ECE-597: Optimal Control Homework #7

Due: Wednesday May 10, 2006

Continuous-Time Problems with Open Final Time using fopt.m

We will be utilizing the routine fopt.m to solve continuous-time optimization problems of
the form:

Find the input u(t), to <t <ty, and final time ¢; to minimize

J = ¢la(ty),tf]

subject to the constraints

i(t) = flot),u(t),t]
Yla(ty) ty] = 0

z(0) = xo (known)
In order to use the routine fopt.m, you need to write a routine that returns one of three

things depending on the value of the variable flg. The general form of your routine will be
as follows:

function [f1,f2,f3] = bobs_fopt(u,s,t,flg)

Here w is the current input, u(t), and s (s(t)) contains the current state, so $(t) = f(s(t), u(t),t).
Your routine should compute the following:

if flg =1 f1=3(t) = f(s(t),u(t),?)
ifflg=2 fl=0, 2=0a,, {3=3a0,
ifflg=3 fl=f,f2=Ff

Note: P, is just the partial derivative with respect to t, not the total derivative.
An example of the usage is:

[tu,ts,tf,nu,la0] = fopt(’bobs_fopt’,tu,tf,s0,k,told,tols,mxit,eta)
The (input) arguments to fopt.m are the following:
e the function you just created (in single quotes).

e tu is an initial guess of times (first column), and control values (subsequent columns)
that minimizes J. If there are multiple control signals at a given time, they are all in
the same row. Note that these are just the initial time and control values, the times
and control values will be modified as the program runs. The initial time should start
at zero.



fopt.

It is

the initial states, s0. Note that you must include and initial guess for the “cumulative”
state ¢ also.

the final time, tf. This is just and initial guess!

k, the step size parameter, k > 0 to minimize. Often you need to play around with
this one.

told, the tolerance (a stopping parameter) for ode23 (differential equation solver for
Matlab)

tols, the tolerance (a stopping parameter), when |Au| < tols between iterations, the
programs stops.

mait, the maximum number of iterations to try.

eta, where 0 < eta < 1, and d(psi) = -eta™psi is the desired change in the terminal
constraints on the next iteration. This is an optional input.

m returns the following:

tu the optimal input sequence and corresponding times. The first column is the time,
the corresponding columns are the control signals. All entries in one row correspond
to one time.

ts the states and corresponding times. The first column is the time, the corresponding
columns are the states. All entries in one row correspond to the same time. Note that
the times in tu and the times in ts may not be the same, and they may not be evenly
spaced.

t¢, the optimal final time
nu, the Lagrange multipliers on psi
la0 the Lagrange multipliers

usually best to start with a small number of iterations, like 5, and see what happens

as you change k. Start with small values of k£ and gradually increase them. It can be very
difficult to make this program converge, especially if your initial guess is far away from the
true solution.

Note!! If you are using the fopt.m file, and you use the maximum number of allowed
iterations, assume that the solution has NOT converged. You must usually change the value
of k and/or increase the number of allowed iterations. Do not set tol to less than about 5e-5.

Also

try to make k as large as possible and still have convergence.

Example A Given a rocket engine with maximum constant thrust 7', operating for a time
tr, we want to find the thrust direction history 6(t) to transfer a spacecraft from a given
initial circular orbit to the largest possible circular orbit. r is the radial distance of the space



craft from the attracting center, u = radial component of velocity, v = tangential component
of velocity, m = mass of spacecraft, —m = fuel consumption rate, yu = gravitational constant
of attracting center. Assume we measure time in units of \/72/u, 7 in units of r,, v and v in

units of /u/7,, m in units of m,, and thrust in units of um,/r2, the problem can be stated as:

Given r(0) =1, u(0) =0, v(0) =1, (0) = 0, u(ty) =0, v(ty) = 1/4/rf) and a = ﬁ, find
B(t) to achieve these results while minimize ¢;.

The dimensionless equations of motion are:

o= u
. v 1 :
U = 7—ﬁ+asm(ﬁ)
v o= —%+acos(6)
r
6 = 2
”

Here we will assume 7" = 0.1405, . = 0.07489, ry = 1.5237.

Let’s define the state vector as

S 2 3

and let’s define
O[s(ty), t;] = le[S(tf)atf]]

For this problem we want to minimize ¢, so we have

os(tr) ts] = ty
We also have the hard terminal constraints

r—r(ts)
Vls(ty), ty] = u

v—1//Tf

SO we can write

Ols(ty)ty] = |

v—1//Tf



We can then write

Ji u
B fa| ”72 - %2 + asin(6)
Io= fs | —1% 4 q cos(f)
2 u

Next we need

[ Baiepls(ty) ty]
(Ds(tf)[8<tf)7tf] - _ws(t;)[s(tf)ytf]
[ 0Bls(ty)ty]  O[s(ty)ity] Ap[s(ty),ty] A[s(ty)stys]
— Br(tf) Bu(tf) 8U(tf) 89(tf)
OY[s(tytr)]  OY[s(ty)ity]  Ovls(ts),ts] OY[s(ty).ts]
L Or(ty) du(ts) dv(ty) 00(ty)
0 0 0 O
B 1 000
N 0100
00 10
and
[ 0d[s(ts)ty]
ot
Dy [s(tr)ty] = | opshy]
L Oty
!
- 0
o 0
| 0
Then we need
83f1 aafl aafl 639f1
I O
_ f f f f _ or ou ov 00
fs = [8r(t) ou(t)  Oult) ae(t)}_ 6? 8:? 8? 81%)
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and finally
of1
889 t)
fo = fo= 889?5) _ | acos(B(1))
aei) —asin(5(t))
O0f4
30(1)



This is implemented in the routine bobs_fopt_a.m on the class web site, and it is run using
the driver file fopt_example_a.m.

1) In this problem we will use the Matlab routine fopt.m to solve a minimum time problem.
Specifically, consider the problem

minimize J =ty

subject to &(t) = cos(u) — y(t)

y(t ( )

2(0) = 3.659, y(0) = —1.864
(tr) =0, y(ty) =0

What makes this routine so much fun is that (1) you need to make an initial guess for the final
time, and (2) the routine seems quite sensitive to the initial guess for the control sequence.
Initially use the routine with k£ = le — 5, told = be — 5, tols = 5e — 5, mxit = 25, N = 100
time steps, and an initial guess of final time ¢y = 10 with the initial control sequence all zeros.

)
) =

X

However, the initial guess of the optimal final time of ¢y = 10 is actually too large. The true
optimal final time is between 4 and 8 seconds. You are to try to find an initial guess of the
control sequence and optimal time to produce a good estimate of the final time. You need
to try at least four different sets of initial estimates. You are expected to work alone on this
part. I don’t want everybody to do the same thing.

For each of your simulations, you need to plot u(t) vs. t and y(t) vs. x(t) on the same graph.
One of your titles should indicate the estimated final time.

2) From the text, 4.2.5. You want to find 6(i) to minimize the final time and require
z(N) =2y and y(IN) = ys. The dimensionless equations of motion are:

u(i+1) = u(i)+ Acos(6(7))
v(ii+1) = wv(i)+ Asin(0(i))

2i41) = 2()+ Au() + ;N cos(0(7))
1
y(i+1) = y(i)+ Av(i) + iAz sin(6(7))
Don’t do the numerical part.

3) From the text, 4.4.1. You must make the equations dimensionless. Don’t do the numerical
part.



