Appendix B
Coordinate Systems

and Transformations

_____________________________________________________________________________________________________

Three coordinate systems are considered in this text--Cartesian, (circular) cylindrical, and spherical.  Transformations of vectors from Cartesian to cylindrical or spherical coordinates and vice-versa are used frequently.  Differential lengths, areas, and volumes for these three coordinate systems are required, also.  These topics are summarized in this section.

Unit vectors
Each coordinate system requires three mutually orthogonal directions at each point.  The direction in which the unit vector points is defined as perpendicular to a surface on which one variable is constant and in the direction of increasing value of the variable.  For example, the unit vector aX points perpendicularly from an x = xo plane in the direction of increasing x; the unit vector a( points perpendicularly from a ( = (o cone in the direction of increasing (.

The unit vectors of a coordinate system form a right-handed triad of mutually orthogonal vectors for all three coordinate systems.  This means that for unit vectors of the i, j, and k variables that a unit vector has no components in the direction of any other, i.e.,






Furthermore, since they are at right angles to each other, the cross product of two is in the direction of the third.  When the vectors are properly ordered we have






The proper order for the vectors is (x,y,z), ((,(,z), and (r,(,() in Cartesian, cylindrical, and spherical coordinate systems, respectively.

The three coordinate systems are shown in Figure B.1.
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Figure B.1 - Coordinate Systems;

a: Cartesian, b: cylindrical, c: spherical.

Coordinate Transformations
Coordinate transformations are accomplished via the dot product; the component of a vector in a particular direction is the dot product of the vector and the unit vector in the particular direction, i.e., Ei = E(ai.  Each of the components in one coordinate system can be transformed to another system by applying this rule.  The dot product of the unit vectors can be determined by the geometry of the two vectors.

Cartesian (Rectangular) Coordinates
A vector in Cartesian coordinates is represented as





where Ei is the component of E in the ith direction and ai is the unit vector in the ith direction.

(Circular) Cylindrical Coordinates
A vector in cylindrical coordinates is represented as




.

The component of E in a particular direction is formed simply by its dot product with the unit vector in the desired direction as













The inverse transformations can be accomplished in a similar manner as













Spherical Coordinates
A vector in spherical coordinates is represented as




.

The component of E in a particular direction is formed simply by its dot product with the unit vector in the desired direction as













The inverse transformations can be accomplished in a similar manner as













Differential Lengths, Areas, and Volumes
Differential length is defined as a vector which is the sum of the directed differential lengths in each of the three coordinate directions.  The equation of the path dictates the unique relationship between the differential lengths.  Each directed differential length is defined as the differential length of one of the variables in the direction of the unit vector associated with that variable, i.e., dliai.  For coordinates expressed in terms of distance the differential length is obvious.  For coordinates expressed in terms of angles, the length requires multiplication of the differential angle by the radius at the point of the differential, i.e. dl( = rd( or dl( = rsin(d( .  The differential lengths form the edges of the differential volume shown in Figure B.2  The  directed differential lengths in the three coordinate systems are given as




,




, and




.

The directed differential surface elements, ds, are composed of a unit vector perpendicular to the surface multiplied by the differential area of the surface at the point on the surface.  The form is given as ds = aidai where ai is perpendicular to the surface on which the ith variable is constant and dai is the incremental area on that surface.  The direction of the differential element can be defined as dictated by the physical situation in either direction perpendicualar to the surface.  These directed surface elements form the six sides of a differential cube as shown in Figure B.2 which can be expressed as








 and





The differential volumes are formed as the product of the three differential lengths which define the cubes as shown in Figure B.2.  The differential volumes are expressed as






Figure B.2 - Differential Surface and Volume Elements

a: Cartesian, b: cylindrical, c: spherical.
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