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EXAMPLE 8.10 (Continued)

almost always easier to use the Pumping Theorem if we pick as simple a string as
possible. So, let w = (¥)~. Since |w| = 2k and w is in L, w must satisfy the condi-
tions of the Pumping Theorem. So there must exist ¥, y, and z, such that
w = xyz, |xy| = k,y # & and Vg = 0 (xy %z < L). But we show that no x, y, and
Z exist. Since |xy| = k, y must occur within the first k characters and so y = (7 for
some p). Since y # & p must be greater than 0. Let g = 2. (In other words, we
pump in one extra copy of y.) The resulting string is (**) ¥, The last condition of
the Pumping Theorem states that this string must be in L, but it is not since it has
more (’s than )’s. There exists at least one long string in L that fails to satisfy the
conditions of the Pumping Theorem. So . = Bal is not regular.





image8.png
EXAMPLE 8.11 The Even Palindrome Language is Not Regular

Let L be PalEven = {ww®: we {a, b}*}. PalEven is the language of even-
length palindromes of a’s and b’s. We can use the Pumping Theorem to show that
PalEven is not regular. If it were, then there would exist some & such that any
string w, where |w| = k, must satisfy the conditions of the theorem. We show one
string w that does not. (Note here that the variable w used in the definition of L
is different from the variable w mentioned in the Pumping Theorem.) We will
choose w so that we only have to consider one case for where y could fall. Let
w = atb*brak. Since [w| = 4k and w is in L, w must satisfy the conditions of the
Pumping Theorem. So there must exist x, y, and z, such that w = xyz, |xy| = k,
y # e, and Vg = 0 (xy% e L). Since |xy| = k,y must occur within the first k
characters and so y = a” for some p. Since y # & p must be greater than 0. Let
q = 2. The resulting string is a“*”b*b*a*. If p is odd, then this string is not in
PalEven because all strings in PalEven have even length. If p is even then it is at
least 2, 5o the first half of the string has more a’s than the second half does, so it is
not in PalEven. So L = PalEven is not regular.

The Pumping Theorem says that, for any language L, if L is regular, then all long
strings in Z must be pumpable. Our strategy in using it to show that a language L is not
regular is to find one string that fails to meet that requirement. Often, there are many
long strings that are pumpable. If we try to work with them, we will fail to derive the
contradiction that we seck. In that case, we will know nothing about whether or not L
is regular. To find a w that is not pumpable, think about what property of L is not
checkable by an FSM and choose a w that exhibits that property. Consider again our
last example. The thing that an FSM cannot do is to remember an arbitrarily long first
half and check it against the second half. So we chose a w that would have forced it to
do that. Suppose instead that we had let w = a*a®. It is in L and long enough. But y
could be aa and we could pump it out or in and all the resulting strings would be in Z..
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So far, all of our Pumping Theorem proofs have set ¢ to 2. But that is not always
the thing to do. Sometimes it will be necessary to set it to 0. (In other words, we will

pump y out).

EXAMPLE 8.12 The Language with More a’s Than b’s is Not Regular

Let L = {a"b":n > m}. We can use the Pumping Theorem to show that L is
not regular. If it were, then there would exist some k such that any string w,
where |w| = k, must satisfy the conditions of the theorem. We show one string
w that does not. Let w = a**!b¥. Since |w| = 2k + 1and w is in L, w must sat-
isfy the conditions of the Pumping Theorem. So there must exist x, y, and z,
such that w = xyz, |[xy| = k,y # &, and Vg = 0 (xy %ze L). Since |xy| = k,y
must occur within the first k characters and so y = a for some p. Sincey # &, p
must be greater than 0. There are already more a’s than b’s, as required by the
definition of L. If we pump in, there will be even more a’s and the resulting
string will still be in L. But we can st ¢ to 0 (and so pump out). The resulting
string is then a**#b¥. Since p > 0,k + 1 — p = k, 50 the resulting string no
longer has more a’s than bs and so is not in L. There exists at least one long
string in L that fails to satisfy the conditions of the Pumping Theorem. So L is
not regular.

Notice that the proof that we just did depended on our having chosen a w that is just
barely in L. Tt had exactly one more a than b. So y could be any string of up to k a's. If
we pumped in extra copies of y, we would have gotten strings that were still in L. But if
we pumped out even a single a, we got a string that was not in L, and so we were able
to complete the proof.. Suppose, though, that we had chosen w = a2*b*. Again, pump-
ing in results in strings in L. And now, if y were simply a, we could pump out and get a
string that was still in L. So that proof attempt fails. In general, it is a good idea to
choose a w that barely meets the requirements for L. That makes it more likely that
pumping will create a string that is not in L.

Sometimes values of g other than 0 or 2 may also be required.

EXAMPLE 8.13 The Prime Number of a’s Language is Not Regular

Let L be Prime, = {a”: n is prime}. We can use the Pumping Theorem to show
that L is not regular. If it were, then there would exist some k such that any string
w, where |w| = k, must satisfy the conditions of the theorem. We show one string
w that does not. Let w = a/, where j is the smallest prime number greater than
k + 1. Since |w| > k, w must satisfy the conditions of the Pumping Theorem. So
there must exist x, y, and z,such that w = xyz, [xy| = kandy # e.y = a” for some
p- The Pumping Theorem further requires that ¥g = 0 (xy % e L). So, ¥g = 0
(@*1*=2b must be in L). That means that |x| + |z| + g - [y| must be prime.
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EXAMPLE 8.13 (Continued)

x| + |z]. Then:
Il + 1zl + g Iyl = lxl + |zl + (x| + [2])-y
= (=l + Izl - + IyD),
which is composite (non-prime) if both factors are greater than 1. (|x| + |z[) > 1

because |w| > k +1, and |yl < k. (1 +]y[) > 1 becausely| > 0. So, for at least
that one value of g, the resulting string is not in L. So L is not regular.

But suppose that g =

When we do a Pumping Theorem proof that a language L is not regular, we have
two choices to make: a value for w and a value for g. As we have just scen, there are
some useful heuristics that can guide our choices:

* Tochoose w:
* Choose aw that is in the part of L that makes it not regular.
* Choose aw that is only barely in L.
*  Choose aw with as homogencous as possible an initial region of length at least k.
* Tochoose g:
* Try letting g be either 0 or 2.

* If that doesn’t work, analyze L to see if there is some other specific value that
will work.
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8.4.2 Using Closure Properties

Sometimes the casiest way to prove that a language L is not regular is to use the clo-
sure theorems for regular languages, cither alone or in conjunction with the Pumping
Theorem. The fact that the regular languages are closed under intersection is particu-
larly uscful.

EXAMPLE 8.14 Using Intersection to Force Order Constraints

Let L = {we {a b}* : #y(w) = #, (w)}. It L were regular, then L' = LN a*b*
would also be regular. But L' = {ab": n = 0}, which we have alrcady shown is not
regular. So L isn't cither.

EXAMPLE 8.15 Using Closure Under Complement

LetL = {a'b/:i,j = 0andi # j }. It scems unlikely that L is regular since any
machine to accept it would have to count the a’s. Tt is possible to use the Pumping
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Theorem to prove that L is not regular but it is not easy to see how. Suppose, for
example, that we let w = a**'b. But then y could be aa and it would pump since
ak~1p¥isin L, and so is a**1*%4Dp¥ for all nonnegative values of g.

Instead, let w = a*b***'.Theny = & for some nonzero p.Letq = (k!/p) + 1
(in other words, pump in (k!/p) times). Note that (k!/p) must be an integer because
P < k. The number of a’s in the resulting string is k + (k/p)p = k + kL So the
resulting string is a***'b***!, which has equal numbers of a’s and b’s and so is not in L.

The closure theorems provide an casier way. We observe that if L were regu-
lar, then L would also be regular, since the regular languages are closed under
complement. ~L = {a" b :n = 0} U { strings of a’s and b’s that do not have all
a’sin front of all bs}. If - is regular, then L N a*b* must also be regular. But
SLN a*b* = {a":n = 0}, which we have already shown is not regular. So
neitheris ~L or L .

Sometimes, using the closure theorems is more than a convenience. There are lan
guages that are not regular but that do meet all the conditions of the Pumping Theo
rem. The Pumping Theorem alone is insufficient to prove that those languages are no
regular, but it may be possible to complete a proof by exploiting the closure propertie
of the regular languages.

EXAMPLE 8.16 Sometimes We Must Use the Closure Theorems

Let L = {a‘b/ck:i,j,k = Oand (if i = 1 then j = k)}. Every string of length at
least 1 that is in L is pumpable. It is casier to sce this if we rewrite the final condi-
tion as (i # 1) or (j = k). Then we observe:

o Ifi=0then:Ifj # 0, let y be b; otherwise, let y be c. Pump in or out. Then i
will still be 0 and thus not equal to 1, so the resulting string is in L.

e Ifi=1 then:Let y be a. Pump in or out. Then i will no longer equal 1, so the
resulting string is in L.

o Ifi = 2then:Lety be aa. Pump in or out. Then i cannot equal 1, 5o the result-
ing string is in L.

o Ifi > 2then:Let y be a. Pump out once or in any number of times. Then i can-
not equal 1,50 the resulting string is in L.

But L is not regular. One way to prove this is to use the fact that the regular lan-
guages are closed under intersection. So, if L were regular, then L' = L Nab*c*
= {ab/c*:j,k = 0 andj = k} would also be regular. But it is not, which we can
show using the Pumping Theorem. Let w = abck. Then y must occur in the first
k characters of w. If y includes the initial a, pump in once. The resulting string is not
in L’ because it contains more than one a. If y does not include the initial a, then it
must be b?, where 0 < p < k. Pump in once. The resulting string is not in L' be-
cance i oantaine mare b's than s Since 7' i< not reeular neither is 7.
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EXAMPLE 8.16 (Continued)

Another way to show that L is not regular is to use the fact that the regular lan-
guages are closed under reverse. L¥ = {c* b/ a’:i,j,k = 0 and (if i = 1 then
j = K)}.1f L were regular then L® would also be regular. But it is not, which we
can show using the Pumping Theorem. Let w = c* b¥ a. y must occur in the first
k characters of w, s0 y = c?, where 0 < p =< k. Set ¢ to 0. The resulting string
contains a single a, so the number of b’s and c’s must be equal for it to be in LX.
But there are fewer C’s than b’s. So the resulting string is not in L®. L® is not reg-
ular. Since LR is not resular. neither is I..
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8.4.1 The Pumping Theorem for Regular Languages
THEOREM 8.6 The Pumping Theorem for Regular Languages
Theorem: If L is a regular language, then:

3k = 1 (¥strings we L, where |wl = & (3x, y,2 (w = xyz,
lxyl = k&,
y # & and
g = 0 (xy % < L)))).
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Proof: The proof is the argument that we gave above: If L is regular then it is accepted
by some DFSM M = (K, =, 8,5, A). Let k be | K|. Let wbe anystring in L of length
k or greater. By Theorem 8.5, to accept w, M must traverse some loop at least once.
We can carve w up and assign the name y to the first substring to drive M through a
loop. Then x is the part of w that precedes y and z s the part of w that follows y. We
show that cach of the last three conditions must then hold:

« [xy| = k: Mmust not only traverse a loop eventually when reading w, it must
do so for the first time by at least the time it has read k characters. It can read
k — 1 characters without revisiting any states. But the & character must, if
no carlier character already has, take M to a state it has visited before. What-
ever character does that is the last in one pass through some loop.

oy # & Since M is deterministic, there are no loops that can be traversed by €.

* Vg =0 (xy%ze L) ycan be pumped out once (which is what happens if ¢ = 0)
or in any number of times (which happens if ¢ is greater than 1) and the result-
ing string must be in L since it will be accepted by M. It is possible that we could
chop y out more than once and still generate a siring in L, but without knowing
how much longer w is than k, we don’t know any more than that it can be
pumped out once.

The Pumping Theorem tells us something that is true of every regular language. Gen-
crally, if we already know that a language is regular, we won't particularly care about
what the Pumping Theorem tells us about it. But suppose that we are interested in
some language L and we want to know whether or not it is regular. If we could show
that the claims made in the Pumping Theorem are not true of L, then we would know
that L is not regular. It is in arguments such as this that we will find the Pumping The-
orem very useful. In particular, we will use it to construct proofs by contradiction. We
will say, “If L were regular, then it would possess certain propertics. But it does not
possess those propertics. Therefore, it is not regular.”
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EXAMPLE 8.8 A"B" is not Regular

Let Lbe A"B® = {a"b": 7 = 0}. We can use the Pumping Theorem to show that
L is not regular. If it were, then there would exist some & such that any string w,
where |w| = k, must satisfy the conditions of the theorem. We show one string w
that does not. Let w = a*b*. Since |w| = 2k, w is long enough and it is in L, so it
‘must satisfy the conditions of the Pumping Theorem. So there must exist nd
2,such that w = xyz, |xy| = k, y # & and Vg = 0 (xy iz e L). But we show that
no such x, y, and z exist. Since we must guarantee that |xy| = k, y must occur
within the first k characters and so y = a” for some p. Since we must guarantee
that y # &, p must be greater than 0. Let g = 2. (In other words, we pump in one
extra copy of y.) The resulting string is a**#b*. The last condition of the Pumping
Theorem states that this string must be in L, but it is not since it has more a’s than
b's. Thus there exists at least one long string in L that fails to satisfy the conditions
of the Pumping Theorem. So L = AB” is not regular.
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The Pumping Theorem is a powerful tool for showing that a language is not regular.
But, as with any tool, using it cffectively requires some skill. To see how the theorem
can be used, let’s state it again in its most general terms:

For any language L, if L is regular, then every “long” string in L is pumpable.

S0, to show that L is not regular, it suffices to find a single long string w that is in
L but is not pumpable. To show that a string is not pumpable, we must show that
there is no way to carve it up into x, y, and z in such a way that all three of the condi-
tions of the theorem are met. Tt is not sufficient to pick a particular y and show that it
doesn’t work. (We focus on y since, once it has been chosen, everything to the left of
itis x and everything to the right of it is z). We must show that there is no value for y
that works. To do that, we consider all the logically possible classes of values for y
(sometimes there is only one such class, but sometimes several must be considered).
Then we show that each of them fails to satisfy at least one of the three conditions of
the theorem. Generally we do that by assuming that y does satisfy the first two con-
ditions, namely that it occurs within the first k characters and is not . Then we con-
sider the third requirement, namely that, for all values of g, xy 9z is in L. To show that
it is not possible to satisfy that requirement, it is sufficient to find a single value of g
such that the resulting string is not in L. Typically, this can be done by setting g to 0
(thus pumping out once) or to 2 (pumping in once), although sometimes some other
value of g must be considered.

Tn a nutshell then, to use the Pumping Theorem to show that a language L is not reg-
ular, we must:

B

Choose a string w, where we L and |w| = k. Note that we do not know what k
is; we know only that it exists. So we must state w in terms of k.

L4

Divide the possibilities for y into a set of equivalence classes so that all strings in
a class can be considered together.

4

For each such class of possible y values, where |xy| = kand y # &:
Choose a value for g such that xy?z is not in L.
In Example 8.8, y had to fall in the initial a region of w, so that was the only case that
needed to be considered. But, had we made a less judicious choice for w, our proof
would not have been so simple. Let’s look at another proof, with a different w:

EXAMPLE 8.9 A Less Judicious Choice for w

Again let L be A"B" = {a"b" :n = 0}. If A"B" were regular, then there would
exist some k such that any string w, where [w| = k, must satisfy the conditions of
the theorem. Let w = a #2lb'¥2!, (We must use [k/21, i.c., the smallest integer
greater than ki2, rather than truncating the division, since k might be odd.) Since
| = k and wis in L, w must satisfy the conditions of the Pumping Theorem. So,
there must exist x, y, and z, such that w = xyz, |xy| = k,y #e, and
Vg = 0 (xy %z e L). We show that no such x, y, and z exist. This time, if they did, y
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could be almost anywhere in w (since all the Pumping Theorem requires is that it
oceur in the first k characters and there are only at most k + 1 characters). So we
must consider three cases and show that, in all three, there is no  that satisfies all
conditions of the Pumping Theorem. A useful way to describe the cases is to imag-
ine w divided into two regions:

aaaaa....aaaaaa | bbbbb....bbbbbb
1 | 2

Now we see that y can fall:

Exclusively in region 1: n this case, the proof is identical to the proof we did
for Example 8.8.

Exclusively in region 2: then y = b~ for some p. Since y # &, p must be greater
than 0. Let g = 2. The resulting string is a*b**?. But this string is not in L, since
it has more bs than a’s.

Straddling the boundary between regions 1 and 2: Then y = ab’ for some
non-zero p and r. Let g = 2. The resulting string will have interleaved a’s and
bs, and so is not in L.

There exists at least one long string in L that fails to satisfy the conditions of
the Pumping Theorem. So L = AB" s not regular.




image6.png
To make maximum use of the Pumping Theorem’s requirement that y fall in the first
k characters, it is often a good idea to choose a string w that is substantially longer than
the k characters required by the theorem. Tn particular, if w can be chosen so that there
is a uniform first region of length at least k, it may be possible to consider just a single
case for where y can fall.

The Pumping Theorem inspires poets &, as we'll see in Chapter 10.

A"B" is a simple language that illustrates the kind of property that characterizes lan-
guages that aren’t regular. It isn’t of much practical importance, but it s typical of a fam-
ily of languages, many of which are of more practical significance. In the next exampl
we consider Bal, the language of balanced parentheses. The structure of Bal is very sim-
ilar to that of AB®. Bal is important because most languages for describing arithmetic
expressions, Boolean queries, and markup systems require balanced delimiters.

EXAMPLE 8.10 The Balanced Parenthesis Language is Not Regular

Let L be Bal = {we {), (}* ; the parentheses are balanced}. If L were regular,
then there would exist some & such that any string 1w, where [w| = &, must satisfy
the conditions of the theorem. Bal contains complex strings like (())(()()). But it is





