not to strive for the ultimate accuracy, we will ignore this slight increase in the area of the flux path through an air gap.

[image: image107.bmp]
Figure 4.6 - Fringing at an Air Gap.

4.4 - Nonlinear Magnetic Circuits

Up to this point, we have assumed that the magnetic material is linear. However, for large magnetic fields often required in power applications, the permeability of most materials shows a nonlinear dependence on the magnetic field intensity, i.e., (=((H). This nonlinear behavior is often displayed graphically as a plot of B vs. H, see Figure 4.7. For linear material B=(H is represented by a straight line through the origin with a constant slope of (. Nonlinear magnetic materials are nearly linear for low level fields, but are characterized by a saturation of B as H becomes large. The causes [image: image108.bmp]of this behavior are described briefly in Section 3.5.

Figure 4.7 - B-H Curve for Nonlinear Material.

Ampere’s law, flux continuity, and B=(H govern all magnetic behavior whether linear or nonlinear materials are involved. But the solution process is complicated by the nonlinear nature of the permeability. When there is only a single flux path in the core, techniques used with linear cores can be readilyadapted. When the excitation current, I, is given, Ampere’s law is used to determine H that in turn is used to determine B from the B-H curve from which the flux is calculated. When the required flux is given, B is calculated by flux continuity which in turn provides the required H from the B-H curve and the excitation current follows from Ampere’s law. However, these solution methods become much more complicated or fail when there are multiple flux paths.

Several strategies which work well for “ball park” answers to single flux path problems are considered in the following paragraphs. We will defer the more advanced methods required for multiple flux paths until a more advanced course.

Table lookup or curve-fitting methods make use of tables of values or mathematical functions via curve-fitting techniques to approximate the B-H curve behavior. Numeric solutions of the resulting equations are well suited to software packages such as Maple( and Mathematica(. The solutions depend strongly on the accuracy of the curve fit, a typical B-H curve as shown in Figure 4.7 can require a 15th order polynomial for good approximation.

Circuit analogs using PSPICE are useful once the B-H curve polynomial has been determined. The dimensions of magnetic circuit elements and the polynomial specification for controlled sources can be used to simulate the nonlinear core behavior. In addition, the PSPICE K device type provides direct specification of area, core length and gap length of inductors. The core material is selected from a library of commercial materials or designed by the user.

A graphical method, based upon the analog between electric and magnetic circuits, provides reasonable accuracy rather quickly without the necessity of a computer. The B-H behavior of the linear portion of the circuit is a straight line that can be determined from its analogous Thévenin equivalent circuit. The solution is the point at which this linear curve and the B-H curve intersect.

A typical engineering strategy--make a piecewise linear (PWL) approximation to the B-H curve is the basis for another solution method. The B-H curve is approximated by suitable straight line segments; the accuracy of the solution dictates the number of PWL segments. The solution is assumed to lie within a likely PWL region and linear analysis is applied. If the solution does not exist in this region, the process is repeated for another region suggested by the original solution results until a consistent solution is obtained.

A “cut and try” method assumes a solution point and solves for the mmf drops via the B=(H relationship directly from the B-H curve. This is compared with the mmf drops calculated directly from the assumed solution value of H. If the two results do not compare closely enough, then an increased or decreased H as suggested by the results is the basis for a second round of calculations. This process is continued until sufficient accuracy is obtained.

Example 4.4-1: The core of Example 4.1-1 has material with the properties exhibited in Figure 4.7. Calculate the flux by table lookup method. Ampere’s law gives H=NI/l=100/0.08(=397.9. From Figure 4.7 this corresponds to B=1.2 wb/m2. The flux in the core is given as (m=BA=1.2(0.0002)=240 (wb.

Example 4.4-2: The core of Example 4.4-1 has a 0.5 mm radial air gap added. Calculate the current needed to produce an air gap flux density of 1 wb/m2 by table look up. The mmf drop of the air gap is calculated as HGlG=(1/4((10(7)(0.0005)=397.9 At. From the B-H curve of Figure 4.7 the field intensity in the core is given by HC=400 At/m and the mmf drop in the core is given by VmC=400(0.08()=100.5 At. The total mmf drop for the circuit is NI=(Hili=489.4 At. The required current is I=4.894 A. Note that the mmf drop of the air gap is nearly four times that of the core.

Example 4.4-3: The core with a gap of Example 4.4-2 has an excitation current of 3 A. Calculate the air gap flux density by the graphical method. The nonlinear core behaves according to the B-H curve of Figure 4.7. Utilizing BC=BG and substituting for HG from Ampere’s law, we obtain 
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which is of the form y=mx+b in terms of BC and HC. The x-intercept is 0.754/6.32(10(4=1193; the y-intercept is 0.754. This linear form represents the “terminal” behavior of the NI source and the HGlG of the air gap. A plot of this straight line will intersect the B-H curve at the point where BC=BG and provides the operating point of the magnetic circuit, see Figure 4.8. From Figure 4.8 the solution is BG=0.68 wb/m2.

[image: image109.bmp]
Figure 4.8 - Graphical Nonlinear Solution Method.

Example 4.4-4: Solve Example 4.4-3 by the cut and try method. Try a value of BC=BG=1 wb/m2 which gives HC=200 and HG=795775 and HClC=50.3 and HGlG=397.9. This requires NI=448>300. So we try a smaller value of BC=BG=0.8 accompanied by HC=130 and HG=636620 and HClC=32.7 and HGlG=318.3 with NI=351>300. Another try of BC=BG=0.7 gives HC=120 and HG=557042 with HClC=30.2 and HGlG=278.5 with NI=308.7(300, close enough. So we obtain BC(0.7 wb/m2, very close to the graphical results of Example 4.4-3.

4.5 - Transformers

The induction of a voltage in one coil by a time-varying current in second coil offers the possibility of transferring power from one portion of a circuit to another without a direct connection. The flow of power is through the flux generated by one coil which links one or more other coils. Transformers are magnetic devices that are especially designed for this function. Transformers take on many different shapes and sizes depending upon their application. However, we will consider only a single-branched, closed magnetic core with two coils from which we can obtain the basic principles.

When two or more coils are wound on a ferromagnetic core with a large relative permeability, there is insignificant fringing of the magnetic fields outside of the core. Both coils are linked by the same flux and the coupling coefficient is unity, i.e., k=1. In many applications, one of the coils is designed to receive the excitation signal; this coil functions as the transformer input and is called the primary coil, primary winding, or just primary. The other coil which provides the output is known as the secondary coil, secondary winding, or secondary. We will assume that the coils are made of PEC wire so that both coils have zero resistance. In actual transformers, the diameter of the wire is chosen to keep the resistance acceptably small. See Figure 4.9 for a diagram of an elementary transformer.

[image: image110.bmp]
Figure 4.9 - Elementary Transformer.

The voltage drop across the primary is due to two separate effects—the self-induced voltage due to the flux excited by the current in the primary and a mutually coupled voltage due to the flux excited by the current in the secondary. Since the core is linear the total voltage is the sum of these two voltages as
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Using Equations (3.33) and (3.55), we note that
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and
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This leads to the circuit form for the voltage across the primary as
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Similarly, the voltage drop across the secondary is expressed in terms of the fluxes as
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and in circuit form as
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[image: image111.wmf]B – wb/m
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L1 and L2 are the self-inductance of the primary and the secondary, respectively, and M is the mutual inductance between the primary and the secondary coils. The sign of M is positive for the core in Figure 4.9 since the fluxes are similarly directed. If the fluxes are oppositely directed the sign of M is negative; more on this later. Equations (4.37)

 are the basis for the two-port circuit model for a transformer as shown in Figure 4.10. A note of caution, this model is valid for time-varying currents only; DC currents cannot pass through a transformer.
(4.35)

 and 
Figure 4.10 - Circuit Model for Transformer.

Since there is no fringing, the flux is the same everywhere throughout the core and is equal to the sum of the two fluxes, i.e., (CORE=(1+(2. With this relationship, Equations (4.36)

 are rewritten in the form
(4.32)

 and 
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and
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which leads to



[image: image57.wmf]11

22

VN

VN

=

.
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (4.40)

The ratio of the primary and secondary voltages is the same as the turns ratio; the greater the number of turns ratio, the greater the voltage ratio. When the number of secondary turns is greater than the number of primary turns, the transformer is called a step-up transformer since the secondary voltage is greater than the primary voltage; when the number of primary turns is greater than the number of secondary turns, it is a step-down transformer. This property is possible when there is no fringing of the flux and no resistance in the coils.

In addition, with no losses in the transformer, power is conserved and power in equals power out, or
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Combining Equations (4.41)

, we obtain
(4.40)

 and 


[image: image59.wmf]211

122

IVN

IVN

-

==

.
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (4.42)

The current ratio is inversely proportional to the turns ratio. The primary current of a step-down transformer is less than the secondary current; the inverse is true for step-up transformers. The minus signs in Equations (4.42)

 are due to the definition of power that requires current flow in the direction of the voltage drop. Some authors avoid the minus sign by defining the secondary current oppositely.
(4.41)

 and 
Equation (4.42)

 implies that N1I1=(N2I2, the mmf of due to the secondary is equal to that of the primary, but oppositely directed. Therefore, the net flux within the core is zero as the current flow in the secondary and the load produces a flux which counteracts that due to the primary current. In an actual transformer, the secondary flux is oppositely directed, but does not completely cancel the primary flux.

The conditions imposed for the development of Equations (4.42)

 are valid for AC signals only. By combining these equations, we obtain an expression for the input impedance of an ideal transformer as
(4.40)

 and (4.42)

—no fringing fields and no losses--define the ideal transformer for which the turns ratio equations are valid. Keep in mind that Equations (4.40)

 and 
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The input impedance at the primary of a step-down transformer is larger than the load impedance since N1/N2>1; the converse is true for a step-down transformer. The minus sign is due to the definition of I2 into the transformer, opposite to the direction of the current in the load ZL.
When orientations of the turns of the coils on the transformer are unknown, the polarity of the mutual inductance term and the corresponding induced voltages are indicated on circuit diagrams by the notation known as the dot convention, see Figure 4.11. Dots are assigned to one terminal of each coil of the transformer. Both currents entering or both currents leaving the dots of the coils indicates that the fluxes add and that the mutual inductance between those two coils is positive. One current entering and the other leaving a dot indicates that the fluxes are oppositely directed and that the mutual inductance between those two coils is negative. The core with the windings is shown in Figure 4.11a; the schematic symbol for the transformer is shown in Figure 4.11b.


Figure 4.11 - The Dot Convention;

a: core with windings, b: schematic symbol.

When the core and windings are visible, the dots can be determined by inspection. Assign a dot to one terminal of the primary; determine the direction of flux within the core when current flows into this terminal. The dotted terminal of the secondary is that terminal into which current must flow to produce a flux in the same direction. When the coils cannot be seen, the dots can be determined by the application of an AC voltage to the primary coil and the observation of both the primary and secondary voltages. Arbitrarily assign a dot to the positive terminal of the primary coil. The terminal of the secondary that is in-phase with the primary voltage is also dotted. An alternate view of the dot convention is to note that current flowing into the dotted terminal of one winding induces an open-circuited voltage in the other winding which is positive at its dotted terminal.

Example 4.5-1: An ideal transformer has 100 and 200 turns on the primary and secondary coils, respectively. Calculate the voltage and current ratios and the input impedance when a load of 100 ( is attached to the secondary. The voltage ratio is proportional to the turns ratio as V2/V1=N2/N1=200/100=2; the secondary voltage is twice the primary voltage. The current ratio is given as I2/I1=(N1/N2=(0.5; the secondary current is half the primary current. The input impedance is given as ZIN=(N1/N2)2ZL=100/(2)2=25 (.

Example 4.5-2: Calculate the input impedance of an ideal transformer with a capacitor as the load. The input impedance is given by ZIN=(N1/N2)2ZL= (1/j(C)(N1/N2)2=1/j([C(N2/N1)2]. For a step-up transformer, the input “sees” a larger capacitor; for a step-down transformer “sees” a smaller capacitor.

Example 4.5-3: Choose a transformer to deliver the maximum power from a source with a Thévenin impedance of 100 ( to a speaker with an impedance of 4 (. For maximum power transfer, the source must “see” an impedance of 100 (. This is possible if the transformer has a turns ratio described by Equation 
(4.43)

 as  GOTOBUTTON ZEqnNum176528  \* MERGEFORMAT . Ideal transformers conveniently “alter” impedance values without any losses.

Example 4.5-4: Determine the location of dots for the circuit model of the ideal transformer of Figure 4.12a. Assign a dot to the top terminal of the primary; a current into this terminal establishes a flux in the CW direction within the core. Current flowing into the upper terminal of the primary produces a CW flux, also. Consequently, this terminal is the dotted terminal of the secondary.


Figure 4.12 - Dot Convention Problem;

a: Actual transformer, b: Circuit Model.

4.6 - Magnetic Forces

The presence of electric fields produce forces at material boundaries A similar phenomena exists in magnetic fields as well. Consider the magnetic field in the gap of a magnetic core as shown in Figure 4.13.


Figure 4.13 – Virtual Work Configuration for Air Gap in Magnetic Core

For simplicity, assume that the air gap is so small that the effects of fringing fields at the edges is negligible. The energy contained within the air gap is given by
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For constant flux density, the change of energy as the air gap is increased by an incremental amount (h is expressed as
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This is accompanied by mechanical work done according to
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From Equations (4.46)

 we obtain the mechanical force required to increase the gap as
(4.45)

 and 
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As with the electric fields, the magnetic force is oppositely directed to the mechanical force or
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and the magnetic pressure on the interface is
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The minus sign indicates that the magnetic force tends to pull the core faces together reducing the air gap. This is consistent with our earlier observations that nature tries to achieve a state that minimizes the energy of the system. Note that the energy in the gap is reduced as the gap is decreased. The RH portion of Equation (4.49)

 is valid for linear material.

Similarly, currents in the presence of a magnetic field are subject to a force, albeit more complicated in nature. To simplify calculations, let’s determine the forces between two, identical, parallel sheets of uniform current density, K, separated by a small distance h. The sheets are w wide and L long. The configuration is shown in Figure 4.14. We will use the principle of virtual work to calculate the magnetic forces much as we did in Section 2.12 for calculating electrical forces.

Since the spacing between the currents is small compared to the dimensions of the currents, i.e., h<<w,L, we will assume that the magnetic fields can be approximated by infinite sheets of currents. From Ampere’s law, the field between the currents is given by H=KaX A/m while the field outside the currents is zero.

The magnetic energy density is expressed as wm=(o|H|2/2=(o|H|2/2 J/m3. The total magnetic energy of the system exists only in the region between the currents and is equal to wmhwL or
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Figure 4.14 - Virtual Work Configuration for parallel Current Sheets.

An incremental increase in the separation of the current sheets results in an increase in magnetic energy between the two currents given by 
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The magnetic energy stored between the two current sheets increases as the sheets are separated because volume occupied by the magnetic fields increases while the energy density is unchanged. An external mechanical force pulls the two current sheets apart, supplying energy to the system according to
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During the time interval while the flux between the two sheets is increasing due to the incremental separation, a voltage is generated across the two sheets since the flux linked by the current is increasing. Lenz’s law predicts the polarity of the voltage is to oppose the increase in flux, i.e., the voltage drop is in the direction of the current flow. Consequently, the external source supplies energy to the system of
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The energy gained within the system boundary must equal the energy supplied from outside as
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Solving for the magnetic force, Fm, against which the mechanical force, FMECH, acts to oppose. we obtain
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The magnetic force tends to push apart the two oppositely-directed current sheets; the magnetic force tends to increase the magnetic flux within the system by increasing the volume between the current sheets. When the two current sheets are in the same direction, the flux between the sheets is zero and the region outside of the two sheets has a non-zero flux. To increase the amount of flux within the system, the magnetic force tends to push the two sheets together. An physical interpretation of this effect is that the magnetic forces tend to push current carrying elements into regions of lesser magnetic energy density.

Closed currents in the presence of a magnetic field also experience a torque that tends to align the current so as to maximize the surface perpendicular to the flux. As before, the process tends to maximize the flux through the current carrying element.

The pressure at a boundary can be expressed in terms of energy density. By dividing the force of Equation (4.55)

 by the area of the current sheets, we obtain
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as the pressure on the current sheet into the region of lesser magnetic energy density. A generalization of this equation expresses the pressure as the difference between energy densities at a boundary. In the case of the identically-directed current sheets, the field between the sheets has a magnetic energy density of wm=(oH2/2, the energy density outside the sheets is zero.

The magnetic pressure normal to the boundary between two magnetic materials is expressed as
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where the pressure is from region 2 into region 1, the higher energy density into the lower. These results are similar to Equations (2.72) and (2.74) for the electric forces on a dielectric interface.

Isolated elements of current are not observable; they always form a closed loop of current. Nevertheless, the force on a differential current element as shown in Figure 4.15 can be determined from the form
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The total force on the closed loop is the integral of the forces on all of the current elements. In a uniform magnetic field this results in no net force on the loop, but there may be a net torque on the loop.


Figure 4.15 - Magnetic Forces on Currents.

Example 4.6-1: Calculate the force per unit length on parallel filamentary currents, I1 and I2, as a function of their separation. From Ampere’s law the magnetic field of a filament is expressed as 
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 for current in the z-direction. Equation 
(4.58)

 shows that the magnetic force per unit length on the second filament is given by  GOTOBUTTON ZEqnNum582026  \* MERGEFORMAT . The force varies inversely with the separation between the filaments, (, and as the product of the current magnitudes, I1I2. The force tends to pull the two filaments together when the currents are in the same direction. The force tends to push the filaments apart when the currents are oppositely directed as in the case of parallel current sheets. 

Example 4.6-2: Calculate the forces on the pole pieces of the core of Example 4.3-1. The gap has a length of 1 mm, a cross-sectional area of 0.0004 m2, and a flux of 40.2 (wb. The flux density in both the core and the air gap is given by 0.1 wb/m2 and is normal to the interface. Equation 
(4.57)

 gives the pressure on the interface as  GOTOBUTTON ZEqnNum684892  \* MERGEFORMAT  This leads to a total force on the interface of Fm=pmA=3.18 N pulling the two pole pieces together.

4.7 - Solenoids

The force on the interface between two dissimilar magnetic materials is utilized by magnetic elements known as solenoids, see Figure 4.16. A typical solenoid is constructed of a cylindrical coil that establishes a nearly-uniform, axial magnetic field, HZ. An actuator or plunger of magnetic material and of nearly the same diameter as the inside of the coil is located within the cylindrical coil. The application of a sufficiently large current causes a force at the plunger-air interface to pull the plunger into the region with less flux, i.e., further into the coil along the axis of the solenoid. This can be considered as a very simple “translational motor.” Many solenoids are designed so that the sudden application of current causes a quick, forceful motion of the plunger to move some external mechanical element. When the current ceases, the mechanical forces of the system (usually a spring) return the plunger to its original position.


Figure 4.16 - Cylindrical Solenoid.

Unfortunately, a reasonable analysis of the forces on a solenoid is complicated by the geometry of the element. The flux path through the plunger and the core is relatively easy to determine. But the rest of the path by which the flux closes is much more complicated, extending from the open end of the solenoid to the extended plunger on the other end. The path length and cross-section are not defined easily since the flux is not confined by a flux guide. Since our mathematical skills are not sufficient to readily solve for the fields in air, we must be content with a more qualitative view. The principle of virtual work describes the nature of the magnetic forces as acting to pull the plunger into the solenoid coil. The magnitude of these forces will be left to a more advanced course.

4.8 - Relays

Another common magnetic element which converts magnetic energy to motion is the electromechanical relay, see Figure 4.17. Relays are considered a form of magnetic core with a small air gap and with a portion of the core moveable. Application of a sufficiently large current (pull-in current) in the relay coil energizes the core and the resulting magnetic force tends to pull the moveable actuator toward the fixed portion of the core, completely closing the air gap. Electrical contacts are attached to the actuator. They open or close some electrical circuit with the motion of the actuator. With the interruption of the current, the actuator is returned to its original position by a mechanical spring. 

The behavior of a relay is most simply approximated by assuming that the mmf drop within the magnetic material (the relay frame and actuator) is negligible as described in Section 4.3. Therefore, all of the mmf drop occurs across the air gap. The pressure on the


Figure 4.17 - Electromechanical Relay.

actuator is calculated by Equation (4.57)

 as
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and the force which pulls the actuator to close the air gap is given by Fm=pmAg=(NI/lg)2((oAg/2). This force must work against the spring that holds the actuator in the open position. The force is increased by increasing the number of turns, the current, or the air gap area or by reducing the air gap length. The greater the magnetic force, the faster the relay closes. Note that the force increases as the actuator moves to decrease the air gap length.

4.9 – Faraday’s Law Revisited

As you recall from Chapter 3, the voltage induced in a closed PEC loop is equal to the negative rate of change of the flux enclosed by the loop. In mathematical terms, Faraday’s law is expressed by Equation (3.24) as
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With a bit of advanced vector mathematics the integral can be decomposed into two parts which are written as
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The closed path L is any path that encloses the surface S and coincides with PEC wire. These two forms indicate two different mechanisms for generating induced voltage. The first mechanism is due to time-varying magnetic flux density, i.e., B=B(t). Though the loop is fixed, the time-varying flux induces a voltage. This is the nature of the magnetic field within wire loops that are fixed in space, e.g., coils, transformers, solenoids, and relays. This mechanism is frequently called transformer emf. Chapters 3 and 4 focused upon these devices. The second mechanism is due to changes in the surface S due to motion of the wire PEC loop L. Even with a static magnetic field, the magnetic flux enclosed by the wire loop changes due to motion of the PEC loop. Motion of the loop L alters the flux within the loop and induces a voltage. Motion of L includes rotation or change of size and shape. This process is known as motional emf. This mechanism for induced voltage is the basis for electric motors and generators. Many applications involve both transformer and motional emf.

The general form of Faraday’s law is rich with subtleties. Therefore it is often misunderstood and misapplied. In this section Faraday’s law examined by way of several of its simpler applications contributed by Professor Frank Acker. More complicated applications await you in advanced electromagnetics courses.

For the first several applications consider the situation shown in Figure 4.18. Two parallel PEC rails lie W distance apart. Both rails are parallel to the x-axis. The rails are connected at the left end by a PEC that lies along the y-axis. A sliding PEC bar at the right end is parallel to the y-axis and slides in the x-direction with velocity v in the x-direction. The rails, left end connection, and sliding bar are all in electrical contact and make a closed loop (circuit). A voltmeter of negligibly small dimensions is connected in the near (along the x-axis) rail. A magnetic field with uniform and constant flux density B in the z-direction is present throughout the region of the rails.


Figure 4.18 – Sliding Bar on Rails

Application 1: The induced voltage V in the closed loop (as measured by the ideal voltmeter) can be calculated via Equation (4.60)

 by direct consideration of the flux enclosed by the PEC loop. A more general form of the flux enclosed by an N-turn loop uses the concept of flux linkages, (, from power engineering as
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As the bar slides in the x-direction, the increasing area of the circuit encloses more flux. Thus, there is a d(m/dt and the voltmeter indicate a non-zero value. By Lenz’s law, the polarity of the induced voltage will tend to set up a current that tries to keep the enclosed flux a constant. This flux must be downward to oppose the increasing upward flux; by the RH rule the current must flow in the CCW direction. Therefore, the voltmeter will read a negative value. Mathematically, this is expressed as follows. For the system shown in Figure 4.18, the flux enclosed by the PEC loop is 
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 where x=L. The number of turns N=1. Using Equation (4.62)

we calculate the induced voltage as
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Application 2: The induced voltage of the rail system can also be calculated by means of the two-term form of Faraday’s law expressed by Equation (4.61)

. As a first step, a stick figure is attached to show the location of the observer as shown in Figure 4.19 the location of the stationary observer. Note that the two rails and the left end connection are at rest relative to the observer.


Figure 4.19 – Stationary Observer in Rail System

The induced voltage is calculated by means of Equation (4.61)
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Since the observer sees a constant B-field within the loop, the derivative of B with respect to time is zero so that the first term due to transformer emf vanishes 
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 The closed path for the second term coincides with the PEC conductors i.e. both rails, the left end connections, and the sliding bar. Since both rails and the left end connection are stationary relative to the observer, v=0 on all segments of the path except the sliding bar. On this segment v=vaX. Therefore, the induced voltage is calculated as
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Recall that the direction of the path dl is chosen by the RH rule with the thumb pointing in the direction of ds of the enclosed surface. Therefore, the path of the line integral is CCW since the positive direction of flux is upward through the loop. Note that the negative sign comes from the vector operations inside the integral. As expected the result is the same as the previous calculation. However, it is mathematically more straightforward and it does not rely on Lenz’s law to establish the polarity of the induced voltage.

Application 3: Another method of calculating the voltage induced in the sliding rail system is to consider the observer to be on the sliding bar as shown in Figure 4.20. 


Figure 4.20 – Moving Observer in Rail System

As before the observer sees a constant B-field so that
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On the other hand the sliding bar is at rest with respect to the observer and the rails and left end connection appear to be moving in the -x-direction, i.e., v=(vaX. Starting at the origin and evaluating the line integral along the path composed of the rails, end connection, and bar yields
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Application 4: The rail system is more complicated when the magnetic flux density is time-varying, see Figure 4.21. With the observer located on the fixed voltmeter, both terms of Faraday’s law are required to calculate the induced voltage. For B=aZBMAXcos(t, the surface integral is calculated as
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Figure 4.21 – Time-varying Magnetic Field in Rail System

Defining the position of the sliding bar to be given by 
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, we can write the transformer emf as
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The motional emf is similar to Equation (4.65)

 where B is time-varying as
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The total voltage is expressed as
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Application 5: Induced voltage can be generated by rotary motion as well as by linear motion of the first four applications. The Faraday disk is one example. 


Figure 4.22 – Faraday Disk Generator with fixed Path

The flux density B is constant and uniform throughout the region of the disk. The disk is made of a metallic conductor such as copper (as usual, assume it is a PEC) and is rotated in the magnetic field at angular speed (. The axle of the disk is parallel to the direction of B. The radius of the disk is R2. The radius of the axle is R1. Sliding brushes make electrical contact at the axle and outer edge of the disk. The sliding brushes are usually made of carbon blocks. The current drawn by the voltmeter is so small that the voltage drop throughout the carbon brush is negligible.

Define the path and the observer location. The path shown here lies in the voltmeter, its connecting wires, the brushes, the dotted path along the surface of the disk, and a vertical line along the surface of the axle to form a closed loop. No part of the path moves with respect to the observer. Because B is constant, the first term of Faraday’s law vanishes, i.e., 
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 For the line integral term, The voltmeter and wires have zero velocity with respect to the observer. Along the dashed line on the surface of the disk, the path does not move. However, the conductor (the surface of the disk) at the location of the path moves with a velocity that depends upon the radial location as v=r( and is perpendicular to B. The conductive axial portion of the path also moves with velocity R1( perpendicular to B, but along this portion of the path v(B is perpendicular to the dl direction of integration on the path. Therefore, the induced voltage is expressed exclusively by the line integral as
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Usually R2>>R1 so that R1 can be neglected. Note that the polarity of the meter reading can be checked by means of the right-hand rule. An electron within the conductor moves in the CCW direction. According to F=qv(B it will be “pushed” toward the axial and the negative terminal of the voltmeter. This will create an absence of electrons out the outer edge of the rim and it will be positive.

Application 6: Consider the same system as in Application 5, with the observer in the same location, but with the path as shown in Figure 4.23.The difference between this and the previous calculation is that now the dotted-line portion of the path is fastened to the disk. One segment of this path on the disk is a radial section r that is “stuck” to the surface of the disk and rotates through ever increasing angle ( as the disk spins. A second segment of this path is tangential to the edge of the disk and “stuck” to it. This second segment, denoted as t=R2(, gets longer and longer as the disk spins.


Figure 4.23 – Faraday Disk Generator with moving Path

As before, because B is constant as seen by the observer, the first term of Faraday’s law vanishes 
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 Therefore, the induced voltage is due to only the radial component of the path, r. The calculation is identical to that in Application 5
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Note that v is the velocity of the conductor at the location of the path that is used in the formula. The velocity of the path or whether the path has a velocity is not considered. Accordingly, the component along the tangential part of the path is zero since vxB is perpendicular to the direction of integration along the tangential path.

Application 7: This application is based on the excitation by a DC primary current of a variable transformer (Variac). The two-term integral form of Faraday’s law is especially useful in verifying that transformers do not function for DC currents and voltages. (But, you know that from circuits!)

As shown in Figure 4.24, a constant current in the primary winding establishes a constant magnetic flux in the iron core. The individual turns of the secondary winding are insulated from the core and each other. The wire used to make the secondary winding is bare (uninsulated) so that contact can be made by means of a sliding carbon brush to the voltmeter. Since the ideal voltmeter draws no current, the voltmeter and sliding brush cannot affect the flux established by the primary current.

An important question is stated as follows. If the sliding contact is quickly moved from a position (near the top) where many turns are linked to the voltmeter to a new position (near the bottom) where only a few turns are linked to the voltmeter, will the voltmeter sense a transient voltage as the brush slides along the turns? Clearly the number of flux linkages is changing and a naive understanding of Faraday’s law in terms of flux linkages might lead us to believe that a voltage will be induced in the voltmeter as the brush slides. However, experiment shows that the voltmeter does not detect a transient voltage. The two-term expression of Faraday’s Law easily yields the correct answer.


Figure 4.24 – DC Variac

The closed circuit used to calculate the voltmeter reading is the voltmeter, connecting wires, the sliding contact, and those turns below the sliding contact that are connected to the voltmeter leads. The observer is assumed to the standing on the voltmeter. For conceptual simplicity, consider that all of the flux due to the primary current is in the iron core (no leakage flux). Since the flux is constant, the flux density B does not vary with time, and the partial derivative of B with respect to time is zero. Since there is no flux density outside the core, the B in the path integral is zero. Hence, as the brush slides the voltmeter reads zero as expressed by
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Application 8: You might be suspicious of the above example because the number of turns is switched discontinuously as the contact slides along the turns of wire. Consider the circuit in Figure 4.25 that has no switching action and is completely continuous. The right leg of the iron core is cylindrical and can freely rotate as the wire is pulled and removed from the core. A slip-ring maintains a continuous connection to the voltmeter at the top end of the winding. Again, for conceptual simplicity, consider that the only magnetic field is inside the iron core and the air gaps at the top and bottom of the cylindrical leg of the core. The observer stands on the voltmeter. No electrical conductor is in the magnetic field although they link it.

The wire is pulled from the iron causing the right leg of the core to rotate so that the number of turns of wire that link the flux is changing in a continuous manner. Will the meter detect a voltage as the wire is pulled from the core?


Figure 4.25 – Unwinding Coil

The reasoning is identical with that of the previous example. There is no time variation of magnetic flux density. No part of the conducting path is in the magnetic field. Thus there is no induced voltage
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These eight applications show the variety of calculation methods for Faraday’s law. The transformer emf contributions are fairly straightforward. The magnetic flux is changing with time and induces a voltage in the circuit. The motional emf is a bit more complicated. The mathematics shows that v(B must lie along at least a portion of the path dl. An alternate way of saying this is that the conductors of the circuit must “cut across” magnetic field lines. Any motion that doesn’t cut flux lines doesn’t induce any voltage.

In spite of the intrigue of Faraday’s law, we must move on to other topics. Never fear, we will revisit and utilize Faraday’s law repeatedly in future chapters.
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