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Steady-State, 2-D Diffusion Example

Linear Triangles

Having applied the GWS “recipe” for the two-dimensional steady diffusion equation,

_ 0, 0T(x,y)) 0, 0T(x,y)) _
A(T(x, )= p» (k . j . [k . j s(x,»)=0
E—V-(kVT(x,y))—s(x,y)zO onQc R? 1)
(T)=-kVT-n—q, =0 on 0Q),
T(x,»), =T, on 0Q),
we obtained
GWSh = Se{J‘V{Nk}V{Nk}TdQe{Q}e - I{Nk}{Nk}TdQe{S}E+ I{Nk}{Nk}TdUe{QN}e = {0}8 (2)
Q, Q, Q,

where, for linear triangles and constant thermal conductivity, the diffusion master matrix [DIFF]; is

4,121"‘5122 16 t¢ngn  Cuds +¢niy
[DIFF]e=IV{N1}‘kV{N1}TdQe=H §§1+§;2 a8y HEnln 3)
% ‘ sym §;1+§§2

and associated entries of the coordinate transformation jacobian [J]. are

Sy o Y2-Y3 X3-X2
Co Oy | =|Y3-Y1 X1-X3 (4)
Sy Cul, [Y1-Y2 x2-x1]

The source master matrix {SRC}. is

2011
tSRCY, = [V N, da fs), == 1 2 1is), )
2 112

The applied normal boundary flux {BFLX}. , interpolated over the one-dimensional boundary edge between nodes
A and B, has a length scale of

I, =(XB - XY + (VB - YA)

thus
¢4 ONA
{BFLYY, = [IN N dolon], = [NV aloN), = [1¢, He, ¢u olaxiong (6)
o, 1, 1, 0 0

e
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where (6) will yield a 3x3 matrix similar to

<, 2 1 0](on4
{BFLX}, = [{¢, e, ¢, Olaxlo }e=%1 2 0f{ONB (7)
10 0 0 Ol O

e

except that the zeros will occur in the row and column numbers equal to the node that is not on the boundary.
Armed with the above definitions, we are ready to assemble and solve a two-element discretization of an example
problem.

Example: Determine the steady state temperature distribution in a square slab on Q = (0 <x<L0<y< 1) subject to
the boundary conditions

T(x=1,y)=100 onoQ, g—T(x:O,y):—l on o€,
n

a—T(x,y:0)20 on 0Q), a—T(x,yzl):O on 0Q),
on on

The slab is homogenous with a constant thermal conductivity of A=2 and no source.

VA VA
Insulated o0Q
(0,1) i (1,1) 3 : 4
Q e=2 Q e=2
Applied Applied
Flux Temperature 693 an
Qezl Q6=1

(O, 0) Insulated (1, O) x 0Q, b

Global Coordinates and BC’s Node Numbering and Boundaries
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Element1- Q) _:

Local Global Global | Global
Node Node X Y
1 1 0 0
Sy < Y2-Y3 X3-X2 -1 0
2 2 1 0 Sy Cn| o =|Y3-Y1E o X1-X3| =1 -1
; y . i Cy Cn - Y1-Y2 X2-X1 - 0 1 -
4,=05 L3=1 2=l

Evaluating [DIFF].-;:

4,121"'5122 Ciba +81tn $ngs +¢nds, 1 -1 0
[D]FF]3=1=4A 551*’522 421431*'5224’32 =]-1 2 -1
< sym 5321 ""5322 ol 0 -1 1 el

Expressing the vector of unknowns {Q}.-; in terms of the global numbering:

01
{0}, =102
Q4 e=1

Evaluating {BFLX}.-; on edge 1,2:

¢, ONA L2 1 o]0 0
1.2 L35 1
BFLX)Y = [1¢, He, Solav{oNBy  ==L1 2 0Ho =210
L0 o 00 oflo)  "lo)

Note that, since a Dirichlet temperature is applied to boundary edge 2,3, no vector needs be formed.
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Element2- QQ _,:
Local Global Global | Global
Node Node X Y
1 1 0 0
S Sh Y2-Y3 X3-X2
2 4 1 1 Sy Cnl| =|Y3-Y1 X1-X3
3 3 0 | Cy Cyp - Y1i-Y2 X2- Xl
A, =05 2= zj g 1
Evaluating [DIFF].-,:
4,121 + 4,122 41114121 + 4,124’22 é’llé/Sl + 41124132 1 O - 1
[DIFF]ezz_ §;1+§;2 421431"'4’22432 =10 I -1
2| ym coech | -t -2

Expressing the vector of unknowns {Q}., in terms of the global numbering:

o)l
{0}, =104
Q3 e=2

Evaluating {BFLX}., on edge 2,3:

0 0 00 0]f0 0
23 1
BFLX Y, = [36,H0 ¢, plax{onap  ==2{0 2 1]{0 =210
Le, ONB| 0o 1 2Jo) . (o] |
Evaluating {BFLX}., on edge 3,1:
¢, ONA L [2 0 1]~ NEE
BFLX L =[{0 e, 0 ¢, lav 0 =210 0 0[ 0 =90
e, ONB| 1o 2|~ -3
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Assembly:

To assemble each element level matrix into the global matrix requires building the “padded” matrix statements.

For element 1:

[DIFF],_.{0}.., +{BFLX],., = {0}..,

For element 2:

1 0 -1 0|01 0 -0.5 0
0 0 0 0]02 0 0 Jo
-1 0 2 -1|/03 0 -0.5 0
0 0 -1 1|04 0 0 0

Adding the padded element matrices to form the global matrix statement:

2 -1 -1 o0](o1] (05
-1 2 0 -1/]o2| |0

-1 0 2 -1|lo3[ |os
0 -1 -1 2|04 0

Applying the fixed temperature at nodes 2 and 4 yields the terminal form of the matrix statement

2 -1 -1 o]fo1] (05
0 1 o0 o/|lo2 |100

-1 0 2 -t|lo3[ los
0 0 0 1|04 [100

which is readily solved to give:

01=100.5 02=100 Q3=100.5 Q4=100
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Homework:

For the same domain and boundary conditions, repeat the above for the uniformly refined mesh given below. How
does your solution differ from that obtained in class?

y A y A
Insulated
0Q,
(0,1) (0.5.1) (1,1) 7 8 9
Applied Applied
e (0,0.5) (1,0.5) Tomperature 02 4 . 6 0Q,
(0,0) (0.5,0) (1,0) S 1 2 3 ;
00,
Insulated
Global Coordinates and BC’s Node Numbering and Boundaries
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