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                                      Shaded problems are to be turned in.
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[image: ][image: ]A.22 (colored in such a way that no two regions that share a common edge are assigned the same color).  Hint: Induction on the number of lines.  How do you get from a correct coloring with  n lines through the rectangle  to a correct coloring with n+1 lines?

Note that the last problem (a turnin problem, induction problem about counting parentheses in expressions) is not from the textbook.  It is stated directly on the HW 1 assignment page, so I did not repeat it here.
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There is also a  required problem (#12) 
described on the assignment page itself that is not from the textbook.
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Let Ly = {a""™n > 0}. Let Ly = {c":n > 0}. For each of the following
strings.state whether or not it is an element of LyLy:

a e

b. aabbec.

¢. abbec.

d. aabbeece.

Let L = {peach,apple.cherry} and L, = {pie.cobbler.s}. List the cle-
ments of LyLy in lexicographic order.

Let L = {we{a.b}*: |w| =30}. List the first six clements in a lexicographic
enumeration of L.

Consider the language L of all strings drawn from the alphabet {a,b} with at
least two different substrings of length 2.
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Describe L by writing a sentence of the form L = {we I* : P(w)}, where =
is a set of symbols and P is a first-order logic formula. You may use the func-
tion |5 to return the length of 5. You may use all the standard relational sym-
bols (e.g., =, #, <, etc.), plus the predicate Substr(s, 1), which is True iff s is a
substring of 1.

b. List the first six elements of a lexicographic enumeration of L.
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8.

For cach of the following languages L, give a simple English description. Show
two strings that are in L and two that are not (unless there are fewer than two
strings in L or two not in L. in which case show as many as possible).

a. L = {we {a.b}*: exactly one prefix of wendsina }.

b. L = {we {a.b}* :all prefixes of wendina }.

e L={we{ab}*: Ire{abliw=arn}

Are the following sets closed under the following operations? If not, what are
their respective closures?

a. The language {a, b} under concatenation.
b. The odd length strings over the alphabet {a, b} under Kleene star.
¢ L= {we {a.b}*} under reverse.

d. L = {we {a,b}* :wstarts with a } under reverse.

. L = {we{a.b}*:wends ina } under concatenation.

For each of the following statements, state whether it is True or False. Prove your
answer.

a. Ly, Ly (Ly = Ly i Ly* = Ly¥).

b. (@UG*) N (+3- (@2*)) = B (where ~F s the complement of &).
¢. Every infinite language is the complement of a finite language.
4. VL((LRR = L).

e YLy Ly (Liky)* = Li*La®).

L VL Ly (L* L L) = (Lo U L)),

. YLy, Ly (Ly U Ly)* = Ly*U Lp*).

s Vi B B (LU DL = (k) IR

YLy, Ly, Ly((LiLg) U Ly = (LU Ly) (Lo U Ly).

VL ((LY)* = L#).

L VL (@L* = {s}).

L VL(@UL' = L¥).

m. YLy, Ly (L U L)* = (LU L)*).
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2.

23.

Consider a finite rectangle in the plane. We will draw some number of (infinite)
lines that cut through the rectangle. So, for example, we might have:

In Section 28.7.6, we define what we mean when we say that a map can be col-
ored using two colors. Treat the rectangle that we just drew as a map, with regions
defined by the lines that cut through it. Use induction to prove that, no matter
how many lines we draw, the rectangle can be colored using two colors.

Let divy(n) = [n/2 | (i.c., the largest integer that is less than or equal to n/2). Al
ternatively, think of it as the function that performs division by 2 on a binary
number by shifting right one digit. Prove that the following program correctly
multiplies two natural numbers. Clearly state the loop invariant that you are
using.

mult(n, m: natural numbers) =

1f odd(m) then result
n=2n

m=divy(m).
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21. Use induction to prove each of the following claims:

. \m>n<"2 :n(n+1)(ln+1))‘

6
b. n > 0 (n! = 2"7"). Recall that 0! = 1 and ¥n>0(nl=n(n—1)(n—2)--1).

c >0 (;zk = 1).
<

. net
erzo( p=r 11).giv:nr¢0,1.
2

e vn= o( ;‘ﬁ = f,,«f,H). where f, is the n® clement of the Fibonacei
<
sequence, as defined in Example 24.4.




