Consider  = {a}  and L = {ap : p is a positive prime integer}.

If m is prime and n is not prime, then am and an are in different equivalence classes.

What about 2 and 3?   The string a distinguishes them.

3 and 5?  Not distinguished by ak for k=0, 1, 2, 3.  But a4 does distinguish them.

Is it the case that ap and aq (p<q) are always in different equivalence classes?

I claim that for some k>0, the string ak(q-p) distinguishes ap and aq.

Lemma.  There is no infinite arithmetic sequence of primes.

Proof of theorem using the lemma
We know that p + 1(q-p) is prime.  Let k be the smallest positive integer such that p + (k+1)(q-p) is not prime.
Then apap+k(q-p) is in L, and aqap+k(q-p)  =  ap+(q-p)ap+k(q-p) =  ap+(k+1)(q-p) is not in L

Proof of lemma.  Let n be the difference between two consecutive terms in an arithmetic sequence.  
Consider (n+1)! + 1.    The next n consecutive integers are composite.
Examples:  (n+1)! + 2 is divisible by 2.   (n+1)! + 3 is divisible by 3 … 
                    (n+1)! + n is divisible by n    (n+1)! + n+1 is divisible by n.  
So none of these n consecutive numbers is prime.

Final conclusion.  The language L has infinitely many equivalence classes.
