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Probability and partition function. Schroeder shows on p. 223 that the probability of finding an atom in a state of energy E(s) is


p(s) = (1/Z)  exp(-E(s)/(kT)),








(1)

where Z is a constant, independent of any particular energy state (though Z is a function of T). Since the sum of all p(s) = 1, we find that Z, the ‘partition function’ is (p.225)


Z = (s exp(-E(s)/(kT)) .








(2)

The partition function factors into a translational part, a rotational part, a vibrational part, etc. For a molecule having various translational states  Eti,  various rotational energy states Erj, various vibrational states Evk, the partition function (rather surprisingly) factors into a product of individual partition functions:


Z = Ztr Zrot Zvib …,









(3)

Where
Ztr = (i exp(-Eti/(kT)),

Zrot = (j exp(-Erj/(kT)),   Zvib = (k exp(Evk/(kT)), etc.

To illustrate how this works, let’s assume no translational states, 2 vibrational states Ev1 and Ev2, and 3 rotational states Er1, Er2, and Er3. Then there are 6 possible energies


E1 = Ev1 + Er1

E2 = Ev1 + Er2

E3 = Ev1 + Er3, 


E4 = Ev2 + Er1

E5 = Ev2 + Er2

E6 = Ev2 + Er3 .

The partition function is then


Z = exp(-E1/(kT))+exp(-E2/(kT)+exp(-E3/(kT)) + exp(-E4/(kT)) + exp(-E5/(kT)) + exp(-E6/(kT)) .

The first three terms are


exp(-Ev1/(kT) exp(-Er1/(kT)) + exp(-Ev1/(kT)) exp(-Er2/(kT)) + exp(-Ev1/(kT)) exp(-Er3/(kT))

These three have exp(-Ev1/(kT)) in common, so they can be written


exp(-Ev1/(kT)) [  exp(-Er1/(kT)) + exp(-Er2/(kT)) + exp(-Er3/(kT)) ] , or as


exp(-Ev1/(kT)) Zrot, where


Zrot = exp(-Er1/(kT)) + exp(-Er2/(kT)) + exp(-Er3/(kT))).

The last three terms have exp(-Ev2/(kT)) in common, and can be written as exp(-Ev2/(kT)) Zrot.

Then all 6 terms can be written


Z = exp(-Ev1/(kT)) Zrot  + exp(-Ev2/(kT)) Zrot = Zvib Zrot, where


Zvib  = exp(-Ev1/(kT)) + exp(-Ev2/(kT)) .

The average energy per atom <E>, and the heat capacity Cv at constant volume.

First we note the average energy of an atom is   <E> = (i Ei p(Ei), where p(Ei) is the probability of an atom having energy Ei , Eq (1)


<E> = (1/Z) (i Ei exp(-Ei/(kT)) .







(4)


We will call ( = 1/(kT), and write (4) as


<E> = (1/Z) (i Ei exp(-(Ei)








(5)

Since Z = (i exp(-(Ei),  we see that  (i Ei exp(-(Ei) = -(Z/(( .  Using this we can write (5) as


<E>  = -(1/Z) -(Z/((  or as      

<E> =  -(/(((ln(Z))









(6)

And because is a product


Z = Ztr Zrot Zvib …,









(3)


<E> =  -(/(((ln(Ztr))  -(/(((ln(Zrot)) -(/(((ln(Zvib)) + …

For the heat capacity, Cv = (U/(T.   For a gas of N atoms, U = N <E>, so we have


Cv = ( (N<E>)/(T = N (<E>/(T  = N ((/(T (<E>/((.  This and Eq (6) leads us to


Cv = -N ((/(T  (2(ln(Z) /((2.








(7)

We recall that ( = 1/(kT), so  ((/(T = -1/(kT2)  = -k/(kT)2 .  Using this in (7) we get


Cv = Nk/(kT)2 (2(ln(Z) /((2  .








(8)

Now Nk = nR, since k is the gas constant per molecule, and R is the gas constant per mole. This lets us write (8) in terms of the molar Cv, namely Cv/n

Cv/n = molar heat capacity = R/(kT)2 (2(ln(Z) /((2  





(9)

And because Z is the product of individual Z’s like Ztr and Zrot, Cv/n is a sum of terms


 Cv/n  = R(2 { (2(ln(Ztr) /((2  + (2(ln(Zrot) /((2 + (2(ln(Zvib) /((2  + … }

(10)

Or


Cv/n = Ctr + Cvib + Crot + …

{ amazing }

The vibrational partition function Zvib.

A vibrating diatomic molecule will have a succession of vibrational states which are multiples of one another:  Evo = 0,  Ev1 = (, Ev2 = 2(,  Ev3 = 3(,   etc.  [ It is true that the quantum mechanical harmonic oscillator has a ‘zero-point energy’ of (/2, (p. 53, p. 370 ff.) and this should be added to each of the vibrational energies just listed. But it turns out (you will get to show this a little later on) that the zero-point energy has no effect on the molar heat capacity of a diatomic gas, so I’m going to leave it off for right now.] The vibrational partition function is


Zvib = exp(-(Evo) + exp(-(Ev1) + exp(-(Ev2) + …





(11)

Or


Zvib = 1 + exp(-(() + exp(-2(() + exp(-3(() + …





(12)

The series for Zvib is of the form S = 1 + x + x2 + x3 + … , where x = exp(-((). The trick for summing S is to multiply it by x, so you form Sx, then subtract S from Sx. You wind up with S = 1/(1-x). And (12) becomes


Zvib = 1/(1-exp(-(())









(13)

Now we get the ‘molar vibrational head capacity’ Cv/n)vib from (10) and (13)


Cv/n)|vib = -R(2  (2( ln{1-exp(-(()})/(2 .






(14)

The first ( derivative (( ln{1-exp(-(()})/(  equals -( exp(-(()/(1-exp(-(()) . And after the second ( derivative we wind up with


Cv/n)|vib = R ((()2 exp((()/[exp((() – 1]2 . 






(15)

Vibrational molar heat capacity of Cl2. We are going to use (15) to check out the molar Cv for Cl2, for Br2, and for I2, the diatomic halogen gases. Schroeder lists Cp for Cl2 as 33.91 J/K. and we know that Cp = Cv + R, with R = 8.315 J/K. In (10) we are expecting 3/2 R for the translational part of Cv/n, and 2 R/2 for the rotational part. This would give 5/2 R for Cv, and 7/2 R for Cp, a total of 29.1 J/K. This is what we get for O2 and N2, but not for Cl2! The vibrational frequencies for O2 and N2 are much higher for Cl2, so their vibrational contribution is very small, and their Cp’s are close to 29.1 J/K (see Schroeder p. 405). 

It turns out the fundamental vibrational frequency of Cl2 is close to fv = 1.70 x 1013 Hz. When you calculate ( = hfv, and ( = 1/(k 300K), you find (( = 2.7 or so for Cl2. Putting this into (15) gives

Cv/n)|vib = 0.563 R = 4.70 J/K, and an overall Cv/n = 33.80 J/K, quite, quite close to 33.91 J/K !

