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The construction of M is given in Fig. 2.14(b). Every path in M from ¢; tofy 18
a path {abeled by some siring x from g to 1 followed by the edge from f, to g2
labeled ¢, followed by & path labeled by some string y from g, to fy. Thus LMy=
{xylx isin [(M,)and y is b L(M,)} and L{M) = L{M )M} as desired.

casg 3 r=1i Let M= (01 Zys 01 4o {f,}) and M) =ru Construct
M == (Ql J {%’ fO}’ 219 5: dos {fo})s

where & is given by

i) 8(do, €)= 5(fi, €)= {41 fo»
i) olg @) = 54(g, a) for gin 0, {fi}andam T, v le

The coustruction of M is depicted I Fig. 2.14(c). Any path from go 10 1o
consists either of a path from g tofooneora path from go 10 4; 08 ¢, fotlowed by
gome number {possibly zero) of paths from g, tof,, then back to q; 00 & gach
labeled by a string i L(M,), followed by a path from g, tofona string in L(M ),
then 1o fo OR & Thus there is a path in M from go tofo iabeled x if and only if we
can write X = Xy X2 X for some j = 0 (the case j =0 means x = ¢) such that
each x; is in LM ). Hence (M) = LM )¢ as desired. 0
Example 212 Let us construct an NFA for the regular expression 0i* + 1L By
our precedence Tuies, this expression i really {0(1%)) + 1, s0 it is of the form
7y + 1y, where 1y = g1* and r, = 1. The automaton for 7 1s €asy; it 15

Start ot Uy !

We may express 1, 2873 4 where 13 = 0and 7y = 1*, The automaton for rs s also
easy:

Start

n turn, ry is r¥, where s is 1. An WNFA for rs i8

Start—#1, 45 L

Note that the need to keep states of different automata disjoint pronibits us from
uging the same WNEA for v, and 75, although they are {he same eXpression.

To construct an NFA for ry = r¥ use the construction of ¥ig. 2.14{c), Create
states g, and gq playing the roles of go and fo, respectively. The resulting NFA for
r, is shown in Fig. 2.15(a). Then, forry = 7374 use the construction of Fig. 2.14{b).
The result is shown in Fig. 2.15(b}. Finally, use the construction of Fig. 2.14(a) 10

find the NFA forr =71y + 72 Two states gg and gso BI€ created to fill the roles of

o and fo in that construction, and the result is shown m Fig. 2.15(c}
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. Proof Let L be the set accepted by the DFA

M = ({ql’ LERR] QR}’ Ze 5: g1, F)

Let R% den

ij ote the set of all stri

-any y that is a prefix {initi strings x such that (g;. x) = g i 5

Rf: is the set Ofill stri(xlfglstl?; Seg;nkent} of x, other fh;m xggra: (:hliz(; l"<y,’)c: d for
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to q; We can define RE, recursively:
RE = R H(REVRE O R
o aldta @ =a A
7 alolgn @) =y v e Ei=S
eans that the inputs that cause M to
sate higher than g, are either

strings that take g;
2.1

Informally, the definition of R¥; above m
go from ¢; 10 4; without passing {hrough a 8

1) in RY* (that is, they never pass through a state as high as Ge)s OF

2) composed of a string in R% {which takes M 0 G for the first time) followed

by zerc of mMOLE strings n R",;,f ! {which take M from ¢, back to g without

passing through g, of 2 higher-numbered state) followed by a string in REj*

{which takes M from state g, 1 ¢;}

We mmust show that for each i, j, and k, there exists a regular expression ¥
denoting the language RE,. We proceed by induction on k. _

Basis (k= 0} R} isa finite set of strings each of which is either £ or & single
symbaol. Thus r? can be written 2s &, b, ot a,lora T 4+ ta, el
a,} is the set of all symbols a such that 5(ge @) = a;- If

i = j), where {ay, da; -

there are no such a's, then & (or ¢ in the case i = ) serves as -

Induction The recursive formula for RY; given in (2.1) clearly involves ounly the
afors; union, concatenation, and closure. By the induction

regular expression oper
and m there exists 2 regular expression rin such that

hypothesis, for each ¢
Lty = R, ' Thus for r5; we may select the regular expression

(ric N ) T

which completes ihe induction.
To finish the proof we have only to observe that
L= U R
gjin F

since Rj; denotes the labels of all paths from ¢, 10 4 Thus L(M) 18 denoted by the

regular expression
s v
P+ it T

where F= {qj'p Gjar -eos qu}

Example 213 Let M be the FA shown in Fig. 2.16. The values of 7 for alliand j
and for k=0, 1, ot 2 are tabulated in Fig. 2.17. Certain equivalences among

regular ¢Xpressions suchas (r +sjt=rt + 3 and (¢ + r)* = r* have been used 10
simplify the expressions {see Exercise 2.16). For example, strictly speaking, the
expression for ri, is given by

Tz = 2,05 e + 732 = Oe)*0 + &

R e i -
s .¥§§\:zli&ém"‘%m%ﬁ%&;@{g@gﬁ@m{%ﬁ%{%}&ﬁwi&iﬁgiwjxﬁ%y%ﬁ,\\V}‘{w@ﬁ?}
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=0 k=1 L2
i ¢
€ 46y
5 B sy
13 i 1 %1
w0 D o(00)*
r,’fz £ §+ [1H] (00)*
Hg; 0 ?1 g 0 + 1)(co)*0
i O+ 1 {0 + 1)(00)*
3 £ £ €+ {0 + l)ﬁ*l

Fig. 2.17 Tabulation of #}; for FA of Fig. 2.16
Similarly,

2
".13 =ridria el + vl = 0(e + 00)*(1 + 01) + 1

Recognizing that {e .
+ 0)* i 3 :
(¢ + 0)1, we have )% is equivalent to (08)* and that 1 + 01 is equivalent to

72y = O(00)*{c + 0)1 + 1.

Observe that (06)*(5 ; "
: &+ ) is equ
ont 16,0041 £ 1 andl hemce ro g 0 07 Ths OO0 + O)1 & Ls equiv-

To complete th
e constructi
3 ion .
ri, +ria, we write of the regular expression for M, which is

i = ris(risiris + i,
=0%1(e + (0 + 1)@*1)*(0 + 1)(00)* 4 o{00)*
= 0*H{(8 + 1)0*1)*(0 + 1)(00)* + 0(00)*

" and

ri'3 = riB("%a)*ré + rfa
=01 + (0 + 10*1)*(e + (0 + 10%1) + 0%1
= 0*1((0 + 1)0*1)*.

2 Fris = OFI{(@ + 10*1)*(c + (0 + 1)(00)*) + 0(00)*.




