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 Steady State Conduction with Boundary Convection 
 
Let us now modify our one-dimensional, steady-state heat conduction model by replacing the applied heat flux 
boundary condition with a convective heat transfer, hence 
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Step 1: Assume an approximate solution exists 
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Step 2: What are suitable trial functions and how do we solve for expansion coefficients? 
 
Step 3: Solve for expansion coefficients by 
 a.  Defining the error in the approximation 

  ( ) ( ) ( )xTxTxe NN −=  (3a) 

 
 b.  Measuring the error 
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 c.  Minimizing the error 
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 d.  Optimizing the minimization 
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 f.  Integrate by parts 
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 We must now pay close attention to our boundary conditions before moving forward. 
 
 Expanding the boundary condition term 
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 Substituting back 
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 g.  Substitute the series expansion 
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Step 4: Select Lagrange polynomials as our trial functions 
 
Step5: Discretize the problem domain 

  ( ) ( ){ } { }( )e
T

ike QNQx ζαα S=Ψ  (5a) 

  ( ){ }( )ike NS ζβ =Ψ  (5b) 

 

Step 6: Form discrete hGWS  
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 a.  Get all the unknowns on the left 
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 b.  Give each term a name and decide what to do with distributed and boundary terms 
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Integrated terms: 
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Boundary terms: 
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What new stuff do we have? 
 
Interpolated thermal conductivity 
 Examining the three bases  within the integral for [ ]eDIFF  , we see an incorrect matrix multiplication! 
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 The undifferentiated basis, however, multiplies the (constant) nodal values of conductivity and yields a scalar 

on the element { } { }k
T
e NK .  Assuming a linear basis, [ ]eDIFF  becomes 
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 Distributing the undifferentiated basis yields the hypermatrix 
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 where it is understood that { }T
eK  multiplies every value of { }1N  
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Boundary terms 
 Drawing a simple, three-element domain, we note that boundary conditions are applied exactly on the 

boundaries.  They are not interpolated over the interior. Our hGWS  boundary terms [ ]eHBC , { }eHTR , and 

{ }eBFLX  must therefore employ a physically consistent, reduced basis function.  Sticking with the linear basis 

for demonstration, the distribution of basis functions becomes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Examining the leftmost element, the leftmost boundary conditions are applied via 11 =ζ  and 02 =ζ  at the 

leftmost node.  The leftmost boundary conditions are applied nowhere else, hence 021 == ζζ on all other 

nodes. 
 
 Examining the rightmost element, the rightmost boundary conditions are applied via 01 =ζ  and 12 =ζ  at the 

rightmost node.  The rightmost boundary conditions are applied nowhere else, hence 021 == ζζ on all other 

nodes. 
 
 Hence, on the boundaries, our basis functions reduce to a binary switch - “on” at the appropriate node and “off” 

at all other nodes.  This is conveniently expressed with the Kronecker delta function 
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 The boundary basis functions thus become 
 linear 
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 Thus, the square matrix [ ]eHBC  will “assemble” to an nnodes x nnodes matrix of zeros with the convective 

heat transfer coefficient h in either the (1,1) position (left BC) or the (nnodes, nnodes) position (right BC).  The 
column vector { }eHTR  will assemble to an nnodes x 1 column of zeros with reference heat transfer rhT  in 

either the (1,1) position or the (nnodes, 1) position. 
 
 Why can we ignore the column vector { }eBFLX ? 

 
 
 
 
 


