Optional problem for extra practice with  sums

(moved from HW3, #2 in 201510) (8)  Prove (not necessarily directly by mathematical induction) that for all n≥1 and 0 < r < 1.
This is a hard problem.  Start early.  You will probably want to use the formula for the sum of a geometric sequence.  Perhaps other formula(s) from Appendix A also.
Solution:

Prove (not necessarily directly by mathematical induction) that for all n≥1 and 0 < r < 1.
This uses the formula for the sum of a geometric series (#5 on P 470 of Levitin), and also an inequality:

   for all n ≥ 0 if 0 < r < 1.   Call this inequality (*).

Multiplying both sides by r yields   for all n ≥ 0.   Call this inequality (**).
We can write the items to be summed (in the original sum on line 1 of this solution) in two dimensions:
	r
	r2
	r3
	r4
	…
	…
	rn

	r2
	r3
	r4
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	…
	rn
	

	r3
	r4
	…
	…
	rn
	
	

	r4
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	…
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	…
	rn
	
	
	
	
	

	rn
	
	
	
	
	
	



Looking at the sums along the diagonals, we get 1 r, two r2's, three r3's, etc., which altogether gives us the sum .
Now, let's look at it by columns.  By Inequality (**), the sum of the entries in the first column is less than r/(1-r). Similarly, the sum of the entries in the second column is less than r2/(1-r), and so on.  
Putting together the two ways of adding the values in the 2D table, we get


.We now use (**) again to get .

Grading:  8 points.  Other approaches might work for this problem.
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