
Transmission Lines

_____________________________________________________________________________________________________

7.1 - Guided TEM Waves

The propagation of TEM electromagnetic waves in space is the basis for many communication systems in common use today. World-wide and extra-terrestrial communications between widely dispersed and/or mobile stations such as cellular phones, satellite communications, and collision avoidance radar utilize this phenomenon. However, since these waves can not be limited to well-defined spatial regions their signals are not secure from detection by other users. Moreover, they may interfere with other signals. There are many applications such as telephony, cable TV, and LANs where it is desired to guide the signals from one site to other selected, stationary sites. Transmission lines offer low-cost, convenient, secure, and easily controlled propagation media for these applications.

A very popular form of electromagnetic transmission system is fiber optics. This media is most effective at optical frequencies where the guide can be made very small, less than millimeters in diameter. With carrier frequencies in the optical frequency range, very wideband data transmissions are possible. The dielectric properties of the guide keep the waves confined mainly within the fiber with very little leakage. However, we will concentrate upon lower frequency transmission media that utilize two-metallic conductors separated by a dielectric insulator.

The application of a voltage to the terminals of a two-wire transmission line establishes electromagnetic fields in the vicinity of the metallic conductors. These electromagnetic fields propagate along the transmission line with a finite velocity, establishing a voltage and current that propagate along the transmission line as well. The familiar impedance concepts are useful in analyzing their behavior.

Though transmission lines take on many different forms, but they all share several common features. Firstly, they use two, insulated metallic conductors. The shape or configuration is relatively unimportant to proper operation and is often chosen for convenience of the application. Secondly, the cross-sectional dimensions are small compared to the wavelength of the highest frequency transmitted on the line. When the cross-section is on the order of a wavelength, other modes of propagation become possible; operation in this manner is to be avoided. Thirdly, they are relatively long in the axial direction along which the waves propagate. In fact, the axial dimension or length of the line is usually considered to be infinite for analysis purposes. Finally, there is no variation of the cross-sectional dimensions with length. Dimensional changes in cross-sections alter the propagation characteristics of the line and complicate the solutions. Whenever transmission lines are bent around corners or nearby objects, variations in cross-section are introduced. These effects are minor as long as the bends are gradual. For simplicity, we will often assume that the metallic conductors can be modeled as PECs. For more accurate calculations, actual conductor properties must be used. Multi-stranded and silver plated conductors are often used to minimize losses. In addition, we will assume that the dielectrics are lossless which is reasonable for all but the most exacting of applications.

The most inexpensive form of transmission line is known as twin lead, see Figure 7.1a. Two metallic conductors, usually the same size, are embedded in a low-loss dielectric material. Since the two wires are not shielded, unwanted external magnetic fields can penetrate the region between the two wires and induce interfering voltages. Due to reciprocity, the fields of twin lead transmission lines can induce voltages in nearby wires or other twin lead lines as well. In addition, the presence of nearby materials can alter the fields surrounding the conductors and change the propagation characteristics of the line. To partially overcome this weakness, twisted pair transmission lines are often used, particularly in low-speed LAN applications, see Figure 7.1b.
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Figure 7.1 - Transmission Lines;

a: Twin-lead, b: Twisted-pair, c: Coaxial, d: Microstrip.

Isolation of the transmission line fields and external fields is readily accomplished with coaxial transmission lines (often called coax), see Figure 7.1c. The outer conductor completely surrounds the inner conductor and the region containing the transmission line fields. Only a slight amount of leakage of the internal fields through the outer conductor occurs. Likewise, the outer conductor shields the internal fields from the effects of external fields and materials. These excellent properties of coaxial cable cost more than twin-lead transmission lines. In addition, coaxial lines have more loss unless materials are carefully selected.

Microstrip transmission lines are especially useful in high frequency circuits, see Figure 7.1d. A double-sided, copper printed circuit board is used for such lines. One copper side remains intact to approximate an infinite ground plane; the other conductor is etched to the desired width between the desired points. The two insulated conductors form a transmission line. Adjacent conductor traces on a digital backplane often can behave in a similar way to inadvertently form a transmission line. Microstrip lines are not shielded, but have very little gap between the two conductors so are relatively immune to external fields. 

The remainder of this chapter develops the generalized theory and application of all types of transmission lines.

7.2 - TEM Waves on Transmission Lines

The DC electric fields within a coaxial cable are particularly simple, i.e., they are angularly symmetric, show radial dependence only, and are radially directed as in Example 1.29-1. It seems reasonable that very low frequency fields should exhibit spatial variations in a transverse plane very similar to DC fields. Furthermore, we attribute the delay of a signal from one end of a coax to the other to wave propagation along the axis of the coax. This suggests that the axial dependence of time-varying fields within a coax must show a wave dependence such as in plane waves, i.e., e(j(z, for a wave in the +z direction. If a product form of the electromagnetic field is assumed, then the electric field within a coax is represented as the product of the DC fields transverse dependence and the axial propagation characteristics as
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where Vo is the voltage difference between the inner and outer conductor. Similar reasoning leads to the magnetic field as
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where I is the current flowing in the center conductor and returning via the outer conductor, see Figure 7.2.

[image: image180.bmp]Figure 7.2 - Coaxial Transmission Line.

Since these fields are TEM to the assumed direction of propagation in a manner similar to plane waves in space, it seems plausible that they describe TEM waves within a coax line. If the coax contains only homogeneous material and no sources between the electrodes, then these fields must satisfy the Helmholtz wave equation



[image: image3.wmf]22

0

Ñ+wme=

EE

.
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.3)

Substituting Equation (7.3)

, we obtain
(7.1)

 into the cylindrical form of Equation 
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which has solutions of
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The assumed TEM plane wave solution for the electric field is valid within the coax as well as in free space! The electric field is given by
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for a wave propagating in the +z direction. Using Faraday’s law, we are able to calculate the accompanying magnetic field as
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The electric and magnetic waves within a coax are related by the wave impedance as with waves in space.

A closer look at Equation (7.4)

 reveals that the first two terms (with ( and ( partial derivatives) vanish since they satisfy the two-dimensional Laplace’s equation. They represent the spatial variation of the voltage throughout a constant z plane, i.e., a transverse cross-section. This predicts the same transverse spatial behavior of DC and AC fields in all types of transmission lines for frequencies with wavelengths longer than about twice the diameter of the coax. Details of this phenomenon are deferred to more advanced study of electromagnetics.

This type of field behavior is valid for other transmission line configurations as well, though the mathematics is often not as simple. In general, the electromagnetic field on a transmission line is given by
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and
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where Vo(xt1,xt2) is the solution of Laplace’s equation in the transverse plane for the cross-sectional geometry of the transmission line, xt1 and xt2 are coordinates in the transverse plane, and at1 and at2 are perpendicular unit vectors in the transverse plane.

Power flow down the transmission line can be calculated by use of Poynting’s vector as
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7.3 - Voltage and Current Waves

It is comforting to know that waves on a transmission line are similar to those in free space, but it would be more convenient if we could represent them in terms of measurable voltages and currents. Through the use of Maxwell’s equations in integral form, the transmission line behavior can be represented in terms of voltage and current. Consider the section of transmission line shown in Figure 7.3. The transmission line is composed of two, parallel PEC conductors of different shape and size. Sufficient accuracy is obtained if we assume that the currents are uniformly distributed throughout the conductors with current densities J1 and J2, respectively. The total current in the two wires is the same, I(z), but oppositely directed. A voltage difference between the two conductors, V(z), establishes an electric field E. The voltage and current are functions of axial position due to the waves on the line.

Note that the electric field is directed from the more positive upper conductor toward the more negative lower conductor. The magnetic field encircles the two conductors in opposite directions due to the oppositely directed currents, but is totally directed into the plane between the two conductors.

[image: image181.jpg]


Figure 7.3 - General Transmission Line.

Application of Faraday’s law to the rectangular loop defined in the direction of points 1-2-3-4-1 gives
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The LHS is evaluated as


[image: image12.wmf]123

41234412

4

3

V(z)0V(zz)0

V(z)

V(z)V(z)z

z

V(z)

z

z

----

·=·+·+·

+·

=-+++D+

¶

»-++D+

¶

¶

=D

¶

òòòò

ò

EdEdEdEd

Ed

L

Ñ

llll

l


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.12)

where the integrals from 1-2 and 3-4 vanish because they are within the PEC conductors where the electric field is zero and a Taylor’s series expansion of V(z+(z) has been used. The RHS of Faraday’s law is expressed as
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where the incremental inductance of the (z section is defined as (L=((m/I and the inductance/meter is defined as L=(L/(z. Equations (7.13)

 combine to give
(7.12)

 and 
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The axial rate of change of voltage drop is proportional to the current on the line. Additional properties of the transmission line can be gained by application of charge conservation to the upper conductor as
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The LHS represents the net current flow into the region (z section of the upper conductor expressed as
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where a Taylor’s series expansion has been used to simplify results. The RHS represents the charge that resides on the incremental section of upper conductor as


[image: image17.wmf]1

1

S

S

jQjjV(z)

V(z)

C

jV(z)zjV(z)z

z

æö

·

ç÷

-w=-we·=-w

ç÷

ç÷

ç÷

èø

D

ìü

=-wD=-wD

íý

D

îþ

òò

òò

Dds

Eds

Ò

Ò

C


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.17)

where the incremental capacitance of the (z section is defined as (C=((e/V and the capacitance/meter is defined as C=(C/(z. Equations (7.17)

 combine to give
(7.16)

 and 


[image: image18.wmf]I(z)

jV(z)

z

¶

=-w

¶

C

;
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.18)

the axial rate of change of current on the line is proportional to the voltage drop.

With Equations (7.18)

, transmission line behavior, originally expressed in terms of electromagnetic fields, is now expressed in terms of voltages and currents. These equations are known as the telegrapher’s equations, first derived by Oliver Heaviside to predict the performance of the first trans-Atlantic cable. The next section discusses these equations in detail.
(7.13)

 and 
Example 7.3-1: Calculate the inductance/meter and the capacitance/meter for the coaxial transmission line of Figure 7.2. Either DC or AC transverse fields can be used these calculations; let’s use the DC form. The magnetic field of a coaxial transmission line is calculated by Ampere’s law as 

. The total flux enclosed by the currents for 1 meter length of line is calculated as 
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 The inductance/meter is given by 
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 The electric field between the two conductors is 

 so that the total electric flux from the center conductor to the outer conductor for 1 meter length of line is 
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 The capacitance/meter is given by 
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7.4 - Telegrapher’s Equations and Distributed Element Circuit Models

The telegrapher’s equations
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provide a simple, scalar description of TEM wave phenomena on transmission lines. The effects of the transmission line geometry are contained within the parameters of inductance/meter and capacitance/meter. These are referred to as distributed elements since they are not localized as a lumped element but extend the entire axial length of the line. But, they can be used to provide a circuit model if we consider an incremental section of line (z as shown in Figure 7.4. The total inductance and capacitance present in this section are (L=L(z and (C=C(z, respectively. Multiplication of the telegrapher’s equations by (z leads to
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The change in the voltage drop across the transmission line is due to an inductive voltage drop due to the transmission line current. This is modeled by a series incremental inductance through which the transmission line current flows. Similarly, the change in current in the transmission line is due to a displacement current flow due to the transmission line voltage drop. This is modeled by a shunt incremental capacitance across which the transmission line voltage drop is impressed. These circuit approximations are valid as long as the incremental section is small compared to wavelength, i.e., (z<<(. If this condition is not met, then the electromagnetic field equations must be used to describe the situation. The combination of these two effects leads to the incremental circuit model for a transmission line as shown in Figure 7.4a.
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Figure 7.4 - Incremental Transmission Line Model.

The model has a physical basis as well. The flow of current has an associated magnetic energy storage that accounts for the inductive term; the voltage drop between two insulated conductors has an associated electric energy storage that accounts for the capacitive term. The physical model is shown in Figure 7.4b. The inductance and capacitance are distributed everywhere along the transmission lines. But, it is more convenient to represent them in the series-shunt circuit model of Figure 7.4a. Several other forms of circuit models, shown in Figure 7.5, all lead to the same telegrapher’s equations. Unless otherwise noted, we will use the circuit model of Figure 7.4a throughout this text.
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Figure 7.5 - Alternate Transmission Line Lumped    Circuit Models.

Application of KVL to the circuit model leads to 
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as we obtained from Faraday’s law. Similarly, KCL applied to the RH node of Figure 7.4a leads to
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in agreement with conservation of charge.

The simplicity offered by the scalar circuit models makes them much more attractive than the vector fields equations. In addition, they provide the basis for using the circuit concept of impedance, as well.

Confirmation that this model describes the waves on a transmission line is obtained by taking the axial derivative of the circuit form of Faraday’s law, 
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This is the scalar form of the Helmholtz wave equation in terms of circuit parameters where
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the positive sign for propagation in the negative z direction, the negative sign for propagation in the positive z direction. The propagation constant depends directly on the inductance and capacitance/meter of the line. Indirectly this reduces to the same dependence upon ( and ( shown by plane waves since both distributed parameters depend upon material properties and are defined for the same transmission line configuration. Of course, velocity of propagation and wavelength are similarly defined as



[image: image31.wmf]P

1

v

w

==±

b

LC


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.25)

and
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The positively propagating voltage wave is given by
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The time-domain form of this voltage is calculated from the phasor form as
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Most of the details of wave propagation that describe TEM plane waves are applicable for voltage and current waves as well. There is a corresponding current wave that accompanies the voltage wave. It satisfies the same wave equation and its solution is found in a similar manner. However, the current can be found directly from the scalar form of Faraday’s law, Equation (7.14)

, as
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where
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is defined as the characteristic impedance of the transmission line. This is the ratio of a positively propagating phasor voltage to the corresponding positively propagating phasor current. It is analogous to the wave impedance of TEM plane waves. A source connected to an infinite transmission line (so that there is only a positively propagating wave) will “see” an input impedance of ZC at the two terminals of the line. Though this is not an actual impedance that can be localized at a specific location, it is a measurable quantity. The source would experience the same conditions if the infinite line were replaced by an impedance of value ZC. Though it is a real number, ZC does not represent a power dissipation as with a resistor, but it does represent power taken from the source by the line. This power propagates through the line without any loss toward the other end of the line. Note that many sources denote characteristic impedance by Z0. For waves propagating in the (z direction, the ratio of voltage to current is given by
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This does not signify a negative impedance. The sign change is due to the definition of positive current in the +z direction while propagation is in the (z direction analogous to the sign dependence of wave impedance with direction of propagation.

Circuit methods are useful in calculating the power carried by the positively propagating voltage/current wave as
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where ZC is real and YC=1/ZC is called the characteristic admittance. We will use power calculations more in later sections.

These details provide the essence of voltage and current waves on lossless transmission lines. Further features merely embellish or better describe the phenomena for special situations.

Example 7.4-1: Calculate the propagation constant and the characteristic impedance for the coaxial transmission line of Example 7.3-1. The inductance/meter is L=((/2()ln(b/a); the capacitance/meter is C=2((/ln(b/a). The propagation constant is calculated as 
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 as for plane waves. It should be of this form because the fields form a TEM wave. The characteristic impedance is calculated as 
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 which differs somewhat from TEM plane wave. The fields within the coaxial transmission line are quite different than those of a linearly polarized, TEM, plane wave.

7.5 - Lossy Transmission Lines

Actual transmission lines have metallic rather than PEC conductors with associated loss. In addition, dielectrics may have losses as well. These features can be added to our incremental circuit models for transmission lines very easily.

The high frequency behavior of current flow on the metallic conductors of transmission lines is accurately approximated by its existence only within the skin depth of the conductor. The resistance of this thin surface layer of conductor is calculated by
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In order to use these results in the incremental circuit model it is more useful in the form of resistance/meter that is defined as
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Current flow through this resistance causes a voltage drop that adds to that of the inductance as if the two elements are in series. This effect is readily included in the model with the addition of series incremental resistance as shown in Figure 7.6. Since both conductors contribute to the voltage drop, the single incremental resistance must account for the series resistance of both conductors
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Losses in the dielectric material of a transmission line are usually much less than the copper losses of the conductors. But, for completeness they are included in the incremental circuit model of Figure 7.6 as well. They result from the presence of an effective conductance within the dielectric, (EFF*, that dissipates power. The dielectric power loss is calculated from Poynting’s theorem and equated to similar calculations from circuit theory as
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from which the circuit conductance can be determined. Conductance/meter, G, is calculated as
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Figure 7.6 - Incremental Circuit Model for Lossy Transmission Line.

Fortunately, these losses are so small that G=0 is an accurate approximation for most transmission lines and we can omit this from most calculations.

The presence of this voltage drop in the direction of the current flow is usually quite small for low-loss conductors. However, the total electric field is no longer strictly TEM throughout the transmission line. Near the conductors there will be a small axial component of the electric field in the direction of current flow, see Figure 7.7. The current and the axial component point in the +z direction near one conductor; near the other they point in the (z direction. Though the electric field in actual transmission lines is not exclusively transverse, the axial component is nearly 

[image: image183.bmp]
Figure 7.7 - Electric Field Components in Lossy Transmission Line.

negligible compared to the transverse component for a good transmission line. In cases where the axial component is significant, the line usually has too much loss to be useful.

The equations describing the behavior of a lossy line are obtained by KVL as
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which leads to the differential form
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and by KCL as



[image: image49.wmf]I(z)(GjC)V(z)I(zz)

=D+wD++D


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.40)

which leads to the differential form
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For convenience the series elements are combined as Z=R+j(L and Y=G+j(C, impedance/meter and admittance/meter, respectively. The differential forms are combined to obtain 
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a wave equation with propagation constant of the form
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For lossless cases, (=j( as given by Equation (7.24)

; for lossy cases, (=(+j(, an attenuated wave. In a similar fashion the characteristic impedance becomes



[image: image53.wmf]C

j

Z,

j

+w

==

+w

Z

RL

Y

GC


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.44)

a real quantity for lossless lines, but complex for lossy lines. Equations (7.44)

 are analogous to Equations (6.39) and (6.44) for TEM plane waves.
(7.43)

 and 
It is convenient to modify these equations for special cases. For the lossless case, these equations reduce to
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and



[image: image55.wmf]C

V

Z,

I

+

+

==

L

C


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.46)

respectively, resulting in unattenuated waves propagating on the line.

For low-loss cases, R<<(L and G<<(C, the propagation constant becomes
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The wave experiences attenuation due to the copper and dielectric losses and phase shift due to the stored electric and magnetic energy. ZC, the ratio of positively propagating phasor voltage to positively propagating phasor current, is approximated by
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a complex characteristic impedance for lossy transmission lines.

The vast majority of actual transmission lines have significant copper losses, but negligible dielectric losses. For this case the propagation constant becomes
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The real part of the propagation constant is multiplied by the distance term z. This product must be retained since it occurs in the exponent and for large distances has a significant attenuation effect, e-(z. On the other hand, the imaginary part of the characteristic impedance has no such effect with distance; when it is small, its effects are always small regardless of the line length. Consequently, the characteristic impedance is approximated as real for all but the most exacting applications,
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Several authors emphasize the resistive nature of ZC by calling it characteristic resistance and denoting it by RC.

No further cases need to be considered since a highly lossy transmission line would attenuate a signal too much to be useful.

Example 7.5-1: A transmission line has distributed parameters of L=5 (H/m, C=0.02 (F/m. and R=0.01 (/m. Calculate ( and ZC for operation at (=106 rad/s. From Equation 
(7.43)

  GOTOBUTTON ZEqnNum463165  \* MERGEFORMAT  From Equation 
(7.44)

  GOTOBUTTON ZEqnNum953267  \* MERGEFORMAT  This appears to be a low loss case since R/(L=0.01/5 =0.002<<1.

Example 7-5:2: Obtain expressions for ( and ZC for the incremental circuit model shown in Figure 7.8. 
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Figure 7.8 - Incremental Model for a Line without Inductance.

From Equation (7.43)


 EMBED Equation.2  
 GOTOBUTTON ZEqnNum608757  \* MERGEFORMAT  and from Equation 
(7.44)

  GOTOBUTTON ZEqnNum548339  \* MERGEFORMAT .

Example 7.5-3: Calculate the ratio of EAXIAL/ETRANS for a typical coaxial line with copper conductors of radii of 0.0005 and 0.005 m, respectively with a 10 V potential difference between conductors. The line has 50 ( impedance and operates at 106 Hz. From Equation (7.6)

, |ETRAN|MAX=Vo/[ln(b/a)(]INNER=10/[ln(10)(0.0005)] =8686 V/m. EAXIAL: near the inner conductor is due to current flow in the skin depth of the inner conductor as |EAXIAL|MAX=IR=(10/50)/(2(a(()= (0.1/(5.8x107)(103/0.067)(1/0.0005)=0.0164 V/m. Therefore, EAXIAL/ETRAN=0.0164/8686=1.89x10-6, very close to TEM!

7.6 - Reflected Waves

Reflection of propagating TEM plane waves occurs whenever the wave encounters a material boundary. A similar phenomenon occurs for voltage and current waves on transmission lines whenever they are incident on a boundary between different transmission lines. The details of this phenomenon for the transmission line connection shown in Figure 7.9. For simplicity, both lines are assumed lossless. The left hand line for z<0 is represented by (1 and ZC1; the right hand line for z>0 as (2 and ZC2. The different spacing of the symbolic conductors for the two lines is to show that they have different characteristic impedances and propagation constants. A voltage wave from the right,
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is incident on the boundary; the accompanying current wave is given by
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Figure 7.9 - Transmission Line Junction.

A reflected wave, proportional to the incident wave, propagates away from the boundary in the -z direction as
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where the reflection coefficient, (, is defined as
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the reflected current wave is given by
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Similarly, a transmitted wave propagates away from the boundary in the +z direction as
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where the transmission coefficient, T, is defined as
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The reflected current wave is given by
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The “boundary conditions” for voltages and currents are merely KVL and KCL. The voltages on both sides of the boundary must be equal as
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Likewise the currents entering one side of the boundary must equal the currents leaving the other
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The solution to the two equations is
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and
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forms similar to the reflection and transmission coefficients of TEM plane waves. Though derived for a semi-infinite second transmission line, ZC2, the second line could be replaced by a lumped impedance with the same results. The signal incident upon the boundary at z=0 where the load terminals are attached would not see any difference in the voltage and current of the lumped impedance since there is no wave in line 2 propagating toward the boundary from the right. We will deal later with the more complicated situation of waves in both directions on a finite length for line 2. When the reflections occur from a lumped impedance, the load reflection coefficient is often written with a subscript as (L.

To eliminate reflections it is common practice to terminate a line with its characteristic impedance, ZL=ZC2=ZC1. This is known as matching the line or using a matched load and results in (MATCH=0 with no reflected wave. A short circuit, ZL=0, produces (SC=(1. The incident voltage must be canceled by an equal, but opposite reflected voltage in order that there is no voltage drop across the short circuit. As can be seen from Equation (7.60)

, the current in a short circuit will be double the incident current. An open circuit, ZL=(, produces (OC=+1. The total current must be zero at an open circuit so that the reflected current is equal, but oppositely directed to the incident current. Consequently, the voltage at an open circuit is double the incident voltage. Reactive loads, ZL=jX, produce reflection coefficients with (L=1ej(; the reflection coefficient is complex, of unit magnitude, and with the phase angle dependent upon the value and sign of the reactive load, jX. These several examples illustrate an important principle: the reflection coefficient for a passive load is a complex number with a magnitude of one or less. In reality, it is impossible to fabricate a perfect short or open or a lossless reactance. Consequently, actual loads always have reflection coefficients with a magnitude somewhat less than unity.

The current of a wave is related to the wave’s voltage by the characteristic impedance and so the reflected currents are related to the reflected voltages. But, since the voltage-current ratios for oppositely propagating waves are of opposite sign, V+/I+=ZC=(V/I(, the current reflects with an opposite sign of the reflected voltage. Some books and literature emphasize this point by separately both a voltage and a current reflection coefficient as
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For a short circuit the reflected voltage must reverse the sign of the incident voltage in order to keep the load voltage zero with (V=(1; the corresponding current reflection coefficient is (I=+1. For an open circuit, the reflected current must reverse sign so that the load current is zero with (I=(1. Most literature doesn’t explicitly use the current reflection coefficient, but uses this sign-reversal concept for reflected currents.

These principles of reflected waves enable us to look more closely at waves on transmission lines. We will first examine transient waves followed by steady-state waves.

7.7 - Transient Waves on Lines

[image: image78.png]



Figure 7.10 - s-domain Incremental Circuit Model for a Transmission Line.

The incremental circuit model is the basis transient wave analysis. For general transient analysis, we express the voltages, currents, and impedances in the Laplace s-domain; inversion of the s-domain solution gives the time-domain result. The incremental model in the s-domain is shown in Figure 7.10. Application of KVL and KCL to this model leads to the s-domain PDEs as
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which can be combined to give a wave equation



[image: image80.wmf]2

2

V(z,s)

(s)(s)V(z,s)

z

¶

=

¶

ZY


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.65)

and leads to a solution of
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Since, the time-domain solution is of great interest for transients, the inverse transform of V(z,s) is needed. For lossless lines (ZY=s(LC and the s-domain voltage becomes
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As you recall, s-domain functions of the form F(s)e-as has a time-domain solution of the form f(t-a) where f(t) is the inverse transform of F(s). Therefore, the time-domain solution for the voltage is expressed as
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where v+(t-(LCz) and v-(t+(LCz) represent voltage waves which are moving in the +z and (z directions, respectively. An observer at z=0 would see them as v+(t) and v-(t). However, an observer at z will see the signal delayed by td=((LCz; the delay of the signal is due to the finite propagation time of waves on the line. From this relationship we see that vP=(1/(LC. Therefore, the magnitude and waveshape of a signal at the generator terminals is preserved as it travels down the line in either direction with velocity vP. This is consistent with our findings for steady-state waves.

The problem is somewhat more complicated for typical low-loss lines. The impedance/meter is expressed as
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The skin depth frequency dependence in the series resistance/meter complicates the form. Note that the first term includes the internal inductance part of the Equation 6.64 that we have neglected previously,
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This additional inductance is very small and has negligible effect on the impedance/meter, Z. The exponential term in the solution becomes
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where the CU subscripts denote properties of the copper conductors. The first term in the exponential represents the delay due to finite propagation velocity that we have already discussed. The second term, due to the skin depth variation with frequency, complicates the inverse Laplace transform. Nevertheless, a solution can be obtained for the special case of the step function at the input which establishes only a positively propagating wave, i.e., V+(s)=1/s and V((s)=0, which leads to
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This form describes a time-domain delayed function v(t-z/vP) as the inverse transform of V(s). Though not a well known transform, MAPLE recognizes it and gives the solution of 
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where L(1 represents the inverse Laplace transform. erfc(x) is the complementary error function defined as
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Applying Equation (7.72)

 to these results, we obtain the solution
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The time delay accounts for the propagation of the discontinuity down the line. The results for a typical case of a 50 (, coaxial transmission line with vP=108 m/s and an inner PEC radius of 0.0005 m and an outer PEC radius of 0.005 m has been plotted in Figure 7.11 for distances of 100 m and 500 m, respectively.
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Figure 7.11 –Response to a Unit Step of a Coaxial Line with Skin Effect Losses.

The skin effect losses produce greater loss for the higher frequencies within the step function applied to the input to the line. They also introduce dispersion, i.e., different frequencies propagate with different velocities. The wave diffuses down the line, spreading out as it propagates. This results in a greatly distorted version of the step with significantly increased time for the wave to reach 90% of final value. The response the unit step on a comparable lossless line are shown for comparison. Fortunately, we will seldom have such demanding applications that the skin effect loss is so critical.

The complexity of the low-loss solution masks the essential features of the lossless solution. From here onward, we consider only the lossless solution characterized by magnitude and waveshape preservation and time delay due to finite velocity of propagation.

7.8 More about Transient Waves

The initiation of waves on a transmission line by the application of a generator is a common application. How do generators, transmission lines, and load impedances interact? Consider the signal generator with a Thévenin impedance ZS=RS and an open circuit voltage of u(t) attached to a line with characteristic impedance ZC, velocity of propagation vP, and no initial voltages or current, see Figure 7.12. The line of length d has a load impedance ZL attached to the far end. What is the response of the system?
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Figure 7.12 - Pulse Generator-Transmission Line System.

A qualitative description of the response is that a wave, initiated at the input of the line by the generator, travels down the line with finite velocity until it reaches the far end. If the load impedance is not equal to the characteristic impedance, a reflected wave occurs which travels back to the source. When it reaches the source a second reflection may occur and the process repeats itself. Now let’s quantitatively describe the events.

Transient analysis of transmission lines is most easily accomplished by “following” the wave discontinuities as they propagate throughout the system. For the system of Figure 7.12, there are no initial voltages or currents on the line; the voltage and current discontinuities occur when the unit step occurs in the signal generator. This action results in a transient voltage wave that propagates down the line toward the load. The amplitude of this transient wave is determined in the following manner. The total voltage on a transmission line is the sum of two oppositely propagating waves. But, at the instant of the discontinuity, the only wave possible is from the source toward the load; therefore the total voltage at the line input is the positively propagating wave. The input impedance to the line is the ratio of total voltage to total current and is the same as that of the wave propagating toward the load, ZC. Sometimes an alternate name of surge impedance is used to describe the transient impedance of a transmission line. At this instant and until a reflected wave appears at the line input the line can be replaced by a lumped impedance equal to ZC, see Figure 7.13. 
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Figure 7.13 - Transmission Line and Its Transient Equivalent Input Impedance.

Since the generator “sees” a load of ZC; it’s open-circuit voltage produces a voltage across the line input according to the voltage divider equation. In general, this expression is written in the s-domain so that impedances that are functions of s can be handled. However, when the impedances are resistive, the time domain form can be used directly
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The subscript 0 indicates that this wave, the first of many waves propagating toward the load, has undergone no reflections. As the voltage discontinuity propagates down the line the discontinuity moves with velocity vP; its position is described by z=vPt. The space-time description of the wave is given expressed by
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The time that the unit step occurs at position z is delayed due to the finite propagation velocity of the line. The discontinuity reaches the load at the end of the line at time
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The delay time of the line is an alternate characterization of the line that includes both line length and propagation velocity. If the load is not matched to the line a reflection described by
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occurs at the load. For general impedances, the load reflection coefficient, (L, is complex, but for resistive loads only it is real and time-domain calculations can be used. For a resistive load, ZL=RL, the first of many possible reflected waves at the load is given by
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When this reflected wave reaches position z, it has traveled a distance d(z from the load back toward the source so it will be delayed by this additional amount. Consequently, the reflected wave at position z is represented by
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Note that the sign of the z/vP term has changed because the reflected wave is traveling in the opposite direction on the line.

When the reflected wave reaches the source it will be reflected again by the source. As before, the reflection coefficient depends upon the impedance “seen” by the wave approaching a discontinuity. The impedance of the source is its Thévenin impedance, RS, so the source reflection coefficient is given by
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This leads to a wave reflected from the source
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The original signal has made one round-trip down the line and back with a corresponding delay of 2td=2d/vP. The amplitude has been altered by the product of the two reflection coefficients. This wave is now ready to propagate down the line exactly as did the original wave from the source. We could complete another round of calculations, but with a little thought, we see that each round trip modifies the original wave by adding a delay of 2td and altering the magnitude by (S(L. Furthermore, these processes continue indefinitely resulting in an infinite series of waves on the line. Each successive round-trip reduces the wave amplitude and delays it further and further. A careful consideration of these terms leads to
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where N is determined by the time of interest according to Ntd<t<(N+1)td. Note that when the either the load or the source is matched, i.e., the load or the source reflection coefficient is zero, then the infinite series has only one or two terms, respectively. Each term in the series represents the passage of a wavefront; the amplitude and time of passage is determined by the location on the line and the time since the wave began. The passage of each wavefront introduces a discontinuity to the existing voltage so that the total voltage is the previous value plus the voltage of the discontinuity. In other words, the total voltage at any instant is the original voltage (in this case zero) plus the sum of all the wavefronts that have passed. After many reflections, the wavefronts are of such small amplitude that the system can be said to be in steady-state. This can be determined by the summation of the infinite series as
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There is no longer any time dependence because all of the transient wave fronts have passed and all of the unit step functions are “on”. For physical source and load impedances, (S(L<1 and the geometric series in (S(L is given in closed form as (an=1/(1-a). This can be expressed in term of the source and load impedances as
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This is the DC value of the load voltage when the load is directly connected to the source! There is no dependence upon z because all points on the line are at the same potential; all the transients have decayed to zero. On the other hand, a lossy line will affect the steady-state voltages since it introduces a resistance between the source and the load due to copper losses in the line.

Implementation of Equation (7.84)

 via MAPLE( is readily accomplished with the following statement:

    v:=zc/(zc+rs)*sum((Heaviside(t-2*n*td-z/vp)

         +Heaviside(t-2*(n+1)*td+z/vp)*gaml)*gaml^n

         *gams^n,n=0..N).
For parametric values of ZC=50 (, RS=25 (, RL=100 (, vP=108 m/s, and td=1 (s only N=5 terms are needed to obtain a plot of the system response to a unit step input voltage, see Figure 7.14. The voltages at the input, the midpoint and the load are all shown. The results satisfy Equations (7.86)

 at t=0 and t=(, respectively.
(7.76)

 and 
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Figure 7.14 - Transient Response of Transmission Line System to Unit Step.

An alternate, graphical procedure, known as a bounce diagram, is quick, easy, and it gives a physical feeling to the process. In addition, it is especially useful for more complicated situations involving several, interconnected transmission lines. This is the subject of the next section.

7.9 - Bounce Diagrams

The process of accounting for the multiple wavefronts can be connected with the physical model of propagation delays and reflections by a simple graphical process. The method is best explained by considering again the system of Figure 7.12.

The generation of the unit step (or in general, any discontinuity) be the generator initiates a wavefront at the left end of the line that propagates toward the load. The amplitude of the wave is calculated from the circuit model of Figure 7.12 according to


[image: image106.wmf]CC

IN0OC

SCSC

ZZ

v(t)v(t)v(t)u(t).

RZRZ

+

===

++


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.87)

Since the wave propagates with velocity vP, the progress of the wavefront in space and time can be plotted as a line of constant slope, vP=(z/(t, reaching the 


Figure 7.15 - Bounce Diagram.

load at time t=td=d/vP, see trace A of Figure 7.15. The amplitude of the wave front is indicated adjacent to the trace. Upon reaching the load, the wavefront is reflected; its amplitude is multiplied by the load reflection coefficient and a wave in the opposite direction is initiated. The new wave propagates with the same constant slope as the previous wave, but since it is moving in the opposite direction, it has opposite slope, see trace B of Figure 7.15. This wave reaches the source at time t=2td and the reflection (by the source reflection coefficient) initiates a second wave front in the forward direction, see trace C of Figure 7.15. This process continues indefinitely with eachwavefront reduced in magnitude by an additional reflection coefficient, (S or (L, and delayed by an additional time delay, td. The observed voltage at position zo and time to is the summation of all previous wavefronts that have passed this point for t(to. The waveshape at position zo as a function of time is constructed as the sequential summation of the wave fronts which intersect a vertical line at z=zo, see Figure 7.16. The voltage distribution along the line for time to can be found as the summation of wavefronts which have preceded the horizontal line t=to, see Figure 7.17. Corresponding currents associated with each wavefront are easily included as well.


Figure 7.16 - Voltage observed at Line location zo as a function of time.


Figure 7.17 - Voltage Distribution on Line at time to.

The response to a unit step input provides the basis for analyzing the response to any waveshape via step-wise approximation of the exciting signal and superposition of the responses. Pulses can be analyzed exactly since they are merely two steps—one positive, the other negative—with an intervening delay equal to the pulse width. The effects of pulse width compared to line delay greatly affect the total response to multi-step signals.

This method can be extended to include several sections of line. The incident voltage at the junction between two lines establishes both a reflected and a transmitted wave. The transmitted wave propagating into the second line can be plotted as an incident wave in the second line. If it undergoes reflection at some load, the reflected wave will impinge on the junction and establish a wave in the first line propagating back to the source. These steps become rather tedious as more and more waves must be considered. But the principles remain simple, easy to apply, and revealing of the physical processes.

Example 7.10-1: Using the bounce diagram method, determine the voltage at the input to the line of Figure 7.12 for ZC=50 (, RS=25 (, RL=100 (, d=100 m, and vP=108 m/s. From these parameters we obtain td=1 (s, (S=(1/3, and (L=1/3. The bounce diagram is shown in Figure 7.18a; the input voltage is shown in Figure 7.18b and compares agrees with the MAPLE result of Figure 7.14.


Figure 7.18 - Bounce Diagram Method; a: Bounce Diagram, b: Input Voltage.

Example 7.10-2: Using the Bounce Diagram method, determine the voltage at the junction of the three equal-length transmission lines shown in Figure 7.19. Since, the line on the lower right is terminated in its characteristic impedance, it can be replaced by a lumped 50 ( resistor at the junction. A wave approaching the junction from the 50 ( line on the left “sees” 50||25=162/3 ( which gives a reflection coefficient of (LEFT=(1/2. A wave approaching the junction from the 25 ( line on the right “sees” 50||50=25 ( which gives a reflection coefficient of (RIGHT=0. Assuming that all three lines have the same phase 
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Figure 7.19 - Transmission Line Junction.

velocity of propagation, we can sketch the bounce diagram as shown in Figure 7.20a. The initial wave down the 50 ( line is partially reflected back toward the source and partially transmitted down the 50 and 25 ( lines on the right. No reflection occurs from load on the 50 ( line. However, a reflection occurs on the 25 ( line and propagates back to the junction where it undergoes no reflection, but total transmission toward the source on the left-most 50 ( line. There are no further reflections. The junction voltage is shown in Figure 7.20b.


Figure 7.20 - Bounce Diagram Method for Several Lines; a. Bounce Diagram, b: Junction Voltage.

7.10 - Reactive Load Transients

Reflection of transient waves from capacitors, inductors, or general reactive loads are more complicated due to the frequency dependence of their impedance. The general principles of these reflections can be seen by considering a unit step incident wave incident on a capacitor load, see Figure 7.21. As in circuits, transient behavior is easily handled in the s-domain. The incident voltage at the input to the line is given by
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Figure 7.21 - Unit Step Wave incident upon a Capacitor Load.

The incident wave reaches the capacitor delayed by d/vP so that the voltage incident upon the capacitor is given by
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The reflection coefficient of the capacitor is given by
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so that the reflected wave at the capacitor is given as



[image: image112.wmf](

)

P

P

C

PP

ds

d

v

C

s

v

C

C

C

dd

ss

vv

C

1

Z

1sCZ

e

sC

V(s)e

1

ss1sCZ

Z

sC

e2e

.

1

s

s

ZC

-

-

-

--

-

-

==

+

+

=-

+


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.91)

The time domain form of the reflected voltage at the capacitor is
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The reflected voltage is plotted in Figure 7.22. At the time of incidence (let’s call that t=0), the capacitor is uncharged so that vC(0)=0 which “looks” like a short circuit. The reflection coefficient of a short circuit is (1 as is the initial portion of the reflected voltage. After a suitable interval, the capacitor is fully charged by the incident signal so that current no longer flows. At this time the capacitor acts as an open circuit with a reflection coefficient of +1 with a corresponding reflected voltage. In spite of the definition of reflection coefficient in terms of frequency domain impedances, 
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Figure 7.22 - Reflected Voltage at a Capacitor Load.

the ratio of the time-domain reflected and incident voltages is often used to describe the reflection coefficient. This more general view corresponds to the reflected voltage when the incident voltage is a unit step. But there are difficulties in applying this to more general wave shapes.

The total voltage across the capacitor is the sum of the incident and the reflected voltages as
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the usual form for the charging of a capacitor through a resistor. In this case, the effective resistance is ZC. Since the source has a Thèvenin impedance of ZC, signals reflected from the capacitor never return. Consequently, the capacitor “sees” ZC as the impedance connected to it.

In a similar manner an inductive load, L, initially looks like an open circuit and later, after several time constants, a short circuit. Moreover, it transitions between these two states with a time constant of L/ZC. The reflected voltage is given by 
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Similar results can be obtained for impedances with general frequency dependence.

If the source is not matched to the line, multiple reflections occur. The inclusion of the multiple reflections for frequency-dependent impedances greatly complicates the simple results of the matched source. We will not cover these problems in this textbook.

Time domain reflectometry (TDR) is the name given to the measurement of the characteristics of transmission systems—lines, waveguides, optical fibers—by the application of pulses and the observation of the reflections. The time delay of the reflection provides information about the location of changes in impedance; the shape and duration of the reflections provides information about the type of impedance discontinuity. This is a very popular measurement technique for finding faults (undesired impedances) on transmission systems. It is also used to characterize the electrical properties of unknown materials.

Example 7.11-1: A TDR system is attached to a 50 (

Figure 7.23 - TDR Signals.

transmission line with vP=2x108 m/s to locate a fault. The unit transmits a 1 Volt pulse. The reflected signal is shown in Figure 7.23. Determine the type of fault and its distance from the input of the line. From the return pulse the down and back round-trip time is 2td=12.4 (s; therefore the distance of the fault is d=vPtd=2x108(6.2x10-6)=1,240 m. The ratio of the reflected signal to the transmitted signal is 0.6=(L. Therefore, ZL=ZC(1+(L)/(1-(L)=200 (.

Example 7.11-2: Calculate the reflected wave from a parallel RC circuit load on a transmission line of length d when a unit step wave is incident. The transmission line has a characteristic impedance ZC, the resistor has a value of R=ZC, and the capacitor has a value of C. The incident signal in the s-domain is represented as V+=e-ds/vp/s. The impedance of the load is given by ZC||1/sC=ZC/(1+sZCC) so that the reflection coefficient is 
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 The reflected wave is given by 
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 which leads to the reflected signal in the time-domain as 

 At the instant of incidence, the reflected wave cancels the incident as it should since the capacitor appears as a short circuit. But after several time constants the transient decays to zero since the parallel resistor is matched to the line. The load voltage is given by 
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. The load voltage transitions from a short circuit to a matched load.

7.11 - Steady-State Waves

Most communications systems operate in a steady state mode; the carrier signal is “on” for such a long time that the transients have decayed to zero. For example, at frequencies of 1 GHz during an interval of 1 second, 109 cycles of the carrier signal occur and it is likely that steady state conditions are established. In contrast to transient waves with many frequency components, steady-state voltages and currents are described by a time-harmonic, single-frequency form for which it is convenient to use phasor representation. Furthermore, for most applications we may neglect transmission line losses since they are small causing only minor differences from lossless line behavior. For lossless conditions the transmission line propagation constant is given by
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and the characteristic impedance by
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A marked difference between steady-state and transient operation is that steady-state conditions are achieved only after all transients have decayed away. When the sinusoidal generator is first activated a transient wavefront propagates on the line just as with a pulse generator. With each round-trip traversal, the wave undergoes a delay of 2td and an amplitude multiplication (L(S due to reflections. After an infinite number of reflections, the transient wave amplitude has decreased to zero and steady-state conditions exist. Careful summation of these infinite waves gives the steady-state wave on the line. 
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Figure 7.24 - Sinusoidal Excitation of a Terminated Transmission Line.

The source located at z=0 excites a wave that propagates to the right, see Figure 7.24. The phasor form for the wave propagating in the positive z-direction is given by
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After completing one round-trip there is a second wave propagating in the positive z-direction given by



[image: image124.wmf]jzj2d

1oLS

V(z)Vee.

+-b-b

=GG


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.98)

After n round-trips the (n+1)st wave in the positive z-direction is given by
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For physically realizable loads and sources |(L(S|<1 so that the geometric series of the infinite number of waves can be written in closed form as (an=1/(1-a) and the summation of these positively propagating voltage waves gives
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This is interpreted as a single wave of complex amplitude Vo/[1-(L(Se-j2(d] propagating toward the load. After establishment of steady-state conditions, an observer “sees” only one wave propagating toward the load! For convenience, define the complex constant associated with this wave as



[image: image127.wmf]o

o

j2d

LS

V

V.

1e

+

-b

=

-GG


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.101)

In a similar manner an infinite number of transient waves propagating in the -z direction combine to produce
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a single wave of complex amplitude Vo(=Vo+(Le-j2(d propagating toward the source. If (L=0, then there is a single wave propagating to the right and no wave to the left. If (S=0 then there is a single wave to the right and a single wave to the left. As confirmation that there two forms are consistent with earlier results, the ratio of the reflected to the incident signal at the load, z(d, is
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the load reflection coefficient. At the input to the line, z=0, the reflected wave is given by
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The incident signal having propagated down the line, reflected from the load, and propagated back to the input of the line. By generalizing the concept of reflection coefficient to be the ratio of the reflected to incident wave at any point on the line, an input reflection coefficient is defined as
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The incident signal at the input to the line is advanced in phase relative to the incident signal at the load by the electrical length of the line. The reflected signal at the input is retarded in phase relative to the reflected signal at the load by the electrical length of the line. These factors combine to produce a retardation of the reflection coefficient by twice the electrical length of the line. These concepts are the basis for defining the reflection coefficient at a distance d from the load as
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The form indicates that as the distance from the load is increased, the reflection coefficient “rotates” in a clockwise (CW) manner in the complex plane. When a distance is reached such that 2(d=2( the reflection coefficient is the same as at the load. The distance at which this repetition occurs, dREPEAT, is given by
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the reflection coefficient repeats itself every half wavelength on the line. When a load (L is attached to a variable length of line, (IN can take on any value of the reflection coefficient |(L|ej( by varying the length of line d over a half wavelength. This principle is valuable in measurements and in matching techniques that we will cover later.

The phasor nature of the incident and reflected voltages is the key to explaining many other aspects of steady-state transmission line behavior. The phase of the incident wave, V+e-j(z, is increasingly negative or retarded with increasing z. An observer moving toward the load would see this as a CW rotation of the incident phasor, see Figure 7.25. The phase of the reflected wave, V-e+j(z, is increasingly positive or advanced with increasing z. An observer moving toward the load would see this as a CCW rotation of the reflected phasor. In Figure 7.25 the reflected phasor is one-half the incident phasor so that the reflection coefficient has a magnitude of 0.5 everywhere on the line. The top three phasors are voltages; the bottom is the reflection coefficient. The opposite sense of rotation with distance of the incident and reflected phasors is key to all behavior which involves both incident and reflected waves. For example, in moving one half wavelength toward the load, the incident phasor will change by (180(; the reflected phasor will change by +180(. The difference between the reflected and the incident as with the reflection coefficient will be 360( and will be unaltered.


Figure 7.25 - Variation of Incident and Reflected Phasors with Distance along Transmission Line.

The total voltage along the line can be expressed as
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where the term e(j(d has been factored out so that the distance of the observation point from the load, d(z, appears in both the incident and reflected waves. This representation emphasizes the equal and opposite variation with distance of the incident and reflected phasors. Since the phasors rotate oppositely with variations in z, at some points they will be aligned and add and at other points they will be oppositely directed and subtract, see Figure 7.25. The magnitude of the voltage is expressed as
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which is represented more conveniently in normalized form as 
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To help simplify this expression, the complex exponential is converted to real and imaginary parts to obtain the absolute value
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|VNORM(z)| has maxima of 1+|(L|2 at locations where the cosine has a value of +1 or
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where d(z is the distance from the maxima to the load. |VNORM(z)| has minima of 1(|(L|2 at locations where the cosine has a value of (1,
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Since z is less than d, only positive values of n are physically realizable. Plots of |VNORM(z)| for several different loads are shown in Figure 7.26. The location

[image: image140.png]03





Figure 7.26 - Standing Wave Plots for Various Loads.

of maxima and minima for these loads are summarized in Table 7.1. From this data it is apparent that the distance to the first maximum increases with increasing phase angle of the reflection coefficient. (Negative phase angles, ((, can be expressed as a positive angle, 2(((.) The greater the magnitude of the reflection coefficient and the VSWR, the narrower the width of the minima relative to the maxima.

ZL
Open
Short
(0.6+j).8)ZC
(.92(j.39)ZC

(L
+1
(1
0.5((/2
0.2(((/2

VSWR
(
(
3
1.5

(d-z)MAX
0

+n(/2
(/4

+n(/2
(/8+n(/2
3(/8+n(/2

(d-z)MIN
(/4

+n(/2
0

+n(/2
3(/8+n(/2
(/8+n(/2

Table 7.1 - Summary of Standing Wave Plots of Figure 7.24.

The ratio of the voltage maxima to minima is noted as the voltage standing wave ratio. VSWR, and is expressed as
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Voltage maxima exist at locations where the incident and reflected waves are in phase and add; voltage minima are located where they are out of phase and subtract. As with the reflection coefficient, the voltage maxima and minima repeat every (/2. Moreover, they are displaced from each other by (/4. The exact location of maxima or minima depends upon the reflection coefficient as described above.

The greater |(L|, the greater the VSWR. A small VSWR indicates a small signal reflected. A matched load produces no reflected signal and has a VSWR of 1. When there are no variations in voltage with distance and the line is called flat. VSWR data for Figure 7.26 is included in Table 7.1.

The accompanying current waves are given by 
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and



[image: image143.wmf]jz

j2d

o

L

C

Ve

I(z)e.

Z

+

+b

--b

=-G


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.116)

The total current is the sum of the incident and reflected currents as
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which compares with Equation (7.108)

 except that the reflected wave has a negative sign. This means that the voltage maxima correspond to current minima and vice-versa.

At each point along the line, the ratio of the total voltage to the total current can be expressed as an impedance. Due to the presence of the reflected wave, the impedance is not merely the characteristic impedance as it was for transient waves. However, it is easily calculated as the ratio of the total voltage to the total current. The total voltage is composed of the incident and reflected voltage waves; the total current is composed of the incident and reflected current waves. This leads to
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The impedance depends upon the characteristic impedance, ZC, the load impedance, ZL, and the electrical length of the line from the observer to the load, ((d(z). An alternative viewpoint is to consider the input impedance of a line of length d which is given as


[image: image146.wmf](

)

(

)

IN

IN

IN

jdjd

L

C

jdjd

L

V

V(z0)V(z0)

Z(d)Z(z0)

I

I(z0)I(z0)

ee

Z.

ee

+-

+-

b-b

b-b

=+=

====

=+=

+G

=

-G


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.119)

In this expression the argument of ZIN is the length of the line, d, rather than the distance from the input of the line, z. The input impedance varies along the length of the line. In fact, it is a maximum at the location of voltage maxima (and current minima) and minimum at voltage minima (and current maxima). A convenient expression for this variation in terms of load impedance is given as
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This is a very important result that describes the complex way in which the load impedance is transformed by the line to the input impedance. Let’s examine the nature of this transformation more closely.

Of course, a matched load provides an input impedance of ZC
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Due to its dependence upon the phasor variations of the incident and reflected waves, the line impedance repeats itself every half wavelength. Accordingly, the input impedance of an integer multiple of a half wavelength line is the same as the load impedance,
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A quarter wavelength line provides an inversion of the load impedance as
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Short-circuits and open circuits are relatively easy to make; their input impedances vary as
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and



[image: image152.wmf]CC

INOCC

C

jZtandjZ

Z(d)Z,

Zjtandtand

¥+b-

==

+¥bb


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7.125)

respectively. Any reactive value of input impedance can be obtained with a short- or open-circuit on a variable length of line! Plots of jXINSC/ZC (solid curve) and jXINOC/ZC (dashed curve) are shown in Figure 7.27. As expected, a short-circuit load on a zero
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Figure 7.27 - Input Reactance of Short-circuit and Open-circuit Lines.

length line has zero reactance. For lengths less than (/4 the line has a positive reactance and looks inductive; for lengths of (/4<d<(/2, the line looks capacitive; then inductive, then capacitive... changing every (/4 as the line length increases. Near the short circuit, the current is large, decreasing with distance from the short, and accompanied by stored magnetic energy. The voltage at the short circuit is zero, increasing with increasing distance from the short circuit. Consequently, there is very little stored electrical energy near the short circuit. The net result is that there is a preponderance of stored magnetic energy near the short circuit as in an inductor. The input impedance has a positive reactance and looks inductive. As the line is lengthened the voltage increases and the current decreases; the stored magnetic energy decreases and the stored electric energy increases. As the line length approaches d=(/4 the total stored magnetic and electric energies become equal. We have seen this before in lumped element circuits; when the stored electric and magnetic energies are equal, the circuit is resonant. Depending upon the configuration, it is either series or parallel resonant. If it is a series resonant circuit, the reactance of the circuit approaches (0; if it is a parallel resonant circuit the reactance approaches ((. From Figure 7.27 it is obvious that the input impedance of a short-circuited line looks like a parallel resonant circuit near (/4. As the line length increases further for (/4<d<(/2, the large value of voltage and small value of current means that significantly more stored electric energy than magnetic energy is being added.  Then as the length approaches d=(/2 the voltage approaches zero and the current approaches a maximum with an increasing preponderance of stored magnetic energy being added. At d=(/2 the stored energies are equal so that the reactance becomes zero—the characteristics of a series resonant circuit. Figure 7.28 shows the variation of voltage (solid curve) and current (dashed curve) with distance from the short-circuit load.
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Figure 7.28 - Current and Voltage Variations on a Line with a Short-circuit Load.

From a physical point of view the results for d<<(/4 is not surprising since a short length of line with a short circuit can be modeled as a one-turn inductor and as such stores magnetic energy. But, as the line length increases, the process is more complicated by the presence of both distributed inductive and capacitive effects which cannot be localized. They are distributed throughout the line; their distribution depends upon the load.

The variation of the input reactance of the open-circuit line is very similar. For small lengths of line, it consists of two insulated conductors with a voltage applied across them accompanied by stored electric energy and behaving like a capacitor. But, as the line is lengthened, the voltage at the input to the line becomes smaller and the current becomes larger with an increasing stored magnetic energy added. At d=(/4 the stored electric and magnetic energies are equal, the reactance goes to zero, and the input impedance looks like a series resonant circuit. As the line becomes longer still, the inductive effects predominate and the input reactance looks inductive. At d=(/2 the stored electric and magnetic energies are equal and the line looks like a parallel resonant circuit. This behavior repeats itself every (/2.

The similarity of these effects means that the input reactance of the open- and short-circuited lines are copies of each other. They are merely shifted by (/4 to account for the difference between the points of zero voltage and zero current.

This section has focused upon the wave phenomena of transmission lines, but to simplify the analysis and to provide greater insight to the processes, we have modeled the lines with lumped circuit elements. Actually, that is the main reason for invoking the impedance concept with transmission lines since the operation of circuit elements is easier to grasp and to use. Yet in other cases, the transmission line provides a better or more reliable means of implementing an impedance than a lumped circuit element. This modeling strategy of thinking both lumped element and transmission lines is standard practice in electromagnetics, but it must be practiced with care. We must not try to stretch the models to encompass new applications where the assumptions and limitations that enable their use are invalid. With this word of caution, be prepared for this bold strategy of replacing field and wave concepts by lumped circuit elements wherever possible.

Example 7.12-1: A load of ZL=150+j50 ( is connected to a 2.7 m length of transmission line with ZC=50 ( and vP=2x108 m/s. The system operates at a frequency of 100 MHz. Calculate the reflection coefficient of the load, the input reflection coefficient and input impedance, the VSWR, the location of the voltage maximum and minimum nearest the load. A key to calculation of input parameters is the length of the line in terms of wavelength. This is calculated as (=2(/(=2(f/vP=( that leads to (=vP/f=2x108/108=2 m; the line length is d=1.35(. The load reflection coefficient is calculated as (L=(150+j50(50)/(150+ j50+50) =(100+j50)/(200+j50)=0.54e+j1.22 so that (IN=(Le(j2(d =0.54e+j2.1 and ZIN=ZC(ZL+jZCtan(d)/(ZC+jZLtan(d) =31.8e+j0.92=19.2+j25.4 (. VSWR=(1+|(L|)/(1-|(L|) =3.35. The voltage maximum nearest the load occurs when ((2((d(zMAX)=0 which leads to zMAX=d((/2( =2.7(0.22/2(=2.66 m. But this is more than a wavelength from the load. Since voltage maxima occur every half wavelength, we must subtract a sufficient number of half wavelengths to keep the result positive, but less than half a wavelength. A subtraction of one wavelength, 2 m, gives zMAX=0.66 m. Since voltage minima occur a quarter wavelength from maxima, the minimum nearest the load is at zMIN=0.16 m.

Example 7.12-2: Show that for a resistive load that ZINMAX=ZCVSWR. The input impedance will be maximized at locations of voltage maxima that are also current minima, ZMAX=VMAX/IMIN=(1+|(L|/[(1-|(L|)/ZC] =ZC(1+|(L|/[(1-|(L|)=ZCVSWR.

7.12 - Steady-State Voltages and Currents

The calculation of voltages and currents on transmission lines is relatively easy with the knowledge of transmission line impedance. The inclusion of wave effects in the line impedance enables rather simple KVL and KCL calculations rather than calculations that use wave concepts directly. These ideas are illustrated by calculations for the circuit shown in Figure 7.29.
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Figure 7.29 - A Transmission Line Circuit.

The load impedance is expressed as
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which leads to the reflection coefficient as
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The polar form is usually more convenient than rectangular, especially when using the Smith chart as in the next chapter. Radian measure of the angle is mathematically correct in the exponential form while degrees are commonly used in the magnitude-angle form. The source impedance is matched to the line so that (S=0. The wave has a propagation constant of
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with a wavelength of
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The line length expressed in wavelengths is
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In the wave point of view, a transient, incident signal is initiated on the line (as with pulses) with an amplitude given by
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This wave propagates toward the load, is reflected back to the source, and may be reflected from the source to form a second wave propagating toward the load. In general, this process continues until all the amplitude of the nth wave is negligible; the resulting infinite number of waves can be summed to give a single incident wave as in Equation (7.100)

 as
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In Figure 7.29 with a matched source, there is no source reflection coefficient. Therefore, the transient wave is a single incident wave and the calculation is particularly simple. Similarly, the reflected wave can be calculated as
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The input voltage of the line, z=0, is calculated as
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The input current is given by
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The input impedance is given by
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Alternatively, the input impedance is calculated directly from Equation (7.120)

 as
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in agreement with Equation (7.136)

. This leads to the equivalent circuit at the input of the transmission line shown in Figure 7.30.
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Figure 7.30 - Input Equivalent Circuit of the Transmission Line.

The input voltage and current are calculated from circuit theory as
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and
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in agreement with the wave approach.

A third approach is to calculate the input reflection coefficient as
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from which the input impedance is calculated as
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The calculation of the voltage is more involved as the incident and reflected voltages transform from the input to the load in with opposite phase variations. The simplest procedure requires calculation of the incident voltage at the source as
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as in Equation (7.131)

. The incident voltage at the load is
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which leads to the load voltage of
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The load current is calculated as
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The validity of the last two calculations is confirmed by the circuit relationship for an impedance
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Since this is a lossless line, no power is lost in the line and the power delivered to the input of the line must equal the power delivered to the load. The power delivered to the input of the line is
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the power delivered to the load is
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These procedures are straightforward, though tedious, when executed by hand. Use of MAPLE V( simplifies them considerably. The Smith chart is a powerful alternative to these methods that offers computational simplification and conceptual insight. That is the focus of the next chapter.
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* (EFF is not simply described by our models for dielectric material of Chapter 2. Since we don’t often need it, we will defer its definition to more advanced courses.
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