Exam #2 - MA275 - Sample solutions

1 (A) The probability that the team that wins game 1 also wins games 2,3, and 4 is
(1/2)3 = 1/8.

(B) The series is an arrangement of 4 wins, W, and 3 losses, L, with the last two game
as WL. For the other 5 games, there are (g) = 10 ways to arrange the three wins. This is
out of a possible 2° = 32 arrangements. Therefore the probability is 10/32 = 5/16.
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Note that the probability that the series lasts 4, 5,6, 7 games is %, (237), (23—5), (2%), resp.

2 (=) if k|(A — B) then A — B = kN for some N € Z.

By the division algorithm, A = kqaq + ra, and B = kqp + rg. with 0 <
ra,rg < k. Then A — B = k(qa —qp) + (ra — rp), where —k <1y —rp < k.
Therefore r4 —rp = 0, and r4 = rp. Thus kla < k|B.

(<) If k|A < k|B, then A = kqa+714, and B = kqg +1rp, with 0 < r4,rp < k. Then
A—B=k(ga—qp)=(ra—rg),so (k|]A < k|B) < k|(A— B).
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(BUA)N (AN B) Idempotent
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[AN(BUA)]NB Commutative
[(ANB)U(ANnA)]NB Distributive
[(ANB)UdNB Inverse
[(ANB)|NB Identity
AN(BNB) Associative
ANB Idempotent

4 Base Case: n = 1. We have (211) (?) =2<4=4"
IH: (n = k) We have (Qkk) < 4k,

Next case: n =k + 1. We see that
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5 We prove this by mathematical induction on n.

Base case: (n=1)3'—F; —F3=3-1-2=0=5-0, so 5[(3! — F} — F3).
IH: 5[3% — Fy, — Fiio

Next case: n =k + 1.

3M — Byt — Fis = 3-3F — Fy — oy — Fry1 — Fiopo

3(3" — Fy — Fiyo) + 2F), — Fy—1 + 2F)10 — Fip1
3(5A) + 2F, — Fy_1 + 2Fjyn — Fryy by IH
5(34) + 2F, — (Fy+1 — Fi) + 2Fy2 — Fpa
5(3A) + 3Fy + 2Fy10 — 2F) 4
5(34)
5(34)
5(34)
5(

3A) + 3Fy + 2(Fiio — Fri1)
3A) + 3F), + 2(Fy)

3A) + 5F},

3A+ Fy)

Thus, 53" — F,, — Fyy4o.

Alternate proof:

Base cases: n=1;3' —F; —F3=3—-1-2=0=5-0, s0 5[(3! — [}, — F3).

n=23-F-F=9-1-3=5=5-1,505|(32 - F, — Fy).

IH: 531 — F},_y — Fyyq and 5|3% — F), — Fjyo

Next case: n =k + 1.

3 Py — Fri3=9-3""1 - F — Fy 1 — Frao — Fra

=531 4 (3 - F, — Frpo) + (3" 1 = Fj_y — Fiupy)
=5-3""1454+5B by IH
=531+ A+ B)

Thus, 5[3" — F,, — Fp42.



