Appendix C

Vector Calculus

_____________________________________________________________________________________________________

Differential Operations
The fundamental vector differential operators are given in Cartesian, cylindrical, and spherical coordinate systems.

Gradient

Cartesian





Cylindrical





Sperical




Divergence

Cartesian





Cylindrical





Spherical




Curl

Cartesian





Cylindrical





Spherical




Laplacian

Cartesian





Cylincrical





Spherical




Intergral Operations
Divergence Theorem
The integral of the normal component of any vector field over a closed surface is equal to the integral of the divergence of this vector field throughout the volume enclosed by the closed surface if the derivatives of the divergence are finite.  The surface S completely encloses the volume V.  ds is taken to be the outward normal differential surface element.








Stokes Theorem
The line integral of a vector field along a closed path is equal to the integral of the normal of the curl of this vector field over any surface whose perimeter is defined by the path of the line intergral.  The right hand rule relates the surface normal of the enclosed surface S to the direction of the path L.








Integral Evaluation
Line (Work) Integrals
Line integrals of the form 

 are proportional to work done by movement along the directed path L.  Their evaluation is easiest when executed in an appropriate coordinate system.  For example, if the path is on a circular arc centered on the z-axis and lying in a constant z plane, the cylindrical coordinate system is more appropriate than Cartesian.  For more information regarding dl refer to Appendix B.  The directed differential length dl can be expressed as


Cartesian





Cylindrical





Sphere





in the common coordinate systems.  When the integration path is along a single coordinate then all other differentials are zero.  When the integration path is defined by equations, the differentials are related to each other by the equations of the path.  For example, if the path follows the parabolic curve, y = x2, z = 2 (remember that it takes two equations to define a path) then dy = 2xdx relates the two differentials while dz is independent.  The evaluation of the line integrals is expedited by substituting these relations into the scalar integrals so that the expressions are in terms of a single variable and can be evaluated directly.  For example, if E(dl = ydx on a path defined by    y =x2 from (0,0) to (2,4), then we could substitute for y to obtain ydx = x2dx which can be integrated from x = 0 to  x = 2.  Alternatively, we could subsitute dx = dy/2x = dy/2(y to obtain ydx = (ydy/2 integrated from y = 0 to y = 4.  The results should be identical.




Surface (Flux) Integrals
Surface integrals of the form 

 describe the total flux which passes through surface S.  Their evaluation is easiest when executed in a coordinate system which matches the geometry of the boundary.  For example, it is more appropriate to use spherical rather than Cartesian coordinates to calculate the flux through a sphere of radius a; Cartesian coordinates are a better choice than spherical when the flux through a planar surface is calculated.  The unit normal to the surface S provides the direction of ds; the surface element perpendicular to the normal da provides the magnitude.  The differential lengths which make up da lie on the surface S.  For more details regarding ds, refer to Appendix B.  Analytic evaluation of surface integrals which do not conform to one of these coordinate systems are beyond the scope of this text; numeric evaluation can be used for such surfaces.  The directed differential surface element ds can be expressed as

Cartesian:





Cylindrical:





Spherical:
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