
Inductors

_____________________________________________________________________________________________________

3.1 - Inductors: A First Glance

As you know from circuits, inductors are used primarily as a storage element for magnetic energy. Proper choice of materials and of their configuration enhances this property and minimize losses. Circuit theory has shown us that the terminal characteristics of inductors is given by
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where IL is the current flowing into the inductor in the direction of the voltage drop across the inductor, VL, and L is the inductance value of the inductor expressed in Henries and abbreviated as H. Capacitors exhibited many similarities of structure and fields with those of resistors that allowed us to use many concepts developed for resistors in our understanding of capacitors. However, the dramatically different nature of magnetic fields requires several additional concepts to explain the behavior of inductors.

Inductors contain a magnetic flux that exists mainly within the flux guiding material much as in resistors and capacitors. As we will learn in the pages ahead, magnetic flux always accompanies current flow. Consequently, metallic, current-carrying wires are usually used to establish magnetic flux. With many turns of wire wound into a helical coil, the fields of individual turns add together enabling a small current to produce a large magnetic flux. In contrast to current flux and electric flux that begin and end upon electrodes, magnetic flux forms a closed flux lines with no beginning or end. If the flux guiding material does not provide a closed path, then the flux uses the air surrounding the coil as the guiding medium. This is inefficient and makes prediction of the field configuration difficult. These shortcomings are overcome by using a flux guide made of magnetic material. A common configuration for inductors is a closed flux guide of magnetic material (often called a core) with a coil of many turns wound upon it, see Figure 3.1. The coil-core combination is called a magnetic circuit. Though inductors come in many other shapes, we will focus on this configuration through out this text.

The metallic wire leads of resistors and capacitors are relatively short and exhibit such small resistance that they are modeled as PEC wires. On the other hand,
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Figure 3.1 - An Inductor:

a. Physical Configuration, b. Electrical Model.

the wire of the coil can be quite long and is likely to have much more resistance. Since it is a linear system, the total voltage drop across the inductor is the sum of the resistive voltage drop and the voltage drop due to changing inductor current, see Equation 3.1. An accurate model must include both of these effects. The resistance value can be easily calculated via Equation (1.2) where L is the length of the wire and A is its cross-sectional area. However, for most of our work, we focus upon the inductive effects; inclusion of the resistive term unnecessarily complicates our understanding the magnetics associated with inductors. Consequently, we will ignore the resistance of the wire, assuming it to be a PEC, see Figure 3.1. If a more accurate model is needed, the resistance of the wire can be included as a resistor in series with the inductor.

Several simplifying assumptions regarding the magnetic flux guide are necessary in order that the mathematics remains reasonable. An accurate model for the magnetic flux guide is complicated by the fact that most magnetic materials are lossy and nonlinear. For simplicity, and without any significant alteration of behavior, we will consider lossless magnetic material only. Initially, we will assume linearity of the magnetic material as well. However, some of our work in Chapter 4 will involve nonlinear material. Finally, we will assume that the core is an ideal flux guide, i.e., no flux "leaks" out. As we will soon discover, this condition is met by almost all magnetic materials.

3.2 - Magnetic Flux Density

Similar to current flux density and electric flux density, a magnetic flux density, B, is defined with units of webers/square meter in honor of Wilhelm Weber. Unfortunately the SI system “masks” the fact that this is a flux density by the use the alternate units of Tesla. The magnetic flux through a surface S is defined as
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in webers. Though many textbooks use the symbol ( to represent magnetic flux, we will continue the notation ( that we began in the first two chapters. Sometimes you will see flux with units of lines, particularly in power related references.

So far our description of B seems much like J and D. On the other hand, experimental observations have never revealed magnetic charge. Consequently, there is no source from which magnetic lines emanate. Mathematically this is expressed as
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This means that there is no net flux emanating from any arbitrary surface S including surfaces that become vanishingly small. No matter what region is enclosed, there are no magnetic charges inside. Since lines of flux begin or end on sources or sinks, Equation (3.3)

 implies that magnetic flux lines have no beginning or end. Instead, they close upon themselves, see Figure 3.2. This characteristic explains why magnetic fields are established without a pair of electrodes as required in resistors and capacitors. The current within the coil establishes the magnetic flux that passes through the coil and closes upon itself.

[image: image121.bmp]
Figure 3.2 - Magnetic Flux through a Coil.

Since Equation (3.3)

 holds for all closed surfaces, we select a vanishingly small surface and apply the divergence theorem to obtain
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Since the volume (v(0, then
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that is the differential description of the continuity of magnetic flux density and is valid everywhere; there is no isolated magnetic charge anywhere.

This magnetic form of Gauss’ law describes the closed nature of magnetic flux lines and the reason that a closed magnetic flux guide is desired. However, how is the magnetic field related to the current? This is the topic of the next section.

3.3 - Ampere's Law and Magnetic Field Intensity

As with electric fields, we postulate that magnetic flux density is accompanied by a magnetic field intensity, H, with which magnetic phenomena can be correctly calculated. Since there is no evidence to refute this model for magnetic behavior, let’s use it. Magnetic field intensity, H, with units of A/m, is established by current flow. Based upon experimental evidence, André Ampere formulated the relationship between an electric current and the magnetic field intensity that it produces; this is known as Ampere’s law and is expressed as
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[image: image122.bmp]
Figure 3.3 - Geometry for Ampere's Law; 

a: Filamentary currents, b: Surface currents; c: Volume currents.

The work integral of magnetic field intensity around a closed path is equal to the current enclosed by that path, see Figure 3.3. The positive direction for the current, IENC, is defined as the upward direction as you "walk" around the path L in a direction so that the enclosed region is always on your left. Alternatively, this is expressed by the right-hand rule - when the fingers of your right hand point in the direction of integration along the path L, then your thumb points in the direction of the positive current flow.

The enclosed current on the RHS of Equation (3.6)

 becomes
(3.6)

 can be written in several different forms representing filamentary, surface, and volume current flow. When the path L encloses several filamentary currents, see Figure 3.3a, the form of Equation 
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where the current is positive if it flows in the direction of the positive surface normal and negative if oppositely directed. Current-carrying wires are often modeled by filamentary currents. For surface current densities, see Figure 3.3b, Ampere’s law becomes
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where integrals over all of the surface currents are added together. Of course, volume current flux density is also included as
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where the surface S has its perimeter defined by the path L and it's normal is chosen by the right-hand rule stated earlier. Though there are an infinite number of possible surfaces S as shown in Figure 3.3; it doesn't matter which one is chosen; the results are all the same. Only one surface normal from S is positive; current densities in the other direction contribute negatively to the RHS of Equation (3.6)

.
(3.6)

. Line and surface integral evaluation techniques we have used earlier can be applied to the integrals on both sides of Equation 
But, what is the meaning of Equation (3.6)

? The work integral of the magnetic field intensity around the closed path L is not zero as it is for the work integral of electric field intensity. Completion of a closed circuit around the path L requires no work for electric fields, but work is required for magnetic fields. This means that the magnetic field intensity is not a conservative field, another significant difference between the magnetic fields of inductors and the electric fields of resistors and capacitors.

A closer look at Equation (3.9)

, plays an important role in other aspects of electromagnetics as well. 
(3.6)

 and Figure 3.3 reveals that the work integral around the path L is equal to the current flux penetrating the surface S. As long as there is no net current flux through the surface S, the work around the closed path L will be zero. The magnetic field intensity depends upon the current flux via this relationship. This connection between a field intensity and a flux density, as in Equation 
Example 3.3-1: Calculate the closed integral of magnetic flux intensity, (H(dl, around the several paths shown in Figure 3.4. Path 1 is oriented in a CCW fashion so that positive current is directed out of the page. The path encloses +IA, +IB, and (IC for a total current of ITOTAL = IA + IB - IC = (H(dl. Path 2 is


Figure 3.4 - Amperian Paths.

oriented in a CW fashion so that positive current is directed into the page. It encloses currents IA and -IC, but they contribute oppositely due the right hand rule. Therefore, (H(dl = (IA+IC.

Example 3.3-2: A surface current density expressed as K=10|x|aZ A/m flows on the y=0 plane; a volume current density J=(10aZ A/m2 exists in the positive y half-space, i.e., y>0; see Figure 3.5. Calculate the current enclosed by the CW circular path of radius 4 in the z=0 plane.


Figure 3.5 - Surface and Volume Currents enclosed by Circular Path.

By the RH rule, the positive direction for the closed path is in the negative z-direction, (aZ. The circular path with r=4 encloses all of the surface current in the range (4(x(4 calculated via Equation 
(3.8)

 as  GOTOBUTTON ZEqnNum481272  \* MERGEFORMAT  The path encloses volume distributed current for y>0 calculated via Equation 
(3.9)

 as  GOTOBUTTON ZEqnNum669759  \* MERGEFORMAT  This leads to ITOTAL=I1+I2 =(34.3 A.

3.4 - Magnetic Fields in Cores

Ampere's law provides considerable insight into the global behavior of magnetic fields. In general it has conceptual value, but is not very useful for general calculations. However, when applied to a closed magnetic flux guide it is a useful calculation tool. Magnetic flux guide is a rather long and imposing name so let's use the more common name of core. To make our work easier, we will assume that no magnetic flux leaks from the core, i.e., it is an ideal flux guide.

Experimental evidence has shown that when a coil is wound on a core, the magnetic field is well defined by Ampere's law and a form of the right hand rule. Consider the toroidal core shown in Figure 3.6a with a uniform cross-section and excited by an N-turn coil of


Figure 3.6 - Magnetic Circuit;

a: Circuit Diagram, b: RH Rule, c: Integration Path.

wire carrying a current of I amperes. The size of the wire has only a secondary effect upon flux leakage from between the turns (also known as fringing); for simplicity we assume that the wire is filamentary and there is no leakage flux. However, keep in mind that when fabricating such an inductor, the wire size does limit the number of turns that can fit through the center of the core. Finally, the location of the coil on a branch of the core has very little effect on the field induced in that branch.

The right hand rule states that when the fingers of the right hand are oriented in the direction of current flow, the thumb points in the direction of magnetic field induced in the core, see Figure 3.6b. This means that the field in Figure 3.6a is directed angularly through the core in a counter-clockwise (CCW) direction and the magnetic field is expressed as H=H(a(. Experimental evidence has shown that due to the symmetry of toroidal cores with rectangular cross-section the field depends only upon radial position within the core, i.e., H(((,(,z)=H(((). Before applying Ampere’s law, select a path aligned with the magnetic field, see Figure 3.6c. A circular path of radius ( is chosen for L. When these conditions are applied to Ampere’s law, the result is
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According to the convention for relating line and surface integrals, when the fingers of the right hand are directed along the path of integration, the thumb points upward in the direction of positive current. The path L encloses the currents that flow upward in the part of each loop along the inner surface of the toroid. The current flowing on the other three sides of each loop are not enclosed by the path L. The enclosed current is comprised of N separate filaments each with current I so that IENC=NI and the magnetic field intensity is given as
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The magnetic field at the outer radius of the toroid is smaller than the field at the inner radius due to the radially-dependence of the path length, 2((.

We have obtained an expression for the magnetic field intensity. But, before we can proceed further in the describing the behavior of the magnetic fields in the core, we must relate the field intensity to the flux density. As we saw with resistors and capacitors, the relationship between field intensity and flux density is fairly simple and depends on material properties. The next section considers this relationship.

Example 3.4-1: Calculate the maximum and minimum values of the magnetic field intensity within the core of Figure 3.6a for a toroidal core with an inner radius of 3 cm, an outer radius of 4 cm, a thickness of 1 cm and with a 50 turn coil that carries a current of 5 A. From Equation 
(3.11)

 the field is given as  GOTOBUTTON ZEqnNum638741  \* MERGEFORMAT  The requested values are H(MIN=994.7 A/m at the outer edge of the toroid and H(MAX=326.3 A/m at the inner edge.

Example 3.4-2: Calculate the current required for a minimum field intensity of 1000 A/m within a toroid core with a radius of 2 cm, an outer radius of 5 cm, and a thickness of 1 cm with a 100 turn coil. The minimum field occurs at the outer edge of the toroid at ( = .05 so that the required current is given by 
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3.5 - Magnetic Permeability

Magnetic material is characterized by a constituitive property known as permeability. This parameter “connects” the field intensity and flux density of magnetic material much as conductivity and permittivity connected the field intensity and flux density of resistors and capacitors, respectively. Permeability is denoted by the symbol ( and has units of Henries/meter (H/m) in the SI system. The usual form for defining permeability is
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Actually, the relationship is much more complicated than a scalar constant. Typically it includes losses, nonlinearity, and hysteresis. In some cases it has a vector nature. We can ignore these effects most of the time without significant loss of accuracy. However, we will consider briefly the simpler aspects of nonlinearity.

Magnetic properties are based upon atomic behavior. The simplest model for this behavior consists of a neutral atom with a central positive nucleus surrounded by a circulating negative electron cloud. The orbital motion of the electrons produces a circular current that encircles the central atom. By the right hand rule, the magnetic field established by this current passes upward through the center of the atom as shown in Figure 3.7a. For simplicity, a single circulating charge represents the entire electron cloud. In the absence of an external field, thermal energy keeps the atom and its magnetic field randomly oriented. But, when an external magnetic field is applied, it interacts with the circulating current of the atom, tending to align the field of the atom with the applied field by "tipping" the plane of the circulating cloud charge, see Figure 3.7b. This alignment extracts energy from the external magnetic field, storing it as mechanical potential energy. In reality, a group of atoms with aligned fields form a domain; in the absence of an external field,


Figure 3.7 - Atomic Circulating Currents and Magnetic Field;

a: Without external field, b: With external field.

the domains are randomly oriented and their fields cancel each other. With the application of an external magnetic field, domains in the direction of the field grow in size, while all others shrink. The result is a significant increase in the flux within the material due to the alignment of the fields of nearly all the atoms in the material with the external field. In a sense the magnetic material acts as a flux multiplier, increasing it significantly over that of free space. With the removal of the external field, the domains become nearly uniform in size and random in orientation; their magnetic fields essentially cancel each other.

This model helps to explain the absence of isolated magnetic charges or poles. The fields generated by the circulating electron clouds cannot be divided into outward directed flux and inward directed flux as is possible with electric flux due to charges. Instead, the inward and outward directed fluxes are inseparable; the outward flux is a continuation of the inward flux. The continuous flux lines penetrate the circulating electron cloud.

At low levels of H, increases of IL and the corresponding H are accompanied by great increases in B as the domains in the direction of the field grow rapidly. At higher levels, most of the domains are already aligned and much smaller changes in B occur for the same increases in IL and H. B becomes saturated at high levels of IL and H. This nonlinear relationship between B and H is frequently displayed in so called magnetization or B-H curves, see Figure 3.8. The exact shape and magnitude of the B-H curve depends upon the magnetic material.

As H increases, B increases as favorable domains expand. But the motion is not smooth and continuous. Rather, the domain walls tend to “stick” together with no motion as H increases; then a very slight increase in H causes a sudden jump in the domain wall. This process is accompanied by energy loss. For reductions of H, the effect is similar, but B doesn’t decrease as rapidly as H does. This effect is known as hysteresis. A typical B-H curve with hysteresis for successively larger cycles of excitation is shown in Figure 3.8.

Figure 3.8 - Magnetization or B-H Curve.

Permanent magnets are made from alloys of iron, nickel, cobalt, aluminum, and samarium. While in the molten state, the material is placed in a strong external magnetic field that produces large domains aligned with the external field. Then the magnet is slowly cooled, “freezing in” the aligned domains. When cooled, the external magnetic field is removed, yet the field due to the permanently aligned domains remains.

Magnetic materials become increasingly lossy as the signal frequency is increased above a few tens of Hertz. However, specially fabricated, low-loss, ferrite materials operate satisfactorily up to 1 Ghz.

The premeability of free space is denoted by (o and is equal to 4(x10-7 H/m in the SI system. Materials are often describe in terms of relative permeability which is defined as
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Non-magnetic materials are described by (R=1. Magnetic materials commonly have values of (R on the order of 103, some even as large as 105. As we will see in later sections, materials with such large values of (R approach the performance of an ideal flux guide with little or no leakage flux.

Example 3.5-1: Calculate the total flux in the core of Example 3.4-1 with (R=1000. The magnetic flux density is calculated with Equation 
(3.12)

 as  GOTOBUTTON ZEqnNum557367  \* MERGEFORMAT  The total flux is calculated by Equation 
(3.2)

 as  GOTOBUTTON ZEqnNum422549  \* MERGEFORMAT 
3.6 - Magnetic Boundary Conditions

By now you know the procedures for determining boundary conditions. A closed surface integral is evaluated to determine the flux density boundary condition. A closed line integral provides the boundary condition for the field intensity. Let’s consider the flux density first.

Following the development used in Sections 1.25 and 2.6, we substitute B, magnetic flux density, for D, electric flux density, in Equation (2.16). In addition, we include the fact that there is no magnetic charge, see Figure 3.9. The resulting boundary condition is
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or in vector form



[image: image21.wmf]N21

()0

·-=

aBB

.
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.15)

The flux density is continuous throughout magnetic material and at all boundaries. This is ensured by the absence of magnetic charge. This behavior is often noted as the continuity of magnetic flux.

Using the same procedure as with electric fields, we find that the boundary condition for H is slightly different than for E. A long, narrow closed path L is centered on the boundary, see Figure 3.9. Evaluating Ampere’s law on this boundary, we find that the LHS becomes
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In the limit as (h<<(L(0, the (w term becomes insignificant and we have
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Figure 3.9 - Magnetic Field Intensity Boundary Conditions.

Due to the non-conservative nature of magnetic fields, the RHS is not automatically zero as it was for electric fields. As the width of the path shrinks to zero, no current will be enclosed by the path L except surface current, K, since the loop is always centered on the boundary. The total current enclosed is given by
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where KOUT is the component of K that points perpendicularly out of the page and is enclosed by L. Equating Equations (3.18)

 we obtain the boundary condition on H as
(3.17)

 and 


[image: image25.wmf]T1T2OUT

HHK

-=


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.19)

or in vector format as
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where aN points from region 2 into region 1. The magnetic field intensity is discontinuous at a boundary by an amount equal to the surface current density on that boundary. The non-conservative nature of the magnetic field explains the non-zero term on the RHS of Equations (3.20)

. The vector nature of this boundary condition is due to the complex relationship between electric currents and the magnetic fields that they establish. We will learn more of this later.
(3.19)

 and 
The development of magnetic boundary conditions to this point is completely general, applicable at all boundaries. However in most DC and low-frequency applications, surface currents do not occur naturally at magnetic-magnetic boundaries. In these cases, the RHS of Equations (3.19)

 with B=(H to express the magnetic-magnetic boundary conditions exclusively in terms of B or H as
(3.13)

 and (3.20)

 are zero and boundary conditions take on the same form as those of electric fields, i.e., HT1=HT2. For this case, we can combine Equations (3.19)

 and 
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These compare with Equations (1.100) and (2.23) for conductive and dielectric materials, respectively.

A few words about magnetic fields in metal conductors are in order. DC magnetic fields in metals are rarely accompanied by naturally occurring surface currents and so they satisfy the boundary conditions of Equation (3.21)

. Since metals have (r=1, DC magnetic fields are unaffected by their presence. On the other hand, AC magnetic fields within metals tend toward zero while the internal currents tend to be located near the surface of metals. The higher the frequency and the greater the conductivity, the more pronounced are these tendencies. Consequently, for high frequency fields near good conductors, a good approximation is to assume that the fields are zero within the metal and that the current is entirely on the surface. This is equivalent to approximating the metal as a PEC. When the material in region 1 is a PEC, the magnetic boundary conditions become
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No AC magnetic flux penetrates into the PEC and the magnetic field adjacent to the PEC is tangential and equal to the surface current density on the PEC.

We have assumed that the core acts as an ideal flux guide, i.e., no flux leaks out of the core. Actually, there is some leakage, but the smaller it is, the more accurate our approximation. As with resistors and capacitors, flux leakage is related to the material properties at the surfaces of the core. From Equation (3.21)

 shows that BN1=BN2. This means that all of the flux normal to a boundary extends from one material to the other.
(3.21)

, we see that the tangential fluxes are related by BT2=((2/(1)BT1. When we assign region 1 as the magnetic core with (1>>(o  and region 2 as air with (2=(o, then (2/(1=1/(r<<1 and there is very little tangential flux adjacent to the core. Under these conditions, the core behaves nearly as an ideal flux guide. For flux that is perpendicular to a boundary as in an air gap in the core, Equation 
For closed magnetic cores with the magnetic field established by current in a coil wound on the core, the flux is essentially tangential to the surfaces of the core. Since (r>>1 for most magnetic materials, there is very little flux leakage; this situation is accurately approximated as an ideal flux guide, see Figure 3.10a. Many applications such as rotating motors require a gap in the magnetic material that is perpendicular to the flux. In these situations, all of the flux within the core crosses the gap since BN1=BN2, see Figure 3.10b.


Figure 3.10 - Magnetic Flux at Boundaries;

a: Tangential Flux, b: Perpendicular Flux.

Example 3.6-1: A magnetic material with relative permeability (R = 2 occupies the region for x(0 and is bounded by air at the x=0 plane. The magnetic field within the magnetic material at the boundary is given by H2=5aX+5aY+5aZ A/m. No surface current flows on the boundary. Calculate H1 and B1 in the air adjacent to the boundary. If the normal to the boundary is defined as pointing from region 2 into region 1, aN=aX, then HN2=5 and HT2=5(2 A/m with a direction of aT=.707(aY+aZ). In addition, BN2=2(o5=10(o and BT2=10(2(o wb/m2. From Equation (3.21)

 we obtain HT1=HT2=5(2 A/m with BT1=(oHT1=5(2(o wb/m2 and BN1=BN2=10(o wb/m2 with HN1=BN1/(o=10 A/m. Thus, the requested fields are H1=10aX+5(2(.707)(aY+aZ)=10aX+5(aY+aZ) A/m and B1=10(oaX+5(2(o(.707)(aY+aZ)=10(oaX+5(o(aY+aZ)= (oH1 wb/m2.

Example 3.6-2: Consider Example 3.6-1 with the addition of a surface current density of K=5aY A/m2 on the magnetic material-air interface. The normal component is unaffected by K so that BN1=BN2=10(o wb/m2 and HN2=10 A/m. The tangential components satisfy Equation 
(3.20)

 as  GOTOBUTTON ZEqnNum464440  \* MERGEFORMAT 
from which HY1=5 and HZ1=10 A/m or HT1=5aY+10aZ so that BT1=5(oaY+10(oaZ  The requested fields are H1=10aX+5aY+10aZ A/m and B1=10(oaX+5(oaY+10(oaZ wb/m2.

3.7 - Faraday’s Law

The concepts of Ampere’s law, continuity of magnetic flux, and permeability developed in the previous sections are applicable for DC currents. They can also be applied to time-varying fields with slight modifications. But an additional feature of time-varying magnetic fields known as Faraday’s law is even more important--the generation of an electric field and an accompanying voltage by a changing magnetic field. Hans Christian Oersted's discovery* of a magnetic field generated by a current prompted Michael Faraday to seek the establishment of a current by a magnetic field. He was unsuccessful in demonstrating that 


Figure 3.11 - Geometry for Simple Application of Faraday's Law.

a current generated by a steady magnetic field. However, he discovered that a changing magnetic field generates an electric field and, hence, a voltage. He observed that a changing magnetic field induced a voltage in a nearby loop of wire according to
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where VLOOP is the voltage measured across the ends of a wire loop and (m is the magnetic flux enclosed by the loop. When the voltage is due to changing magnetic flux it goes by several names--electromotive force, emf, or induced voltage. The induced voltage is equal to the negative rate of change of the magnetic flux through the loop. A non-varying magnetic field will not induce an emf, only a changing field can do it. Initially, the minus sign seems unnecessary since we will use an alternate means to determine the polarity of the induced voltage. However, its inclusion ensures a consistency between Equation (3.23)

 and a vector field representation of Faraday’s law that we will cover later. Let’s carefully consider several important aspects of this definition of emf.

The two ends of the wire loop are assumed to be infinitesimally close together and the leads of the meter used to measure the voltage are of negligible length. This means that a closed loop of wire is cut at a point and a voltmeter of vanishingly small size is connected to the two ends of wire. The voltmeter is assumed to be ideal, i.e., it has an infinite impedance, so that no current flows through it. The wire loop is assumed to be a PEC so that resistive effects can be neglected. The polarity of the induced voltage requires a bit of explanation as well.

The basic principle that assists us in determining the polarity of the induced voltage is inertia. In electromagnetics as in mechanics, nature resists changes from its present state. Henri Frederic Emile Lenz reasoned that the induced voltage tends to produce a current that will flow in the direction that produces a flux that opposes the original change of flux, hence, reducing the original induced voltage. This action tends to bring the electromagnetic state of the loop back to its original condition. This is known as Lenz’s law. We can determine this polarity easily by the example illustrated by the loop in Figure 3.12. A resistor of negligible length has been inserted between the two ends of the loop and the voltage drop VLOOP is measured across it. When there is an incremental increase in the upward directed magnetic flux 


Figure 3.12 - Illustration of Lenz’s Law.

through the loop, ((m, an incremental current through the loop, (I, must be in the CW direction to produce an incremental magnetic field and flux, (((m, which is directed downward in opposition to the original change in flux. This current produces a voltage drop across the resistor that is positive on the top and negative on the bottom. If we now take the limit as the resistor approaches an open circuit, we have the voltage with the correct polarity as defined by Equation (3.23)

.

Even though it is a PEC loop, there is a voltage drop across its ends induced by the changing magnetic field that it encircles. Moreover, note that the current flows from the more negative end of the loop to the more positive end of the loop. This is definitely not the behavior of current in a resistor; in fact, this behavior is that of an ideal voltage source. That is just what it is! The voltage defined by Equation (3.23)

 is the open-circuit or Thévenin equivalent source. The changing magnetic flux activates the voltage source. To determine the Thévenin equivalent impedance, the source is deactivated by eliminating the changing magnetic field. This leaves only the loop of wire that has zero resistance. The PEC loop in a changing magnetic field acts as an ideal voltage source with zero resistance. The loop and its Thévenin equivalent circuit are shown in Figure 3.13.


Figure 3.13 - Thévenin Equivalent Circuit for a PEC Loop in a Magnetic Field;

a: Physical Configuration, b: Equivalent Circuit.

Expressing the flux enclosed by the PEC loop in terms of the magnetic flux density, we can write Faraday’s law as 
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where S is any surface for which the PEC loop is the perimeter. Lenz’s law establishes the polarity of the induced voltage at the ends of the loop. For ds directed inward in Figure 3.12 due to integration along the loop from point 1 to point 2 and B in the outward direction, the flux integral is negative. In addition, if B is increasing, then the derivative is positive and the LHS is positive indicating V2(V1>0. Application of Lenz’s law also shows that VR = V2(V1>0.

Faraday’s law describes the induced voltage in a loop without any restrictions upon the source of the magnetic flux. In applications where the source is separated from the coil, the induced voltage can indicate the presence of a magnetic field or it can serve to “couple” the induced voltage and the current that establishes the flux. In inductors, the voltage is developed across the loops of the coil in which the excitation current flows. The behavior of an inductor is the topic of the next section.

Example 3.7-1: The magnetic field, which is defined as upward positive as shown in Figure 3.14a, is uniform throughout the PEC wire loop of 1 m radius. The magnetic field varies with time as shown in Figure 3.14b. Calculate the voltage observed by the voltmeter. From Equation 
(3.2)

 the magnetic flux upward through the loop is given by  GOTOBUTTON ZEqnNum591213  \* MERGEFORMAT . The flux has the same variation with time as the flux density. Replace the voltmeter with a resistor and apply Lenz’s law. An increasing upward flux requires a downward flux to oppose it; by the RH rule this requires a CW current in the loop. The lower end of the resistor (the negative terminal of the voltmeter) will be more positive. Consequently the observed voltage will be negative for this case. Similarly, the observed voltage will be positive for a decreasing upward flux.




Figure 3.14 - Induced Voltage;

a: Circuit Geometry, b: B(t), c: V(t).

Since an induced voltage exists only when the flux is changing, there will be a non-zero, observed voltage only in the time intervals of (0,1), (1,3), and (4,5). During the interval 0(t(1, d(m/dt=( so the observed voltage will be (( V; during the interval 2(t(3, d(m/dt=(2( so the observed voltage will be 2( V; during the interval 4(t(5, d(m/dt=( so the observed voltage will be ((V. The observed voltage is zero for all other times since the flux is unchanging. The observed voltage V(t) is shown in Figure 3.14c.

Example 3.7-2: Calculate the observed voltage of Example 3.7-1 if the magnetic field varies as BUP=sin377t T. As before the flux through the loop is (m=(BUP=(sin377t, d(m/dt=377(cos377t and the observed voltage is V(t)=(377(cos377t V. The continuous variations of the sinusoidal magnetic field produce a continuous induced voltage. However, the voltage is delayed in phase by 90o from the magnetic field. In addition, the voltage is proportional to the angular frequency of the magnetic field, in this case 377 rad/s; the higher the frequency of the magnetic field, the larger the induced voltage.

3.8 - Self Inductance

The concepts of the preceding sections provides us the background by which we can calculate the inductance of a coil of wire wound on a magnetic core. Consider the inductor shown in Figure 3.15. According to Ampere’s law, the current flowing in the PEC coil wound on the magnetic core establishes a magnetic field within the core given by H=NI/2((. The permeability of the core relates the magnetic field to the magnetic flux density by B=(H. The flux in the core is given as
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Consequently, the flux is proportional to the current. For DC currents, there is no voltage drop across the coil since there is neither a resistive voltage drop nor


Figure 3.15 - Magnetic-core Inductors;

a: 1-turn Inductor, b: N-turn Inductor.

an induced voltage. However, if the current is time-varying, it produces a time-varying magnetic flux which, according to Faraday’s law, induces a voltage drop across each loop of the coil.

Before proceeding further, let’s make a convenient approximation to Equation (3.25)

 is expressed as
(3.25)

. With the geometry of the toroid defined in terms of the mean or average radial distance, ( = b(a, and the average radius, (MEAN=(a+b)/2, the logarithm term of Equation 
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For the situation where the inner and outer radii, a and b, are nearly the equal, (/(MEAN<<1 and the Equation (3.26)

 simplifies as
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This approximation is accurate to within 10% for (((, so it is actually valid for the vast majority of cases we will consider. Moreover, for incremental inductances, it is exactly correct, not just an approximation. With this substitution Equation (3.25)

 becomes
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where w(=A is the cross-sectional area of the core and 2((MEAN=lMEAN is the mean length of the flux path within the core. Not only does this form simplify the expression for flux, it allows a convenient geometric interpretation. This approximation assumes that the flux is uniform throughout the cross-section of the core and that all of the flux paths are of the same length, lMEAN. This behavior is analogous to the flux in axial resistors and parallel plate capacitors. Furthermore, it enables us to use many of the solution techniques we have already learned. Hereafter, we will use l represent lMEAN.

Now, back to using Faraday’s law to calculate inductance. Let’s begin with a single turn coil, i.e., N=1, for which the voltage is expressed as
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The polarity of the voltage is determined by Lenz’s law and is indicated in Figure 3.15. Noting that the voltage drop is in the direction of the current flow. We rewrite Equation (3.29)

 in the form used in circuit theory for inductors as
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A comparison of Equations (3.30)

 leads to the an expression for the self-inductance of the 1-turn loop as
(3.1)

 and 
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This shows the same geometric and material dependence that observe for expressing conductance and capacitance--the ratio of area in which a uniform flux exists to the length of the flux path times the constitutive property of the material that relates flux density to field intensity.

To generalize this result to an inductor with N turns or loops, we note that for linear cores the magnetic flux with N turns is N times the flux with 1 turn. This results in an N-fold increase in the induced voltage across each turn. Each turn is connected in series with adjacent turns; the total voltage across the inductor is N-times the voltage induced in a single turn, see Figure 3.15. Consequently, the inductance of an N-turn inductor is N2 times the self-inductance of a 1-turn inductor or
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Quite obviously, an increase in N causes a dramatic increase in the self-inductance.

The term self-inductance is used to describe the property by which a time-varying current in a coil induces a voltage in that coil. This is in contrast to the phenomenon of a current in one coil inducing a voltage in a second coil, known as mutual inductance. In keeping with the terminology of circuits, we will also use the term inductance to refer to self-inductance throughout this text.

Each term of Equation (3.32)

 offers some insight into the concept of inductance. An increase in N increases the field intensity and the total flux that increases the voltage induced in each turn of the inductor. An increase in N also increases the number of single-turn voltages that are connected in series and summed to give the inductor voltage. An increase in ( increases the flux density for a given field intensity and also increases the inductor voltage. An increase in A increases area within which the flux density is contained with a corresponding increase in total flux. A decrease in the flux path l increases the field intensity for a given current. On the other hand, simultaneously increasing the inductance with all of these factors at the same time is not always possible. For example, as the length is decreased, the opening in the center of the core is decreased and the number of turns that can physically fit through the center of the core is decreased. Finally, we should note that as the number of turns is increased or the diameter of the wire is decreased in order that more turns can fit through the center, the resistance of an actual wire increases. At some point the approximation of PEC wires will become invalid and an added resistance term must be included in the model for an inductor.

An alternate definition of inductance is based Equation 
(3.28)

,  GOTOBUTTON ZEqnNum449609  \* MERGEFORMAT . In an N turn coil (m is linked by each of the N turns for a total flux of N(m. N(m is also known as flux linkages. This leads to a definition of inductance as the ratio of the flux linkages of the coil to the current flowing in the coil as
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This is in agreement with Equation (3.32)

 and is analogous to the definition of capacitance based upon the charge/volt where charge is equal to the electric flux.

Finally, the model of uniform flux density and equal length of all flux paths is convenient and reasonably accurate for most engineering estimates of inductance. A further generalization is to consider these concepts as valid for any cross-sectional shape. This is especially helpful for those shapes for which computations are difficult.

Example 3.8-1: Calculate the inductance of a 100 turn coil wound on a toroidal core with inner radius of 3 cm and an outer radius of 4 cm, a thickness of 1 cm, and a relative permeability of 1000. Application of Equation 
(3.32)

 gives  GOTOBUTTON ZEqnNum203756  \* MERGEFORMAT 
3.9 - Magnetomotive Force

The behavior of resistors, capacitors, and inductors is proportional to the amount of flux within the element. In addition, resistance and capacitance are inversely proportional to the voltage drop or potential difference across the device. The similarity between the expression for inductance and those for conductance and capacitance suggests that we might extend this concept by defining the magnetic equivalent of voltage drop as
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which is known as magnetomotive force or mmf with units of At. When the integration path is a single closed loop around the core, then Ampere’s law predicts the mmf drop as
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where N is the number of turns of the coil and I is the current in the coil. A further extension of the analogy suggests that the mmf drop is in the direction of the flux. Since the integral around a closed path is non-zero, the magnetic field is not conservative. Instead, the total mmf drop is equal to the NI source of excitation of the magnetic field.


Figure 3.16 - Path Constraint for Conservative Vm.

A mathematical artifice allows us to make the magnetic field within the core appear conservative. If we restrict the path of the integral of Equation (3.35)

 by erecting an imaginary barrier at any cross-section within the core, see Figure 3.16, then there can never be a completely closed path. A path L- that starts on one side of the barrier and progresses through the core to the other side of the barrier can be made arbitrarily close to L, but never quite closed. In the limit, the mmf drop calculated via the integral on path L- still approaches and equals the value on path L.

This artificial limitation makes H appear conservative within the core and, when limited to this region only, it behaves much as E within resistors and capacitors. This means that a differential form of Equation (3.34)

 is valid as
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which can be combined with the continuity of magnetic flux, ((B=0, and the constituitive relation, B=(H, to give
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For uniform magnetic material, ((=0 so that Equation (3.37)

 becomes
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The mmf satisfies Laplace’s equation, too! Consequently, the magnetic flux and mmf equipotentials are perpendicular to each other. All of the properties of the resistor and capacitor solutions hold for inductors. Of course, we can use the same solution methods--analytic, curvilinear squares, iteration, linear equations, circuit analogs, and energy methods. The main difference is that magnetic flux tubes do not begin or end on electrodes, but are continuous, enclosed by the source of magnetic field--the current-carrying coil.

Finally, an incremental magnetic element analogous to the resistor and capacitor counterparts would be useful. It would be nice if it behaved as an inductor so that we could combine incremental elements as in circuits. However, this is not possible due to several aspects of the inductor--the absence of electrodes, the magnetic flux through the coil, and the current perpendicular to the flux. However, by defining an incremental reluctance, we can apply the same circuit combination rules that we used with conductors and capacitors. In the next chapter we will further utilize this concept with magnetic devices. The incremental reluctance for a coil of one-turn is defined as
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It represents a sort of resistance of a magnetic core to magnetic flux. The incremental reluctor has the same curvilinear nature of incremental resistors and capacitors. All surfaces are perpendicular to each other, see Figure 3.17. A uniform mmf drop, (Vm, occurs across the length the incremental reluctor, (l. A uniform magnetic flux, ((m, penetrates the entire cross-sectional area, (a. This is the incremental reluctance due current flowing through a one turn coil. The longer the core the greater the reluctance; the greater the cross-sectional area the less the reluctance.

The advantage of reluctance is that incremental reluctances combine in the same fashion as inductors in circuits, i.e., series reluctances combine as series resistance and parallel reluctances combine as parallel resistance. After obtaining the total reluctance from the series-parallel combinations, we calculate inductance as the reciprocal of reluctance according to 
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Figure 3.17 - Incremental Reluctor.

The reluctance of a finite structure is the series-parallel combination of incremental relectuors. The reluctance of series mmf connections within a flux tube is given by
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see Figure 3.18a. 

Figure 3.18 - Series-Parallel Incremental Reluctors;

a: Parallel, b: Series.

The reluctance of parallel flux tubes is given by
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see Figure 3.18b.

3.10 - Magnetic Energy Storage

The instantaneous power flow into an inductor is calculated from circuit concepts as
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where IL is the current flow in the direction of the voltage drop VL. The power delivered to the inductor is positive when IC2 is increasing; it is negative when IC2 is decreasing; it is zero when the voltage is unchanging. With power as the time derivative of energy, we obtain
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No energy is stored when the current is zero; the sign of energy is always positive regardless of the polarity of the applied current. While the current increases, power is delivered to the inductor as the energy sorted in the inductor is increasing. While the current decreases, the inductor delivers power back to the circuit as the energy sorted in the inductor decreases. While the current is constant, no power flow occurs and the energy stored is unchanged for ideal magnetic material.

Since the current is related to the magnetic field, the energy stored in the inductor can be expressed in terms of the fields. For a 1-turn inductor, Equation (3.44)

 becomes
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An energy related expression of inductance is obtained by considering the incremental inductor of Figure 3.17. An expression for the incremental energy stored in the incremental inductor is obtained from Equation (3.44)

 as
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where (v is the volume of the incremental inductor. In a fashion similar to capacitors, magnetic energy density is defined as 
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This correctly represents the magnetic energy density for all magnetic fields. The total magnetic energy within a finite volume is expressed similarly to the electric energy storage as
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for numeric calculations and
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for analytic calculations.

Equations (3.49)

 are combined to express the definition of inductance in terms of stored magnetic energy as
(3.1)

 and 

[image: image60.wmf]2

22

mVV

222

L

2

LL

||

2dvN||dv

2

2W

L.

I

1

N

m

m

===

æöæö

ç÷ç÷

èøèø

òòòòòò

òò

H

H

H•dH•d

ll


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.50)

This form suggests that those regions of space where the magnetic field is great are can be though of as inductive. Often this region can be represented by a lumped inductor. This form is preferred when using optimization methods in which the principle of energy minimization is utilized.

3.11 - Inductance Calculations

Several calculation methods of inductance are shown in the examples below.

Example 3.11-1: Calculate the inductance of the equilateral, triangular shaped core shown in Figure 3.18 by the method of curvilinear squares. The core is 1 cm deep, 1 cm thick, and has (R=1000. A coil of 100 turns is wound on it.

Due to the symmetry, curvilinear squares are required for only one sixth of the core, see Figure 3.19. As with resistors and capacitors the key is to make the magnetic equipotentials, Vm, and flux lines, (m, perpendicular. Curvilinear reluctances add in the manner of resistances so the total one-turn inductance is calculated as L1T=1/R1T=(t[(3+3||5)-1+1/5+1/5]/6= (0.61)4(10-4(0.01)/6=1.27 (H. Therefore, the total inductance is L=N2L1T=12.7 mH.


Figure 3.19 - Equilateral Triangular Core

Example 3.11-2: Calculate the inductance of Example 3.11-1 by using the mean flux path length. Recall that this is the same as assuming that the flux density is constant over each cross-section. From the geometry the mean path length is calculated as l=3(0.0425)=0.1275 m. The inductance is given by L=(100)24(10-4(0.01)2/0.1275=9.86 mH which approximates the solution of Example 3.11-1.

Example 3.11-3: Calculate the inductance of Example 3.11-1 by the energy method. Using the mean length of Example 3.11-2 we calculate H=100IL/0.1275= 784.3IL A/m. From Equation 
(3.50)

, the inductance is calculated as  GOTOBUTTON ZEqnNum562589  \* MERGEFORMAT  

As expected, this agrees exactly with Example 3.11-2.

Example 3.11-4: Calculate the inductance of the rectangular core in Figure 3.20 with (R=1000, a thickness of 1 cm, and a 100 turn coil using magnetic potential and spreadsheet techniques. The mean path length is 14 cm. For convenience we can perform the calculations with only the upper left quadrant. If we assume that the total mmf drop for the entire core is 1 A-t, then the mmf drop across the quadrant is 0.25 A-t. The magnetic potential displays the expected symmetry about the diagonal in the corner. The (m/Vm calculation is normalized for unit permeability, thickness and turns. So the inductance of the core is L=N2(t(0.138)=(100)24(10-4(0.01)(0.138)=17.3 mH. The uniform flux solution with Equation (3.32)

 gives L=N2(A/l =(100)24(10-4(0.01)(0.015)/0.14 =13.6 mH.


a: Geometry
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0.138

b: Spreadsheet Calculations

Figure 3.20 - Inductance Calculation by Spreadsheet;

3.12 - Mutual Inductance

A changing current in a loop establishes a changing magnetic field intensity and flux density. When this changing flux passes through a closed loop of wire it induces a voltage in that loop. When the loop in which the current flows is the same as the loop in which the voltage is induced, the parameter of self-inductance is used to describe the relationship between the changing current and the induced voltage. On the other hand, the phenomenon of a changing magnetic flux inducing a voltage in a coil is more general. The changing flux can be linked by a second coil in which a voltage is induced. The relationship between a changing current in one coil and an induced voltage in a second coil is known as mutual inductance. From circuits we know this relationship as
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where M21 is the mutual inductance that defines the voltage induced in coil two due a changing current in coil one. Mutual inductance has units of Henries. The two coils are “linked” by the magnetic flux between them. The process is bilateral. That is, if a changing current in coil one induces a voltage in coil two, then the same current in coil two will induce the same voltage in coil one. This is expressed as M12=M21=M. There may be many coils linked by the same flux with a mutual inductance term for each linkage. Calculations of mutual inductance are similar to those of self-inductance except that the flux is generated by a current outside of the coil in which the voltage is induced.

The basic definition of an incremental mutual inductance for both coils consisting of a single turn follows from Equation (3.38)

 as
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Current flow in an N1 turn coil increases the flux by N1 times: the voltage induced in an N2 turn coil is increased by a N2 over that of a single turn. The incremental mutual inductance is generalized to
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The mutual inductance of two coils on a finite core follows from Equation (3.32)

 as
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In the manner of Equation (3.33)

, mutual inductance can be defined as the ratio of the flux linkages of the coupled coil to the current that establishes the flux as
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The voltage induced in the second coil acts as a controlled voltage source with zero Thévenin internal impedance and that depends upon the time-rate of change of the current in the other coil. When the current is unchanging, there is no voltage induced in the second coil. In a manner similar to the blocking of DC currents by capacitors, DC currents do not induce a voltage in the second coil.

An alternate parameter is often used to describe the coupling between two coils. The coupling coefficient, k, is the ratio of the flux that links the second coil, (m21, to the flux that links the current-carrying coil, (m1, i.e.,
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When k=0, no flux due to the first coil links the second coil; when k=1, all the flux due to the first coil links the second. The cases we have examined so far has only one flux path so that the flux in the two coils is the same and k=1. This is because there is no leakage from the core and the flux is the same in all parts of the core. As you recall from circuits, k can be expressed in terms of the self- and mutual inductances of the two coils as
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We shall return to consideration of mutually coupled coils in the next chapter when we look at transformers.

The polarity of the induced voltage is calculated by Lenz’s law as with self-inductance--the induced voltage in the second coil has a polarity which tends to establish a current that opposes the original change in flux. The direction of current in the first coil is required in this determination.

Example 3.12-1: Calculate the mutual inductance between an additional 200 turn coil and the existing 100 turn coil of Example 3.8-1. From Equation 
(3.54)

 the mutual inductance is calculated as  GOTOBUTTON ZEqnNum297640  \* MERGEFORMAT 
Example 3.12-2: Determine the polarity of the induced voltages, VIND1 and VIND2, for the core shown in Figure 3.21.



Figure 3.21 - Polarity of Induced Voltage.

The current is defined as into the upper terminal of the exciting coil, establishing a CW flux in the core. To counter changes in flux due to an increasing I1, a current flowing into the bottom terminal (and out of the top) of coil one is needed. Therefore, the top terminal is positive for VIND1. On the other hand, the second coil is wound oppositely so that the current must flow into the top terminal. Consequently, the bottom terminal is positive for VIND2.

3.13 - Ampere’s Law Revisited and the Curl Operator

The integral form of Ampere’s law,
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provides global information regarding the relationship between the magnetic field intensity and the current that establishes it. Localized behavior can be obtained by evaluating Equation (3.6)

 along a closed rectangular path LZ in the z=zo plane and centered at (xo, yo), see Figure 3.22. The magnetic field intensity at the center of the path is expressed as H=HXOaX+HYOaY+HZOaZ.
(3.6)

 as the path L shrinks to incremental size. This is not entirely new to us since we have used similar methods in obtaining ((D from the integral form of Gauss’ law. To accomplish this, let’s evaluate Equation 

Figure 3.22 - Incremental Path for Ampere’s law.

The integral is expressed as 
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Since the paths are only incrementally long, the fields on the paths 1 and 3 can be approximated by a Taylor series expansion as
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where the + sign is on path 1 and the ( sign on path 3. The integrals of paths 1 and 3 are combined and, since the paths are of incremental length, are approximated as the integrand times the path length to give
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In a similar manner, the other two segments of the path give
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These results substituted into the RH side of Equation (3.6)

 give
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When only volume current densities are present, the RH side of Equation (3.6)

 gives
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for the incremental surface of Figure 3.22. Ampere’s law requires that these last two expressions are equal as (x,(y ( 0, i.e.,
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In the limit this can be written as
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As the surface becomes vanishingly small, the line integral of the magnetic field intensity per unit area in the z=zo plane is equal to the volume current flux density perpendicular to that plane. Moreover, it is equal to the differences in the rate of change of the x- and y-components of the field intensity. We have arrived at the desired relationship of the magnetic field at a point in terms of the volume current density. The line integral in Equation (3.66)

 is known as the z-component of the circulation of the magnetic field intensity.

Similarly, this process can be applied to JX and JY to obtain
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and
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The three components are combined as a vector
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to obtain a single expression that shows the local relationship between the components of H and of J. The expression on the LH side of Equation (3.69)

 is known commonly as the curl of H. It’s German equivalent is rot of H due to its connection with the rotation or circulation of H.

A close examination of the form of Equation (3.69)

 is written as
(3.69)

 reveals that it can be expressed in terms of the nabla operator, (, used in the gradient and divergence. If the nabla operator is treated as a vector, Equation 
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This is the point form of Ampere’s law expressed in formal vector notation. The curl is written as
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in Cartesian coordinates. Of course, the curl can be expressed in cylindrical and spherical coordinate systems as well, see Appendix C.

Each component of the curl of the magnetic field intensity is non-zero only where there is a perpendicular current flux density. This means that there must be a current enclosed by the vanishingly small path used to describe that component of the curl. Throughout those regions where there is no current density, ((H=J=0. This point form of Ampere’s law is not valid at filamentary or surface currents since the spatial derivatives of the curl operator become infinite there; the integral form of Ampere’s law is valid everywhere.

One interpretation of the curl appeared in Prof. Hugh Skilling’s pioneering textbook, Fundamentals of Electric Waves, as an analog with fluid flow. He suggests that a “curl meter” would take the form of a very small paddle wheel on a shaft. If the field has a non-zero component of the curl, the paddle wheel will turn when it is aligned with this plane. The speed of the shaft rotation is a measure of the strength of that component of the curl; the direction of rotation determines the sign. The paddle wheel can be oriented in each of three mutually orthogonal planes to find three orthogonal components of the curl. The vector sum of the three components is the curl of the field.

Examples of a curl meter in various two-dimensional flux fields are shown in Figure 3.23. The field lines of a point charge are directed radially outward as shown in the upper left figure. No matter how one orients the paddle wheel there will never be a net torque to cause it to rotate, therefore the curl of this field is zero. Likewise, in the uniform velocity field (upper right figure) there is no net torque on the curl meter. Rotation doesn’t occur and the field has a zero curl. On the other hand, the non-uniform velocity fields of the lower right and left figures exert a net torque on the curl meter. The lower left field has a negative curl; the lower right has a positive curl. When the axis of the paddle wheel is aligned with the curl v it will rotate most rapidly; the vector sum of the components of the curl is aligned in this direction.


Figure 3.23 - Curl Meter Measurement of Curl;

DC electric fields have no curl since the work integral about a closed path is zero,



[image: image84.wmf]0.

Ñ´=

E


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.72)

Slowly varying electric fields have such a small value of curl that the can be accurately approximated as satisfying Equation (3.72)

 are known as irrotational fields since their curl vanishes.
(3.72)

 as well. However, rapidly varying electric fields have a non-zero curl as we shall learn later. Let’s defer the definition as to what we mean by rapidly varying until later as well. Fields that satisfy Equation 
We have already learned that when the work integral of a field intensity vanishes for all possible paths in a region, the field is conservative throughout that region. But now we know that this means that the curl of the field intensity vanishes as well. From these results we can infer that whenever the curl of a field intensity is zero throughout a region, it’s work integral around all closed paths in that region vanishes and the field is conservative. This property distinguishes a conservative field from a non-conservative field; it is a convenient test for the conservative nature of a field.

For any vanishingly small region of Figure 3.24, the closed path integral can be approximated by the curl as
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where (((H)i is the component of ((H in the direction of the unit normal aNi of the ith incremental area (ai.

As the work integral (the circulation) is computed around each incremental area, the results are
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where the contributions of all of the interior paths cancel since the line integrals are in opposite directions for any two adjacent incremental areas. 

Figure 3.24 - Demonstration of Stokes’ Theorem.

Of course, the path direction and the surface normal satisfy the RH rule. This result is known as Stokes’ theorem and provides us an alternative means of evaluating line integrals as long as the spatial derivative operations of the curl are finite. Note that this applies only to a closed line integral and results in an open surface integral.

Example 3.13-1: Calculate the current density present for the magnetic field intensity H=I(a(/2(a2. The curl in cylindrical coordinates is given as (see Appendix C) 
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 so that for this magnetic field we have 
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. The current flux is uniform and perpendicular to the magnetic field intensity everywhere.

Example 3.13-2: Is the field G=yaX+2xaY a conservative field? Since the curl of a conservative field is identically zero and 
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. G is not conservative. However, if the x-component were multiplied by 2, then G would be conservative.

Example 3.13-3: Calculate the current enclosed by the circular path of radius ( for the magnetic field of Example 3.13-1 via Ampere’s law. Repeat via Stokes theorem. With Ampere’s law the enclosed current is 
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. With Stokes theorem the current enclosed is given by 
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 As expected, the two methods give identical results.

3.14 - Arbitrary Current Distributions and the Biot-Savart Law

Though it is global in nature, the integral form of Ampere’s law is used to calculate directly the magnetic fields within a magnetic core. This is possible because the core behaves as an ideal flux guide with geometric symmetry. But, more general situations require a different approach. This is available through the differential form Biot-Savart law as



[image: image92.wmf]R

2

d()

d()

4R

´

=

p

Ir'a

Hr


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (3.75)

and is depicted in Figure 3.25.


Figure 3.25 - Application of Biot-Savart Law.

The differential magnetic field intensity shows a couple of similarities with the differential electric flux. Both show an inverse square dependence upon the distance between the source and the field points. Both are proportional to the source. In contrast to the direction of the electric flux that is simply directed radially outward from the charge, the direction of the magnetic field is more complicated. The magnetic field is in the direction of the cross product of the current vector and the unit vector from the source to the field point. The magnetic field never points in the direction of the current, rather it is always perpendicular to it. Of course this is consistent with the RH rule that governs the global behavior of magnetic fields.

But before we get overly excited about the differential form, we must note that it is impossible to verify this form of the Biot-Savart law since differential current elements do not exist; we can observe complete loops of current only. The integral form has been shown to be valid universally as,
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where the integration is over the closed circuit through which the current flows. In spite of this practical limitation to verification of the differential form of the Biot-Savart law, we will assume that we can apply it to all applications.

The form of the differential current depends upon the current distribution. For filamentary currents we have
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where the current magnitude and its direction vary with the source coordinate r(. For surface current density, 
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For volume current density,
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The integrals for these distributions are line, surface, and volume, respectively. The limits of integration are set to include all of the current.

This method is valid only for materials with homogeneous permeability. If there are permeability variations, alternative, more sophisticated methods must be used. These are deferred to a more advanced course.

The integrals have the same complexity as the integrals for arbitrary charge distribution--the integration requires the summation of vectors with varying amplitude and direction over the range of integration. As before, the simplest approach is to decompose the vectors into their Cartesian components that do not vary with position.

In addition to computation, a very useful feature of Equation (3.75)

 is that it indicates the direction of the differential field intensity due to a differential current. This often reveals the addition or cancellation of the differential fields due to symmetrically located currents.

Example 3.14-1: Calculate the field of an infinitely-long filament of uniform current I. From Figure 3.26a we see that symmetrically located increments of current give rise to angularly-directed magnetic field intensity. In the vertical plane and above the current, the field components are out of the paper; below the current, they are into the paper. Moreover, they are of equal magnitude and have no angular dependence. Due to the infinite extent of the current, the fields have no variation with the z-position of the field point. For convenience we pick the field point at z=0. Moreover, it is convenient to align the current filament with the z-axis as shown in Figure 3.26b.


Figure 3.26 - Infinitely Long Filament of Uniform Current; a: Differential fields, b: Geometry.

The field point is in the z=0 plane and is defined as r=xaX+yaY. The source point is on the z-axis and is defined as r(=z’aZ. Therefore, R=r(r'=xaX+yaY-z’aZ. The differential current element is defined as dI=IaZdz’. The differential flux density is expressed as 
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 This leads to the total field at (x,y,0) as 
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 The field is totally in the angular direction; its magnitude depends only upon the radial distance from the current. Of course the result satisfies the RH rule. Note that the field and its derivatives become undefined at the origin due to the filamentary source.

Example 3.14-2: Calculate the field along the axis of symmetry of a uniform current I flowing on a circular path of radius a. For convenience, the current is located in the z=0 plane, centered on the origin, see Figure 3.27. The field point is located on the z-axis so that r=zaZ. The source point is on the loop of current, r(=aa(‘=a(cos(‘aX+sin(‘aY) where the unit vector a(‘ that varies in direction with angular position on the current loop is replaced by its Cartesian coordinate equivalents. This leads to R=r(r(=zaZ(a(cos(‘aX+sin(‘aY); |R|=[a2 + z2]1/2 has a constant length throughout the integration. The differential current element is expressed as dI=Ia(‘ad(‘=Ia((sin(‘aX+cos(‘aY)d(‘. The differential field is given by


Figure 3.27 - Loop of Uniform Current;

a: Differential fields, b: Geometry.
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 The x- and y-components vanish since sin( and cos( integrate to zero over 0 to 2( range. Consequently, the magnetic field intensity is expressed as 
[image: image100.wmf]2

R

2

'0

2

22

ZZ

223/2223/2

'0

d()

(z,0,0)

4R

Iad'Ia

A/m.

4[az]2[az]

p

f=

p

f=

´

=

p

f

==

p++

ò

ò

Ir'a

H

aa

 The field along the axis is always in the z-direction and decreases as z(3 far from the current. At the center of the current the field is simply H(0,0,0)=IaZ/2a A/m. We purposely limited the calculations to points on the z-axis due to the complexity of analytic evaluations for off axis field points. However, numeric solutions provide excellent results at all field points except on the current where the results become infinite as in Example 3.14-1.

3.15 - Field Intensity via Ampere’s Law

As with Gauss’ law, when there is sufficient symmetry, Ampere’s law can be used to calculate the magnetic field intensity directly. Unfortunately, these idealized configurations are rarely realized in practice. Yet, they are so simple to compute that they often serve as prototypes with which we can approximate or compare actual current distribution of similar geometries. Several cases are considered in this section.

Consider the uniform, infinitely-long, tube of current of radius a, shown in Figure 3.28. This configuration closely approximates a thin wire within a circuit carrying a current I uniformly distributed as |J|=I/(a2. Because of the symmetry of the geometry, the magnetic field intensity should be the same for any angle (. Two symmetrically located differential elements of current produce fields for which the non-( components cancel as shown in Figure 3.28a. Since the fields decrease with distance from the source, It seems likely that there will be a dependence of the field upon (, the radial distance from the current. As in Example 3.14-1, current elements located symmetrically with respect to the z-axis contribute equal angular components to the field, see Figure 3.28b. Moreover, the field has no variations in the z-direction since no matter at what point z an observation is made, the current stretches infinitely far on both sides.




Figure 3.28 - Infinitely-long Tube of Uniform Current;

a: Angularly-symmetric elements, b: Axially-symmetric elements, c: Amperian paths.

These considerations lead to the form of H as
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Application of Ampere’s law will yield the H field if we can select a suitable path on which |H|=0 or |H|=constant and on which H is either parallel or perpendicular to the line element dl. These are the same principles used to evaluate the fields from Gauss’ law. An obvious path is a circular path of radius ( centered on the z-axis as shown in Figure 3.28c. For this path, the LH side of Ampere’s law is
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The RH side of Ampere’s law requires a bit of care. When ((a, all of the current within the tube is enclosed by the loop so that
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Equating these two results and solving for H(, we obtain
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For ((a, the LH side of Ampere’s law becomes
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The amount of current enclosed depends upon the radius of the path.
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Figure 3.29 - Magnetic Field Intensity of a Uniform Tube of Current.

Setting Equations (3.84)

 equal and solving for H(, we obtain
(3.81)

 and 
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The field intensity varies linearly with ( inside the region of current and as ((1 outside of the current. A normalized plot of H( is shown in Figure 3.29.

As shown above, application of Ampere’s law works well for cylindrical geometries. It works well for planar current distributions, also. Consider the uniform surface current density K=KOaY A/m on the z=0 plane shown in Figure 3.30.  From Figure 3.30a it is clear that current elements located symmetrically with respect to the y-axis produce only an x-component of magnetic field. In addition, the fields above the current are oppositely directed to those below in a manner consistent with the RH rule. Similar behavior for current elements located symmetrically with respect to the x-axis is pictured in Figure 3.30b. Furthermore, the doubly infinite extent of the current distribution guarantees that there are no variations of the field 


Figure 3.30 - Field of a Uniform Surface Current;

a: y-symmetric current elements, b: x-symmetric current elements, c: Amperian path.

with x or y. Since there is only an x-component of the magnetic field, a good Amperian path is a rectangular path as shown in Figure 3.30c; the magnetic field is aligned with the path for z=constant portions of the path and is zero for the x=constant portions of the path. With these facts the RH side of Ampere’s law gives
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No matter the value of z, the only enclosed current is the surface current so that the RH side of Ampere’s law is
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Equating Equations (3.87)

 and solving for HX we obtain
(3.86)

 and 
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where the + sign applies for z>0 and the - sign for z<0. The fields show no variation with respect to the distance from the current sheet. This is of the same form as electric fields due to a uniform planar surface charge.

In summary, the magnetic fields of infinitely-long, uniform current filaments are angularly directed around the current according to the RH rule and vary inversely with distance from the current axis. The magnetic fields of infinite, uniform current sheets are parallel to the current sheet, directed according to the RH rule, and have no variation with distance from the current sheet.

Example 3.15-1: Calculate the fields of an infinite solenoid of radius a that is located along the z-axis. The solenoid is composed of an infinitely long, uniform coil of N turns/meter. The current carries a current I. Due to the angular symmetry of the solenoid, the fields show no angular variations. Due to their infinite axial extent, they show no axial variation either. Figure 3.31a shows that the current establishes axially directed fields; those inside the solenoid are directed oppositely to those fields outside. Figure 3.31b shows two useful Amperian paths. Path 1 symmetrically encloses a section of the coil. Since the net current enclosed by Path 1 is zero and the fields outside 


Figure 3.31 - Infinite Solenoid;

a: Differential fields, b: Amperian paths.

are equal and in the same direction, the magnetic fields outside are zero. Path 2 is similar to Path 1 except that one axial segment of the path is within the solenoid. This is the only segment along which there is a non-zero magnetic field so the LH side of Ampere’s law becomes 
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 The RH side of Ampere’s law is 
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 where there are a total of NL turns within the path. Equating these results and solving for HZ, we obtain 
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, not an unexpected result. This analysis reveals that the field is totally confined to the interior of the solenoid. In practical applications, there is significant leakage flux, but this is minimized by closely spacing the turns.

Example 3.15-2: Calculate the inductance/meter of a coaxial cable. The cable has PEC inner and outer conductors of radii of a and b, respectively; see Figure 3.32. A surface current is assumed to flow on the


Figure 3.32 - Coaxial Cable.

facing PEC surfaces. The current on the inner conductor is assumed to flow in the aZ direction; the return current flows on the outer conductor in the (aZ direction. The magnetic field within the cable is calculated by Ampere’s law as H(=I/2((. If we consider only one meter length of cable with an ideal short circuit on one end, then a “loop” of current is formed by the inner conductor, the short circuit, and the outer conductor. This configuration certainly differs from a planar wire loop, but it forms a closed circuit that encloses a magnetic flux. The flux enclosed by the one meter cable is given by 
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 Since this is the flux in one meter length of cable the inductance/meter of the coaxial cable is given as 
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Example 3.15-3: Calculate the internal inductance/meter of a wire of radius a with uniform current density. The internal inductance is defined as that portion of inductance due to fields that exist within the conductor. The magnetic field within a long wire with a uniform current density is given by Equation 
(3.85)

 as  GOTOBUTTON ZEqnNum347756  \* MERGEFORMAT . Since the fields of interest are known and confined to a limited region, calculation of inductance is easiest using energy concepts as in Equation 
(3.50)

  GOTOBUTTON ZEqnNum740444  \* MERGEFORMAT  No matter what the diameter of the wire, the internal inductance is the same. Most conductive wires have (=(o and the internal inductance is 5 (H/cm.

Example 3.15-4: Calculate the mutual inductance between an infinite filament of uniform current and an N-turn, rectangular coil of width w and length L located a distance d from the filament, see Figure 3.33.


Figure 3.33 - Mutual Inductance between an Infinitely-long Filament and a nearby Coil.

The field of the filament is given by H(=I1/2(( so that the flux that penetrates the rectangular coil is given as 
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 The mutual inductance is then calculated as 
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More sophisticated inductance concepts and calculations will not be covered here. However, other magnetic devices are studied in the next chapter.
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* Professor Oersted observed the deflection of a magnetic compass needle by a nearby steady current during a classroom demonstration.





PAGE  
67

_995999369.unknown

_996081002.unknown

_996082893.unknown

_996083870.unknown

_996086229.unknown

_997641340.unknown

_997647330.unknown

_998233009.unknown

_997785558.vsd

_997641369.unknown

_996086997.unknown

_996087372.unknown

_996087700.unknown

_996088297.unknown

_996088454.unknown

_996088047.unknown

_996087667.unknown

_996087187.unknown

_996086573.unknown

_996086952.unknown

_996086464.unknown

_996085699.unknown

_996086051.unknown

_996086116.unknown

_996085947.unknown

_996084624.unknown

_996085333.unknown

_996084352.unknown

_996083502.unknown

_996083658.unknown

_996083801.unknown

_996083573.unknown

_996083122.unknown

_996083289.unknown

_996083023.unknown

_996081734.unknown

_996082215.unknown

_996082646.unknown

_996082744.unknown

_996082407.unknown

_996081998.unknown

_996082144.unknown

_996081801.unknown

_996081442.unknown

_996081570.unknown

_996081664.unknown

_996081506.unknown

_996081174.unknown

_996081272.unknown

_996081054.unknown

_996004214.unknown

_996033882.unknown

_996034248.unknown

_996035035.unknown

_996080786.unknown

_996034677.unknown

_996034729.unknown

_996034735.unknown

_996034726.unknown

_996034419.unknown

_996034065.unknown

_996034156.unknown

_996033960.unknown

_996004764.unknown

_996033440.unknown

_996033763.unknown

_996005019.unknown

_996004646.unknown

_996004705.unknown

_996004481.unknown

_996002803.unknown

_996003538.unknown

_996003864.unknown

_996004136.unknown

_996003796.unknown

_996003154.unknown

_996003251.unknown

_996002994.unknown

_996000379.unknown

_996001963.unknown

_996002080.unknown

_996000618.unknown

_995999989.unknown

_996000362.unknown

_996000285.unknown

_995999516.unknown

_995944893.unknown

_995997021.unknown

_995998485.unknown

_995999011.unknown

_995999234.unknown

_995998704.unknown

_995997927.unknown

_995998077.unknown

_995997233.unknown

_995945320.unknown

_995945536.unknown

_995945645.unknown

_995945439.unknown

_995945053.unknown

_995945111.unknown

_995944945.unknown

_995916839.unknown

_995917029.unknown

_995944374.unknown

_995944697.unknown

_995917031.unknown

_995916894.unknown

_995916918.unknown

_995916866.unknown

_995916750.unknown

_995916792.unknown

_995916819.unknown

_995916774.unknown

_995916683.unknown

_995916695.unknown

_995916538.unknown

_995916682.unknown

_995916494.unknown

