More Inference Rules
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Last Time

* Assignment

* Sequencing (a.k.a., composition)




Assignment Rule

WHAT MUST BE
WHATEVER IS 1 TRUEABOUT e
TRUEABOUTe | “ é @ assert P(e); |peroRE IF WE WANT

SOME PROPERTY TO
BE TRUE ABOUT v
AFTER?

BEFORE IS TRUE

ABOUT v AFTER e BN A




Composition Rule

IF:
//@ assert Pq;
S1;

//@ assert Qq;
AND

//@ assert Py;
S2;

//@ assert Q2;
AND

Q| — P2 \

THEN:

//@ assert Pq;
Si;
//@ assert Qq;
//@ assert P2;
S2;
//@ assert Qy;

{IMPORTANT: IMPLICATIONS GO DOWN




More Bites

* If-then-else
* If-then

* While




If- Then-Else Rule

IF:
//@ assert P; && B;

S THEN:

//@ assert Q; //@ assert P,
AND if (B) {

//@ assert P2 && !B; Si;
S2; } else {

//@ assert Q; S2;
AND }
P && B ==> P; //@ assert Q;
AND

P&& !B ==> P>




Another Bite of
Elephant-\What's P

//@ assert P;
if (x> 0){
Y=X
} else {
y =-X;
}
//@ asserty >= 0;




What's P?

//@ assert P;
if (x> 0){

5: //@ assert P && x > 0; // from above
4. //@ assert x >=0; // Pl
y =X
2 //@ asserty >= 0;
} else {
6: //@ assert P && x <= 0; // from above
3: //@ assert -x >=0; // P2
Y =X
1: //@ asserty >= 0; NEED:
}
//@ asserty >= 0; ((P && X > O) ——p e A — O) &&

(P && x <=0) ==> -x>=0)
WEAKEST PRECONDITION: P IS true

Q1




If-Then-Else Rule

IF:
//@ assert P; && B;

S THEN:
//@ assert Q; //@ assert P;
AND if (B)
//@ assert P2 && !B; Si;
S2; } else {
//@ assert Q; S2;
AND }
P&& B ==> P, //@ assert Q;
AND
P&&IB==> P>

(B ==> P1) && (IB ==> P>)




Another Example

FIND THE WEAKEST PRE-CONDITION, P

//@ assert P;
if (i % 2 1=0) {
=
} else {
=l
h
//@ assert i >= 0;

RECALL A ==> B IS EQUIVALENTTO B || 'A




10:

Another Example

P
//@ asser:i>=0; —
//@ assert (1 >=0 || i%2 == 0) && (i >=-1 || i%2 != 0);
// ==> by arithmetic
//@ assert (i/2 >=0|] i%2 == 0) && (i+1 >=0 || i%2 = 0);
// ==> by defn. of imnlication
//@ assert (i%2 =0 ==>i/2 >=0) && (i%2 == 0 ==> i+1 >= 0);
if (i%2!=0){
//@ assert P && i % 2 '= 0;
//@ asserti /2 >=0; // <----- P,
i=i/2; .
//@ asserti>=0; (B ==> P1) && (1B ==> P>)
} else {
//@ assert P && i % 2 == 0;
//@ asserti+ 1 >=0; // <—--—-- P>
IE=AEr

//@ assert i >= 0;

//@ assert i >= 0;
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Cartoon of the Day

YOUR FAVORITISM
HAD A CORROSIVE
EFFECT ON MY MORALE,
THUS INHIBITING MY
EFFECTIVENESS.

I COULDN'T DO ANY
WORK THIS WEEK
BECAUSE YOU GAVE
ALICE A BIGGER
CUBICLE.

I™ OPTIMISTIC
THAT YOULL DO A
BETTER JOB OF
MOTIVATING ME
NEXT WEEK.
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f-Then Rule

IF:
//@ assert P && B;
S.

//@ assert Q;
AND

P&&IB==>Q

THEN:

//@ assert P;
if (B) {

S;
h

//@ assert Q;




Example:
Prove Correctness

//@ assert true;
if (x% 2 1=0) {
Xo =2 X==]
}
//@ assert x % 2 == 0;




Example:
Prove Correctness

//@ assert true;
if (x% 2 1=0) {
2: //@ assert true && X % 2 '= 0;
4: //@ assert (x-1) % 2 == 0;
3: x'=x-1; // tick trick
1: //@ assert x' % 2 == 0;
h
//@ assert X % 2 == 0;




While Rule

* P is:

* true for every turn of
the loop

* called the “loop
Invariant”

* true before the loop,
true after each
iteration, true after
the statement

P SHOULD BE TRUE WHENEVER THE
LOOP CONDITION IS EVALUATED

IF:

//@ assert P && B;
S;

//@ assert P;
AND

P&&IB==>Q

THEN:

//@ assert P;
while (B) {

//@ assert P && B;
S;
//@ assert P;

}

//@ assert P && !B;

//@ assert Q;
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Prove Correctness

//@ assert true;
X =50
while (x < 20) {
Xi= X2
}
//@ assert x == 20;




Bad (Guess

GUESS LOOP INVARIANT: x <= 20

//@ assert true;
//@ assert 0 <= 20;

¥=-0:

//@ assert x <= 20;

while (x < 20) {

}

//@ assert x <= 20 && x < 20;
??7? can't make this leap, bad loop invariant guess
//@ assert X + 2 <= 20;

x'=x+ 2; // tick-trick
//@ assert x' <= 20;

//@ assert x == 20;
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Better Guess

LOOP INVARIANT: X <= 20 && X % 2 ==

//@ assert true;
//@ assert 0 <= 20 && 0 % 2 == O;

=10k

while (x < 20) {

}

//@ assert x <= 20 && x % 2 == 0;

//@ assert X <=20 & & X% 2 == 0 && x < 20;
//@ assert Xx <= 18 && X % 2 == 0;
//@ assert X + 2 <=20 && (X + 2) % 2 == O;

X'=x+ 2; // tick-trick
1 — ! 00 —_— ;
//@ assert x' <= 20 && X' % 2 == : EI I

//@ assert x <= 20 && x % 2 == 0 && x >= 20; DOWNTHE
//@ assert x == 20; PAGE




