· [bookmark: _GoBack]Notation:  
· Let x1, … ,xn be the sizes of the piles before a move, and y1, … ,yn be the sizes of the piles after that move.
· Let s = x1  …  xn, and t = y1  …  yn.
· Observe: If the chips were removed from pile k, then xi = yi  for all ik, and xk > yk .
· Lemma 1:  t = s  xk  yk .
· Lemma 2: If s = 0, then t  0.
· Lemma 3: If s  0, it is possible to make a move such that t=0.  [after proof, do an example].
· Proof of the strategy is then a simple induction.
(do this one with a partner)
Lemma 1 proof:
t = 0 ⊕ t 
  = s ⊕ s ⊕ t 
   = s ⊕ (x1 ⊕ ... ⊕ xn) ⊕ (y1 ⊕ ... ⊕ yn)
    = s ⊕ (x1 ⊕ y1) ⊕ ... ⊕ (xn ⊕ yn)
   = s ⊕ 0 ⊕ ... ⊕ 0 ⊕ (xk ⊕ yk) ⊕ 0 ⊕ ... ⊕ 0 = 
   = s ⊕ xk ⊕ yk 
Lemma 2 proof:
If there is no possible move, then the lemma is vacuously true (and the first player loses the normal play game by definition). 
Otherwise, any move in heap k will produce t = xk ⊕ yk from (*). This number is nonzero, since xk ≠ yk.
Lemma 3 proof:
Let d be the position of the leftmost (most significant) nonzero bit in the binary representation of s, and choose k such that the dth bit of xk is also nonzero. (Such a k must exist, since otherwise the dth bit of s would be 0.) 
Then letting yk = s ⊕ xk, we claim that yk < xk: 
        all bits to the left of d are the same in xk and yk, bit d decreases from 1 to 0 (decreasing the value by 2d), and 
         any change in the remaining bits will amount to at most 2d−1. 
The first player can thus make a move by taking xk − yk objects from heap k, 
then
       t = s ⊕ xk ⊕ yk (by (Lemma 1)) = s ⊕ xk ⊕ (s ⊕ xk) = 0.
