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ABSTRACT

As the complexity of a detection algorithm increases, ana-
lytic performance evaluation becomes increasingly difficult
and is often intractable. In such cases, Monte Carlo sun-
ulations can be used, but they often require an excessive
amount of computation. As a means of reducing this com-
putation, importance sampling has been applied with great
success to simulations of digital communications receivers.
In this paper, importance sampling strategies for the sim-
ulation of random signal detectors are presented. These
strategies are shown to provide considerable computational
savings over conventional Monte Carlo simulations. Addi-
tionally, simplicity and ease of use are emphasized in the
development of these strategies.

1. INTRODUCTION

A large variety of statistical signal processing problems in-
volve the detection of random signals. Specific applica-
tions range from biomedical signal analysis to spread spec-
trum communications to radar. For virtually all of these
detection problems, Monte Carlo simulations requiring a
prohibitive amount of computation are used to evaluate
performance. For example, if the probability of an event,
Pr, is on the order of 10 and a 95% confidence inter-
val of [IPC, PC} is required, then approximately 10N+1
independent trials are needed. The difficulty, of course, is
that the events do not occur frequently enough for an ac-
curate estimate of the event probability to be made with a
small number of trials, importance sampling, which forms
a hybrid between brute force Monte Carlo simulation and
analytical methods, can be used to reduce the variance of
the event probability estimate so that significantly fewer
trials are required. This estimate variance reduction is
achieved by biasing the trials so that the event is more
likely to occur but also weighting each occurrence less in
the estimate of the event probability. If done properly,
the estimate is still unbiased but its variance is greatly de-
creased for a fixed number of trials. Importance sampling
has been applied with great success to simulations of dig-
ital communication receivers, but this work is the first to.
apply it to random signal detection. We have derived an
asymptotically optimum, yet simple, Importance sampling
technique for random signal detectors. This approach will
be shown to yield tremendous computational savings and is
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directly applicable to many complex detection algorithms
including nonlinear detectors, nonstationary signal detec-
tors, detection in colored noise, and detection of signals
with unknown parameters.

Many detection applications exist for which the signal of
Interest does not exhibit a fixed waveform but can be mod-
elled as a stochastic process with a known second-order
description. The classic example, and a very common ap-
plication, is the detection of radar signals [9]. As the de-
tector relies upon second-order descriptions of the signal
and noise, the density for the N-dimensional observation
vector typically is assumed to be zero-mean Gaussian.
Thus, the hypotheses become

Ho
H1 : RrdN(Q,Kj)

where N(, K) denotes an N-dimensional Gaussian prob-
ability density function with mean and covariance ma-
trix K. For most applications of interest, K0 represents the
covariance of the noise and K1 the covariance of the sig-
nal plus noise. Because of uncertainties such as those due
to unknown colored noise or nonstationary signals, the co-
variance matrices may contain unknown parameters that
must be estimated. Therefore, quite often a fairly elabo-
rate detector structure Is necessary [1, 6, 9]. In these in-
stances, performance analysis may not be straightforward
and extensive Monte Carlo simulations are needed to eval-
uate quantities such as probability of false alarm (Pp) and
probability of detection (PD). Consequently, there Is inter-
est in reducing the required computation for these simula-
tions. Note that because these are simulations, even if the
covariance matrices are unknown to the detector, they are
fixed and known for the simulations. This knowledge can
be used to decrease the computation.

Many researchers have utilized importance sampling to
reduce the number of trials in Monte Carlo simulations;
some of the more recent results are contained in [4, 5, 8]
which also reference many of the earlier works. However,
the main hindrance to using many of these results has been
the analytical complexity in determining a "good" impor-
tance sampling approach. In this paper we derive an ex-
tremely simple importance sampling approach for simulat-
ing random signal detectors. Our approach is a variation
on the increased variance method [2, 1 but differs from
previous approaches in that it applies specifically to ran-
dom signal detection and is a very simple result.
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2. STRUCTURE OF THE IMPORTANCE
SAMPLING STRATEGY

The optimal random signal detector partitions the obser-
vation space into two disoint decision regions defined by

)J�y} andZi __Zoc forsome
threshold -y. Because the majority of the more complex
random signal detectors attempt to approximate this op-
timum detector, they perform very similar operations and
the same importance sampling strategy should be applica-
ble.

We will now assume that we wish to estimate the prob-
ability of false alarm and note that similar operations can
be performed to estimate other probabilities such as prob-
ability of detection. The standard Monte Carlo estimate

= E 'Zi()
where the are independent observations of the random
vector R under hypothesis H0 and Iz1 (-) is the indicator
function defined by

Importance sampling techniques reduce the variance of this
estimate by biasing the distribution of the simulated data.
Instead of generating observations of the random vector
R —. N(Q,Ko) to estimate Pp, we will generate observa-
tions of 11 N(Q, K.). Thus, we will consider the alter-
nate estimate

M

P1 —

where W(7) has the form of a likelihood ratio

1 (_ir*TK1
w * — (21r)NI2jKoIh/2 exp 2—i 0

—

(2,)N/2IK.I1/2 exp

It is straightforward to show that E[P.] = E[F] = PF [4].
The problem is to determine a good choice for the biased
covariance matrix K..

Orsak and Aazhang [4] have shown that minimizing the
variance of P is equivalent to minimizing the quantity
W = ERH0 [W()Iz, where ERIHO [.] denotes the ex-
pected value under the null hypothesis. Assuming that
K, � Ko,' which is true for many applications, the opti-
mum value of K. for minimizing W in the N-dimennina1
case is approximately

K, =

(K +y2(K — Kr1)_2)hht2] (1)

1 Jf A and B are two square matrices of the same dimensions,
then A � B is equivalent to (A —B) being positive semi-
definite.

This expression appears to be a fairly complicated solution,
but the limiting cases are quite simple and intuitive. Per.
haps the case of most interest is the "high signal-to-noise
ratio" case where 'y(K' — Kr')—' >> Ko, and we have
the very simple result K. (7/N)(K1 —

The multidimensional derivation for K. is quite tedious
and lengthy due to the multivariate calculus involved.
However, it is also very similar to the 1-dimensional deriva-
tion which will be presented here.

3. THE 1-DIMENSIONAL BIASING
DISTRIBUTION

For the 1-dimensional case, we have K0 = o, K,
and K. = o. The objective is to minimize

— j- _-_xp() 1 i=
___exp

exp dr

I l o.=

(-)>-,0 1

To minimize this expression, we take the derivative with
respect to o, and set it equal to zero.

1 2(1exp(—r
%/j \

is

OW f ___— I ———1iidrj 2a.)J
(4—4)>r0

=0
Letting

//2 i\ (i i\
and defining Q(z) = j — exp(—a2/2)da, this expres-
sion becomes

!g2 (4 — x2Qx) = Q(x) + x

Now for large z, Q(x) an approximation
that is fairly close for z � 2 and becomes better as x gets
larger [7]. Using this approximation, we have! (4 — 4) x2Q(x) = Q(x) +x2Q(x)

So we need

12 1 1 2 2—cT.I--—--Jx =1+x7 \.°o °•iJ
Substituting in for x and simplifying we get
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Assuming that ci > o, the positive root of this quadratic
equation is

(.._ i)]
which is analogous to the multidimensional solution stated
earlier.

4. SIMULATIONS
To evaluate the performance of the proposed importance
sampling strategies, simulations were performed for 4-
dimensional Gaussian observation vectors R. For these
simulations, Ko =crI and K1 = oS+crI where S was a
Toeplitz matrix whose first row was [1 0.9 (0.9)2 (0.9)].
The detection threshold was chosen as the optimum thresh-
old assuming equally likely hypotheses, and the parameters
c and u were varied to achieve different false alarm prob-
abilities.

To illustrate the advantages of importance sampling, "se-
quential" estimates of the probability of false alarm were
examined. Figure 1 shows the evolution of two estimates of
the false alarm probability as trials are accumulated. The
importance sampling estimate using the biasing density of
equation 1 is seen to converge very rapidly. However, the
simple Monte Carlo estimate varies a great deal and has
not converged even after more than 4 million trials.

A reasonable measure of importance sampling perfor-
mance is the importance sampling gain defined to be
MMC/MIs where MMC is the number of trials required
to achieve a fixed variance for standard Monte Carlo sim-
ulations and Mis is the number of trials needed to achieve
the same variance using importance sampling. Orsak and
Aa.zhang [4] have shown that an estimate of the importance
sampling gain is given by

P(1-P.)
W-:2

where P, is the importance sampling estimate of the event
probability and W is an estimate of W given by

M

VP = W2(r:)f(r)
i= 1

Figure 2 shows this estimate of importance sampling gain
for three cases: (1) K. equal to the biasing density sug-
gested in equation 1, (2) the high SNR simplification
K. = (y/N)(K1 — Kj')', and (3) the biasing density
suggested by Orsak [5] K. = K1. The biasing density
proposed by Orsak is extremely simple to implement as it
simply involves "swapping" the densities under hypotheses
H0 and H1. Orsak has shown that the gain associated with
this importance sampling strategy is asymptotically expo-
nential (i.e., produces a straight line in the log-log scale
used in figure 2) [5]. However, there is no guarantee that
the slope of this line will not be very small as it was for this
example. As is shown in figure 2, the biasing densities de-
veloped in this paper have significantly better performance

than this "swapping" approach. This improvement was ex-
pected since these new biasing densities were specifically
developed for random signal detectors. Note also that, be-
cause one biasing density is an asymptotic approximation
to the other, their importance sampling gains become iden-
tical as the probability of false alarm decreases.

5. CONCLUSIONS
The proposed importance sampling strategies for random
signal detectors have been shown to provide substantial
computational advantages over both Monte Carlo simu-
lations and a previous simple importance sampling strat-
egy proposed by Orsak [5]. These new strategies are
only marginally more complex than the earlier "swapping"
strategy, and the only additional information that is nec-
essary is the decision threshold
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Figure 2: Plots of the estimated importance sampling gain are shown for three biasing density choices. The solid line
comes from the biasing density given in equation 1, the dotted line from the high SNR approximation to that biasing
density, and the dashed line from the biasing density proposed by Orsak [5].
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FIgure 1: Plots of the estimated probability of false alarm as a function of the number of trials are shown for two simulation
techniques. The solid line is the Monte Carlo estimate determined by the number of false alanns divided by the number of
trials. The dashed line is the importance sampling estimate for the biasing density given in equation 1.
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