474 HW 13 problems (highlighted problems are the ones to turn in)
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not regular, or not context-free and prove your answer.
. {xy:x,ye{a,b}*and |x| = |y|}.

. {(ab)"a"b" : n > 0}.

. {x#y:x,ye{0,1}*and x # y}.

.{ab":i,n > 0andi = nori = 2n}.

. {wx:|w| =2 |x|andwe a’b"and x= a*b*}.

f. {a""c*:n m.k = 0andm = min (n. k)}.
g. {xyxR:xe{0,1}*andy < {0,1}*}.
h. {xwx®:x,we{a b} and |x| = |wl}.

{wwRw :we {a,b}*}.

{wxw: |w| = 2+|x| and we {a,b}* and x e {c}*}.

. {a"i = 0}{b%i = 0}{ai = 0}.

1. For each of the following languages L, state whether L is regular, context-free but

Recall: When we use the pumping
theorem to show a language is not
context-free, we do not get to choose
the k, we choose the w whose length
is at least k. We do not get to choose
how w is broken up into uvxyz
(although the breakup has to meet
the length constraints of the
theorem), but we do get to choose
how to pump the v and y (l.e. we can
choose the a in uvixviz).

{xe{a.b}*: |x| is even and the first half of x has one more a than does the

second half}.

{we{a, b}*: #3(w) = #,(w) and w does not contain either the substring

aaa or abab}.

. fATRPE i, i = D fETE T DL = 0
. {xcy:x,ye{0,1}* andy is a prefix of x}.

Awiw = un
. L(G),where G = §— aSa

Rorw =ua":n = |ul,ue{a b}*}.
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{we (A-Z a-z.. blank)" : there exists at least one duplicated, capitalized word
in w). For example, the string, The history of China can be viewed from
the perspective of an outsider or of someone Tiving in China., e L.

s, oLy where Ly = {ww twe{a b}*}.

t. L* where L = {0%10"1%0":i = 0}.

u. -A"B".

v. {ba'b:j = n®forsome n = 0}. For example, baaaabe L.

AJwe{a. b, d}E #F(w) = #(w) = #y(w) = 0}.



13.3
#10)8

13.4
(#11)

13.8
(#12)

13.9

(#13) 8

13.12
(#14)

12.

_—— ——— e = Rt

Let L = {a"b™c"d™ :n,m = 1}. L is interesting because of its similarity to a useful
fragment of a typical programming language in which one must declare procedures
before they can be invoked. The procedure declarations include a list of the formal
parameters. So now imagine that the characters in a" correspond to the formal pa-
rameter list in the declaration of procedure 1. The characters in b™ correspond to the
formal parameter list in the declaration of procedure 2. Then the characters in ¢ and
d™ correspond to the parameter lists in an invocation of procedure 1 and procedure 2
respectively, with the requirement that the number of parameters in the invocations
match the number of parameters in the declarations. Show that L is not context-free.
Without using the Pumping Theorem, prove that L={we{a.b, c}* : #,(w)=
#p(w) = #(w) and #,(w) > 50} is not context-free.
Give an example of a context-free language L (# =¥) that contains a subset L,
that is not context-free. Prove that L is context free. Describe L, and prove that it
1s not context-free.
Letly = LM Ls.
a. Show values for Ly, L,, and L3, such that [ is context-free but neither L, nor L3 is
b. Show valuesfor Ly, L. and L, such that L» is context-free but neither Ly nor Lz is
Give an example of a context-free language L, other than one of the ones in the
book, where —L is not context-free.
Theorem 13.7 tells us that the context-free languages are closed under intersec-
tion with the regular languages. Prove that the context-free languages are also
closed under union with the regular languages.
Complete the proof that the context-free languages are not closed under
maxstring by showing that L = {a'b/c*: k =i or k = |} is context-free but
maxstring( L) is not context-free.

Define the leftmost maximal P subsequence m of a string w as follows:

* P must be a nonempty set of characters.

* A string 5 is a P subsequence of w iff § is a substring of w and 5 is composed
entirely of characters in P. For example 1,0,10, 01, 11,011,101,111,1111, and
1011 are {0.1} subsequences of 2312101121111,

* Let 5 be the set of all P subsequences of w such that, for each element r of §,
there is no P subsequence of w longer than «. In the example above, S = {1111,
1011}.

¢  Then m is the leftmost (within w ) element of S. In the example above,m = 1011

a. Let L = {we{0-9}*:if y is the leftmost maximal {0, 1} subsequence of w
then |y| is even}. Is L regular (but not context free), context free or neither?
Prove your answer.

b, Let L = {we{a, b, c}*: the leftmost maximal {a, b} subsequence of w
starts with a}. Is L regular (but not context free), context free or neither?
Prove your answer.

Note on 13.12. What the author meant to ask and what she actually
asked are quite different. Both parts should have said: "Is L context-

Free (but not regular), regular, or neither? Prove your answer.
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13. Are the context-free languages closed under each of the following functions?
Prove your answer.
a chop(L) = {w:Jdxel (x = xjexm A e 2 AxeZp* AceZp A
|2l = lxol Aw = xx)}
b. mix(L) = {w:3dx,y,z: (xe L, x = yz, |‘r| = |zl,w = yzR)}
e prefll) = {w:IxeZ¥(wxel)}
d. middle(L) = {x:3y.zeZ*(yxze L)}
. Letter substitution
. shuffle(L) = {w: Jx =L (w is some permutation of x) }
g. copyreverse (L) = {w:dxeL (w = xx®)}
4. Letalt (L) = {x:dy.n(yel, |yl =nn =0,y =a;--a,vi = n(aeX), and
X = ayayas - - a,, where k = (if nis even thenn — 1 else n))}.
a. Consider L = a"b". Clearly describe Ly = alt(L).
b. Are the context free languages closed under the function alt? Prove your answer.
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1. Give a decision procedure to answer each of the following questions:

a. Given a regular expression « and a PDA M, is the language accepted by M a
subset of the language generated by a?

b. Given a context-free grammar G and two strings 51 and 55, does G generate
5157

c. Given a context-free grammar G, does G generate at least three strings?

d. Given a context-free grammar G, does G generate any even length strings?

¢, Given a regular grammar G, is L{G) context-free?

13.14 Examples:

If L is the language denoted
by r.e. (ab)*, then alt(L) is
denoted by r.e. a*.

If L is the language denoted
by r.e. (abcdefg)*, then
alt(L) is denoted by r.e.

(aceg)* .

If L is the language denoted
by r.e. a orthe language
denoted by r.e. a*, then
alt(L) is L.




