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Timeshenko Beam

Consider asimply supported beam with a uniformly distributed load w(X) :
E = Young's Modulus

wW(x) ar o a6 _ G = Shear Modulus
L L (e;&;L _(é‘&BR =0 | = Moment of Inertia
L R YL =Yr =0 A = Cross-Sectional Area
Q k = Shape Factor

For small deflections, it can be modeled with Timeshenko Beam Theory (Timeshenko, S.P Theory of Elasticity 3rd
Edition McGraw Hill, 1970). This form was developed to include shear effects into the deflection and is hence more
accurate than the Euler-Bernoulli beam which only admits deflection due to moment. Additionally, it precludes the
fourth order (biharmonic) Euler-Ernoulli beam equation and creates alinear coupled, two variable system in cross-
sectional rotation (r) and vertical displacement (y)

Liy=-a % r(x)+kGAaﬂy(X)+r(x)9:0 Wi (LR) (13)
dx? [}
L(y)= kGA§ y(x) S =0 Wi (L,R) (1b)
dx ﬂ
with boundary conditions of
|(r)_%_o Wi LR (2a)
y=0 W L,R (2b)

Thus, equation (1a) has two Neumann boundary conditions and equation (1b) has two Dirichlet boundary conditions
and the problem statement is therefore well-posed. Note that, unlike the moment/deflection two equation system for
the Euler-Bernoulli beam, both unknowns appear in both equations. For the ensuing derivations, we shall assume E,
I, G, A, and k to be constant. We begin, as usual, by assuming a continuous, series expansion, approximate form for
the unknown solutions of rotation r and deflection y, hence

r(x)»rN(x)zéN‘Ya(x)Ra=Ya(x)Ra for 1£a £N
a=1
€)

N
yoO» yN()=A Y. (XY, =Y, (XY, for 1£a £N
a=1

The error is measured by writing the differential operator on the approximation and then weakly enforced to equal
zero with the weak statement

WSN = ¢F ,(OL(rN)dx=0 1EbEN

v (4)
=Fo(WL(yN)dx=0 1£bEN
W
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The error in the resulting approximation is minimized via the Galerkin Criterion

GWSN = ¥, (L(rM)dx=0  for 1E£bEN

v (5)
GWS = Y, (L(y")dx=0  for 1EbEN
W

Applying the operator

> <) 2. N N 00
aws® = v, 0% 81 Al W v yFx=0  for 1£bEN
' dx? dx P
w g X 20
o - (6)
O
GWS)Y = ¢, (WS- KGAD yz(")+Olr ()€ W(x)‘dx 0 for 1£EbEN
W & g dx P
Integrating by parts and expanding
dy N
G\NSrN:Elo—bdr—dx+kGAondy—dx+kGA0Ybr dx- Y, Eldr— =0
w dx dx dx by dx
™ @
N dY,, dyM dr N dy™
GWS)' =kGAY———— dx- kGAOYb T x- onw(x)dx kKGA=— =0
w adx dx dx dx ow
Substituting the series expansion
dy
ewsN = El g—> ava —2 dxR, +kGA0Yb dva dxY, +kGAQY L Y xR, - Yy, Eldr— =0
w ax dx dx by dx
(8)
dy
cws)' =keag " e gy GAYY %dea onW( Jobx- kGAdZX =0
w w
Discretizing
T T
GWS! =5, GEl od{Nk}d{Nk} dx{R}, +kGA p{N,} Ni ax{v},
dx dx dx
e We We
dr N 0
+kGA N KN} ax{R} -{Nk}EId— ={0}>
We X e 5

(9)

e We WE

- NN ), - koA
W, dx

e

Per usual, we can interpolate the distributed |oad w(x) over each element viaw(x), » {N, }" {w},
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Now, can we apply some insight to the flux boundary conditions before we define our termsin (9)?

1. For the rotation equation, the imposed boundary condition is dr/ dxlﬂW =0, hence we will be simply
adding zero to the right hand side. There is therefore no need to code up the addition of zero. Thisleads to
an important generalization: the homogenous Neumann boundary condition isfree!

2. For the deflection equation, the imposed boundary condition is y| wo 0 and our numeric implementation

isto replace the associated entries on the right hand side with the applied Dirichlet data. This leads to
another important generalization that we have seen before: we don’t have to code up unknown boundary
flux information wher e we have applied Dirichlet data!

We now have a matrix statement substantially more complicated than [LHS]*{Q}={RHS}. Identifying the terms

& T T 0
GWS! =5, SEl OMMd?{R}e +kGA0{Nk}Md?{Y}e+kGAf{Nk}{Nk}T dx{R}, ={0}=
¢ w, dx dx w, dx w, p
T
[DIFFR], © EI (‘)d{N"} Ny} dx
dx dx (104)

-

= (&l

){ (- Jfaz1akf },
o keon g 19N
[convY], kGAVS{Nk}'E—XdY (10b)

= (kGA)( )o{ J (a201k] ],

[MASSR], © kGA N, KN, }T dx
We (10c)

= (kGA)( ).{ }< Wia2ook 1.

& T T o]
L L) i C e (Y (Y Y e
W,

& w, dx dx w, dx p

.
[DIFFY], © kGA @MM dx
w, dx dx (10d)

=(kea) ).{ Je (- iazaakf{ },

:
CONVR], © kGA 3{N, AN

(0]

W, dx (10e)

=(- kea)( )o{ e ( Jazoakf 1,

{Loap}. o N HNT dxfwl,

=()0)ef Je @faz00kfw],

(10f)
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Upon assembly, (9) can be simplified to the following syntactical matrix statement:

[DIFFR{R} + [MASSR|{R} + [convY]{y} = {d} 1
[conVvR{R} + [oiIFFY]{Y} = {LoAaD} a

which can be expressed compactly as
éDIFFR+MASSR | CONVY i Ri i 0 12)

; Gy =i ooy
€ CONVR | DIFFY (jY} 7LOAD

Ahal We have now recovered the familiar matrix statement [LHS]*{ Q} ={ RHS} and are ready to solve! Note that
this matrix statement is a bit “bigger” than what we have previoudly: [LHS] is a 2* nnodes x 2* nnodes square
matrix, the column of unknowns{Q} is2*nnodes x 1, and the { RHS} is 2*nnodes x 1. Heed the placement of the
Dirichlet deflection boundary conditions!

Homework:

Redo the analysis taking into account a variable mass moment of inertia | (x) and cross-sectional area A(x)
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